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PREFACE 



This volume is the outgrowth of an extended experience in 
teaching the subject of Applied Mechanics at the Massachusetts 
Institute of Technology and has been written primarily for students 
who have had a preliminary training in the fundamentals of Me- 
chanicsy in a course in Physics, and also in a course in the Elements 
of Mechanicm. 

The title "Applied Mechanics" has been adopted as best fitting 
the course in which the text of the present volume forms the first 
part. A thorough discussion of the underlying theory, however, 
in so far as it will help to elucidate the principles which are re- 
quired in the solution of problems in Engineering, is attempted. 
For the sake of completeness, a brief statement of the fundamental 
conceptions of motion, mass and force, with which the student is 
expected to be familiar, is given in the Introductory Chapter 
and, for a similar reason, some subject matter has been included, 
notably in the last part of Chapters II, IV, and V, which may 
properly be taken up in a later course. 

Some freedom has been exercised in the choice of the titles for 
the diflferent chapters, allied parts of the work having been pre- 
sented imder five general headings. For example, in Chapter II, 
the methods of resolution and composition of forces are discussed 
as a basis of the conditions of equilibrium which apply to problems 
in pure Statics. Also, Chapter V on Kinetics, includes a presen- 
tation of certain of the elementary principles of Kinematics which 
are required in the discussion of the later theories belonging strictly 
to the subject of Knetics. The principles of Work and Energy 
and the Laws of Friction and applications are also included in this 
chapter, as being closely allied to the subject of the Kinetics of 
Rigid Bodies. 

A large niunber of problems, some simple, others more complex, 
illustrating the application of the principles discussed in the text, 
have been included and solutions have been given when it was 
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deemed necessary to indicate the methods of applying the prin- 
ciples. It is the experience of the authors, that the student's 
power to clearly grasp the subject comes, to a large extent, from 
his efforts to solve original problems. 

Throughout the text, the methods of the Calculus have been 
employed when these appear to furnish the most direct method of 
analysis. In general, however, only the simpler operations in dif- 
ferentiation and integration are required. 

The term vector has been used to apply to the geometrical line 
representing a force, moment, velocity, acceleration, etc.; it being 
assumed that the student is familiar with the simple operations of 
adding and subtracting vectors. 

In the use of mathematical terms and expressions, we have en- 
deavored to convey the meaning, in the simplest manner, and 
have not always employed the forms which a rigorous mathe- 
matical treatment of the subject might require. In the nomen- 
clature, we have confined ourselves to the use of the terms 
employed by some of the older writers on Applied Mechanics, 
instead of adopting those usually employed in works on Theo- 
retical Mechanics. 

Finally, the authors wish to express their indebtedness to Prof. 

Lanza for the aid and many helpful suggestions it has been their 

good fortune to receive during their long association with him as 

students and in their work at the Massachusetts Institute of 

Technology. 

C. E. F. and W. A. J. 

August, 1913. 
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CHAPTER I. 

INTRODUCTORY. 

1. Mechanics. — Mechanics, in the sense in which the term 
is ordinarily used, may be defined as the science which treats of 
the motion of bodies in space, and the effects of forces in modifying 
motion. It is a natural science, the foundations of which are a 
few laws or first principles, which are the same for all bodies, and 
which have been determined by observation and experiment. 
Upon these fundamental principles as axioms, by logical reason- 
ing, largely by the application of the methods of mathematics, 
the whole superstructure of the various parts of the subject has 
been built. 

In this work, only those parts of the subject which relate to 
the solution of certain problems in Engineering will be treated, 
and the mathematical deductions are carried out with the object 
of applying them to the solution of these problems. Owing to 
the fact that there are certain limitations and many approxima- 
tions which must be made in the practical application of the 
results of these deductions, the treatment is briefer and less 
complete than would be the case if the subject were to be con- 
sidered on its theoretical side alone. 

2. Division of Mechanics. — The subject of Mechanics is 
subdivided into the subjects of Kinematics and Dynamics. 

Kinematics is the science which treats of the motion only, 
without regard to the cause. 

Dynamics is the science which treats of the action of forces in 
producing or preventing motion. It may be subdivided into two 
parts. Statics and Kinetics. 

Statics is the science which treats of systems of forces which 
are in equilibrium. 
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Kinetics is the science which treats of the effects of forces in 
producing, or modifying, motion in bodies. 

In some works on Mechanics, the term Dynamics has been 
restricted to the subject of Kinetics alone, Statics being treated 
as an independent subject in which the laws governing the equi- 
librium of systems of forces are deduced by the methods of mathe- 
matics, based on the fundamental conception of force as a 
"pressure" acting on a body. 

3. Order of Treatment — The conmionly accepted order of 
treatment of these subjects is Eanematics, Statics, Kinetics. In 
this work the subject of Statics will be taken up first. A few 
propositions in Kinematics will be included under the subject 
of Kinetics. At times the broader term Dynamics may be used 
in the place of Kinetics in dealing with that part of the subject. 
A brief treatment of the methods of determining centers of gravity 
and moments of inertia will also be included. 

4. Additional Division of Mechanics. — While the general 
underlying principles of Mechanics are the same when applied to 
solid, liquid, or gaseous bodies; special methods are developed in 
treating these different cases. Hence it is advantageous to treat 
separately: (a) the Mechanics of solid bodies which may be 
considered as rigid, (b) the Mechanics of non-rigid solid bodies, 
(c) the Mechanics of liquids, (d) the Mechanics of gases. 

6. Fundamental Conceptions of Mechanics. — The funda- 
mental conceptions of Mechanics are Matter, Space, Time, 
Motion and Force. 

6. Motion. — Motion is change of position in space. All 
motion is relative. We have no means of detenmning the abso- 
lute motion of a body, but can determine its motion only in relation 
to that of some point, which for convenience we may consider 
as fixed. 

In problems in Engineering the so-called fixed point may be 
a definite point which is at rest in relation to the Earth, or it may 
be a point on a body which is in motion relatively to the Earth. 

A body may be considered at rest in relation to some fixed 
point when the directions and distances of all points in the body 
from that point remain constant. 
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7. Velocity. — Velocity may be defined as the rate of motion of 
one point with reference to another. If the rate is constant so that 
the space traversed is proportional to the time the velocity is said 
to be uniform. It may be expressed analytically by the formula, 

ds 

which will apply for nonimiform as well as uniform velocity. 

8. Acceleration. — Acceleration is the rate of change of 
velocity. If the rate is constant the acceleration is said to be uni- 
form. It may be expressed analytically by the formula 

_dv _ d^8 

9. Mass and Density. — The term mass is commonly used 
to denote the quantity of matter that a body contains. 

For a homogeneous body the ratio of the mass to the volume, 
that is, the mass per unit of volume, is called its density. For a 
non-homogeneous body the density may be expressed by the 

formula d = -rp^' where d is the limit of the ratio of a very small 

mass dM to its volmne dV, as dV approaches zero. 

10. Momentum. — The product of the mass of a body and 
its velocity is called its momentum. 

11. Force. — Force, in the sense in which the term is used in 
MechanicSy is the tendency to change the relative motion of two bodies 
between which that tendency exists. 

This conception of force is based on the fundamental laws of 
motion, first stated by Newton in the "Principia," which, quoted 
in translation, are as follows: 

Law I. — " Every body continues in its state of rest, or of 
uniform motion in a straight line, except in so far as it may be 
compelled by force to change that state." 

Law II. — " Change of motion is proportional to the force 
applied and takes place in the direction in which the force acts." 

Law III. — "To every action there is always an equal and 
contrary reaction; or, the mutual actions of two bodies are always 
equal and oppositely directed." 

Law I is a statement of the principle of the inertia of matter; 
Law II is the foundation of Kinetics; and Law III is commonly 
called the law of action and reaction. As is the case with all 
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physical principleSi these laws are known to be true only from 
observation and experiment. Since all our ideas of motion are 
relative, we can only recognize force as acting when at least two 
bodies are concerned in the transaction. We cannot say that 
force is an absolute quantity, such as a pressure acting on a body 
which is independent of all the surrounding bodies; for we can 
only recognize force from the effect produced. As we cannot 
measiu'e absolute motion, but only the motion of one body rela- 
tively to another, we must regard the cause of the change of the 
motion of the one body in relation to the other, which we call 
force, as a relative quantity. 

Two or more bodies may exert forces on a given body simul- 
taneously, and their relations maybe such that no change in motion 
will result; but each force will have the same tendency to produce 
motion as if it acted alone. Sicch a body is said to be in equilibrium 
under the forces acting upon it. 

12. External Forces. — In the solution of any problem in 
Mechanics, we may confine our attention wholly to the motion, 
or condition, of one of the two bodies between which a force acts. 
The motion may be referred to the other body as fixed, or to some 
point outside of either. , A force would then be spoken of as an 
external force acting on the body under consideration. This 
method of dealing with forces gives rise to the statements in com- 
mon use, such as: a force acts on a given body; at a given point; 
in a given plane; etc. which, while not logically correct, are 
employed for the sake of simplicity. 

When a nmnber of external forces are exerted simultaneously 
on a body in such a manner that no change in motion occurs, 
the system of forces is said to be in equilibrium, or it may be referred 
to as a balanced system offerees. 

13. Dynamical Measure of Force. — Newton states in the 
"Principia ": "If any force generates any momentmn, a double 
force will generate a double, a triple force will generate a triple 
momentimi, whether simultaneously and suddenly, or gradually 
and successively impressed. And if the body was moving before: 
this momentum, if in the same direction as the motion, is added; 
if opposite, is subtracted; or if in an oblique direction, is an- 
nexed obliquely, and compounded with it, according to the direc- 
tion and magnitude of the two." 

This has been incorporated in the more modem statement of 
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the second law of motion, and its coroUaiy which may be stated 
as follows: 

Law II. — Forces are proportwrud to the momenta which would 
he generated by their constant and uniform action during a unit of 
time. 

Corollary. — When any number of forces act simultaneously 
upon a body, then, whether the body be originally at rest or in motion, 
each force produces exactly the same effect in magnitude and direction 
as if it acted alone. 

The momentum produced in a unit of time may, therefore, be 
taken as the measure of the force producing it, and if F equals the 
force acting, M, the mass and a, its acceleration we may write 

F^Ma, 

provided the units for M and a are so chosen that F is unity when 

M and a are unity. 

F 
14. Measure of Mass. — Since iW = — > the mass of a body 

may be measured by the ratio between any force acting upon it 
and the acceleration which the force produces. 

If W is the force by which a mass M is drawn toward the Earth 
and g the acceleration produced by that force, 

g 

The unit mass will, therefore, weigh g units of force, whatever 
system of units may be adopted. 

16. Systems of Units. — Owing to the fact that the force 
exerted between the Earth and any given mass varies with the 
distance between their centers, two principal systems of measure- 
ment of force and mass have been used, called respectively the 
Absolute and Gravitation systems. In both systems the unit 
of time is the second; and either the metric or British measures 
of weight, mass and distance have been used. 

Absolute System. — In the absolute system the unit of mass is 
assumed and the unit of weight determined from the equation 

W 

jjf — — . In the Centimeter-Gram-Second System, the mass of the 

g 

W 
standard gram is chosen as the unit mass. Since Af = — , the unit 

of force will be equal to - part of the weight of the unit mass in 

if 
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any locality. This unit is called the dyne, and will evidently be 
the same in all localities. As is indicated by the name given to 
the system, the centimeter is the unit of length. This is the par- 
ticular form of absolute system now universally employed in scien- 
tific work. 

Gravitation System. — ^.In the gravitation system the imit of 
weight is assumed and the unit of mass derived from the equation 

W 
Af = — • Where the British units are used, the weight of the 

9 
standard pound is chosen as the unit of force. The imit mass will 

therefore weigh g pounds. Since the force exerted by the Earth 
on the pound weight varies with the locality; it is evident that the 
unit of force in this system is variable, unless the weight of the 
pound at some particular locality is taken as the unit, which has 
not been the case. 

This system, however, is almost universally employed in en- 
gineering work, the variation in the force of gravity being so small 
as to be negligible. It is customary to use a constant value of 
32.2 ft. per sec'* for the value of g. A similar system in metric 
imits is also in use. 

16. Statical Measure of Force. — The units of measurement 
of balanced forces are evidently the same as the dynamical units. 
The pound and kilogram, of the gravitation system, are the units 
almost universally employed in engineering computations in 
Statics. 

The direct measurement of a force is commonly accomplished 
by one of two methods. The first is based on the principles of 
leverage, and the second on the resistance of a spring to tension or 
compression. Lever balances and the common platform weigh- 
ing scales are examples of the first method; while spring balances, 
steam engine indicators and various types of spring dynamometers 
are examples of the second method of measuring force. 

17. Weight. — Since the weight of a body is the force exerted 
upon it by the Earth, the units of weight are the same as units of 
force. 

18. Variation in the Gravitation Unit of Force. — The value of 
the accelerationdueto gravity at different parts of the Earth is given 
by the following formula, in which g is the acceleration in feet per 
second, L the latitude and H the elevation above sea level in feet. 

g = 32.0894 (1 + 0.005243 sm*L)(l - 0.0000000957 i?). 
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The weight of the standard pound or kilogram will vary directly 
as g varies. The extreme variation, between the values at the 
highest point on the equator and the pole, would be somewhat less 
than two-thirds of one per cent. The maximum variation within 
the limits of the United States is less than one-third of one per 
cent. This variation is within the limits of accuracy of all ordi- 
nary engineering computations. 

19. Characteristics of Force. — In the light of the preceding 
discussion it will be seen that a force is a vector quantity. It has 
magnitvde, direction and place of application. 

Action and Reaction. — According to Newton's Third Law 
of Motion (Art. 11), when one body exerts a force on another, the 
latter body exerts an equal force, oppositenn direction, on the first. 
One of these forces may be called the action and the other the 
reaction. 

20. Distributed and Concentrated Forces. — A distributed 
force is one which acts on a surface; such as the pressure of water 
on the side of a vessel, the pressure of a colunm on its foundation: 
or, which acts through a given volimie; such as the attraction of 
the Earth on a weight. 

The place of application of the force, in the first case, is the 
surface over which the pressure acts; and in the second, the volume 
through which the force of gravity acts. 

All forces are really distributed forces. In many cases however 
it is convenient to consider a force, whose place of application is 
small, as though it were applied at a point. Such a force is called 
a concentrated force. No fijiite force can act at a single point, but, 
in the solution of a large number of problems, forces may be treated 
as though acting at single points. Distributed forces may also be 
treated as if made up of a very large number of small concentrated 
forces. 

The line of action of a concentrated force is a line passing through 
its point of application in the direction in which the force acts. 

Both distributed and concentrated forces may be divided into 
the two following groups: (a) Forces acting between bodies which 
are in contact, (b) Forces acting between bodies which are at some 
distance apart. Examples of force by contact are the pressure of 
the atmosphere on any object, the pressure of steam on a piston, 
the load acting on a column, etc. Examples of force acting at a 
distance are gravitational, electrical and magnetic forces. 
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21. Graphical Representation of Force. — Since a concen- 
trated force is a vector quantity, it may be represented by a 
straight line, or vector, drawn parallel to its line of action. The 
length of the line represents, to some convenient scale, the mag- 
nitude of the force; the direction of the force being indicated by 
an arrow placed on the line. In some cases the vector represent- 
ing the force is drawn to coincide with the line of action of the 
force; but in most cases it will be found more convenient, or even 
necessary, to draw it parallel to the line of action. 

Unless otherwise stated, we shall always consider forces as 
concentrated and denote them by such letters as Fi, F2, Fz, Pi, 
P2, P3, ^1, R2, etc., or such other notation as may be suited to the 
problem. 

22. Composition of Forces. — Parallelogram of Forces. — 
The corollary of Newton's second law of motion might be expressed 
as follows: 

If a body have two or more velocities imparted to it simvUaneously, 
it will m,ove so as to preserve them, aU. 

This principle is the basis of the familiar proposition of the 
parallelogram of motions. Imagine a body at A (Fig. 1) to have 
imparted to it simultaneously two velocities in the directions AB 
and AC, the magnitudes of which are represented by the lines AB 
and AC respectively. The body will move in the direction AD. 




Fig. 1. 

For, if we consider the motions to take place separately, the body, 
in obedience to the first velocity only, will move from A to jB 
during one second; and, if it then moves in obedience to the second 
velocity only, it will move from B to D. If the same analysis 
is made for any part of a second, at the end of the two equal 
intervals of time the body will be at some point on A JD, whose dis- 
tance from A will bear the same relation to AD, that the interval 
of time chosen bears to the second. Hence, when the velocities 
are unparted sunultaneously, the body will move in the direction 
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AD and the magnitude of the resultant velocity will be represented 
by the line AD. 

According to the second law of motion, forces are proportional 
to the velocities which they wiU impart to a given mass in the same 
time; and their lines of action miLst he in the same direction as the 
velocities produced. Hence, in the parallelogram (Fig. 1), the 
lengths AB and AC may be taken to represent the magnitudes 
and directions of the forces which would impart the velocities 
in these directions to a unit mass, situated at il, in one second; and 
the length and direction of AD to represent the magnitude and 
direction of the resultant of these forces. 

Another statement of this proof would be the following: If a 
unit mass were at rest at the point il, and two forces were applied 
simultaneously in the directions. AB and AC, the accelerations 
produced would be a measure of the forces acting. But the paths 
described in equal times are proportional to the accelerations, 
and are in the directions of the forces acting; and may, therefore, 
be taken as a measure of the forces. Moreover, the paths described 
are proportional to the velocities produced in equal times. Hence, 
the diagonal AD will give the magnitude and direction of the re- 
sultant of the forces represented by AB and AC. 

It is evident that this proof depends solely on the fact that 
forces are independent of each other in the effects they produce. 

If we let R equal the resultant force represented by AD and F 
and Fi equal the forces represented by AB and AC, respectively, 
and B equal the angle BAC, the algebraic expression 

R = Vf* + Fi« + 2 FFi cos 6 (1) 

will give us the magnitude of the resultant force. 

If we let a equal the angle BAD, we have from the triangle 
BAD 

Fi : i2 = sin a : sin d. 

„ . Fi sin 6 ,^. 

Hence sm a = — 5 — > (2) 

F 
and similarly, sin (^ — a) = ^ sin ^ (3) 

From these equations the direction of the resultant force may be 
found. 
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When 6 = 90°, equation (1) reduces to 

R = VF» + Fi« (4) 

and sina = -^> (5) 

F 
cosa=p- (6) 

When B = 0**, equation (1) reduces to 

R = VF* + 2 FFi + Fi* = F + Fi .... (7) 

and sin a = d" sin ^ = (8) 

Hence a = 0°. 

This is the case of two forces acting along the same straight line. 
If they are equal and opposed they balance each other. Other- 
wise the resultant is equal to their algebraic sum and acts in the 
direction of the larger force. 



Problems: 



1. Given F = 48.7, Fi - 69.8, 6 

2. Given F =i 20.3, Fi - 60.2, e 

3. Given F - 60.3, Fi - 30.2. B 

4. Given F - 26.7, Fi - 45.7, 



65** 20'; 
135^ 10'; 
W\ 
90**; 



find R and a. 
find R and a. 
find R and a. 
find R and a. 



23. Resolution of Forces. — The resolution of a force into 
two components is the converse of finding the resultant of two 
forces acting at a point. If the lines, parallel to which the resolu- 
tion is made, are oblique to each other, the components are called 
oblique components. Their magnitudes may be found by the solu- 
tion of equations (2) and (3). (Art. 22.) 

Very often it is desired to resolve a force into components 
parallel and at right angles to a giveh line. Such components are 
called redangvlar components. In this case the magnitudes of the 
components may be found by the solution of equations (5) and (6). 
(Art. 22.) 

These equations may be written 

F = ft cos a, (1) 

Fi = ii! sin a, (2) 

giving F and Fi as the rectangular components of R. 
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Problems: 



find F and Fi. 
find F and Fu 
find F and Fi. 
find F and Fi. 



1. i2 = 140, a = 15*, ^ « 35* 

2. i2 = 125, a - 25^ ^ - 125** 

3. -B = 325, a =» 35% ^ = 90*» 

4. 12 - 600, a - 55% ^=90'' 

a » angle £ makes with horizontal. 

— angle between components. 

F s horizontal component. 

F\ a component making angle 6 with F. 

24. Triangle of Forces. — Since ihe resultant of two forces 
acting at a point is represented in magnitude and direction by 
the diagonal of a parallelogram constructed with its adjacent 
sides AB.Bxadi AC equal in magnitude and parallel to the forces 
(Fig. 1), it is evident that the solution of the problem might be 
obtained by constructing the triangle ABD only. 




In this triangle the side AB may be considered to be a vector 
representing the force F, and BD a vector representing the force 
Fi. The side AD, obtained by adding these vectors (Fig. 2), 
would then be the vector representing the magnitude and direction 
of the resultant R, 

Referring again to Fig. 1, it is evident, if a force were applied 
at A equal and opposite to the resultant /2, that this force and the 
forces F and Fi would balance. In that case, the sum of the 
vectors representing these forces would be zero. Anothec way 
of stating the proposition would be as follows: 

Three forces^ whichy when simuUaneoiLaly apjulied at a paintj 
balance each other, can be correctly represented in magnitude and 
direction by the three sides of a triangle taken in order: and, con-- 
versety, if three forces can be represented in magnitude and direction, 
by the three sides of a triangle taken in order, then, if they are applied 
at a point they will balance each other. 

26. Rigid Bodies. — A rigid body is one that does not undergo 
any alteration of shape when subjected to the action of external 
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forces. No body is absolutely rigid; but different bodies possess 
different degrees of rigidity, depending upon the material of Which 
they are composed, and other circumstances. 

We shall consider a body as rigid when, under the action of 
external forces, the change in the distances and directions of its 
different particles from each other is so small as to be negligible. 
When a force acts on a rigid body its effect, so far as motion is 
concerned, may be to produce translation only, or translation 
combined with a rotation. • 

26. Principle of the Rectilinear Transference of Force in Rigid 
Bodies. — If a force F were applied to a rigid body at the point 
A (Fig. 3), in the direction AB, whatever motion this force might 
produce would be prevented from taking place, if an equal and 
opposite force were applied at -4, 5, C or Z), or at any point along 
the line of action of the force. 




Fia. 3. 

Since forces are independent of each other, in the effects they 
produce (Art. 13), changing the point of appUcation of the force 
F, or the force balancing F, will have no effect on the resulting 
equilibriiun, so long as the line of action remains the same. Chang- 
ing the point of application, however, would alter the state of in- 
ternal stress in the body, as will be shown later. 

Hence we have the following principle : The point of application of 
a force, acting on a rigid body, may be transferred to any other point, 
which lies in the line of action of the force and within the limits of 
the body, withovi altering the resuUing motion of the body, or the 
equilibrium, if the force is one of a balanced system, 

27. Resultant of Two Forces in the Same Plane Acting at 
Different Points of a Rigid Body. — (a) Forces not Parallel, — 
Let two forces, F and Fx, in the same plane, act at the points A 
and 5 of a rigid body (Fig. 4a). To determine the resultant of 
these forces we may apply the principle deduced in Art. 26, and 
assiune the point 0, the intersection of their lines of action, as 
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the point of application of both forces. By means of the para- 
lellogram of forces (Art. 22), we can obtain the magnitude and 
direction and line of action of the resultant force R, the point of 
application of R being any point on the line OC, within the 
limits of the body. It is evident that the same construction 
would hold even if the point fell outside of the body. It is also 



Fig. 4a. 

evident that the magnitude and direction of the resultant of two 
nonparallel forces applied at different points in a rigid body, and 
acting in the same plane, may be obtained by constructing the 
triangle of forces; and its line of action, by drawing through the 
intersection of the forces a line parallel to the resultant vector of 
the triangle. 

Since a force equal and opposite to R would balance F and Fi 
it follows: // three non-parallel forces acting at different points in 
a rigid body are in equilibrium, (a) they must act in the same plane; 
(b) their lines of action must pass through the same point; (c) their 
magnitudes and directions can be represented by the sides of a triangle 
taken in order, 

(b) Parallel Forces. — Let F and Fi be two parallel forces 
acting at the points A and B (Fig. 4b). To determine the magni- 
tude of the resultant we might treat this as a limiting case under 
non-parallel forces, the point of intersection, 0, being at an infinite 
distance from A and B, whence R = F + Fi (Art. 22). 

By the following solution we can determine the position of the 
line of action of the resultant, as well as its magnitude. At A and 
B apply two equal and opposite forces, Aa and B6, whose lines of 
.action coincide with AB. These will balance and will not change 
the effect of the other forces. 



14 
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Find the resultant Ae, of Aa and F, and the resultant Bd, of Bb 
and Fi, by constructing the parallelograms of forces. Then, by 



/ 












B 

t I 
\ I 

*1 



Fig. 4b. 



constructing a parallelogram of forces at 0, the intersection of Ae 
and Bd produced, we may find their resultant, Or, which is evi- 
dently the resultant of F and Fi. Draw ms parallel to AB. Then 
since Om is equal to and coincides with Ae and mr is equal and 
parallel to Bd, the triangles Oms and AeF are equal, and the tri- 
angles msr and BFid are also equal. Hence, the resultant. Or, is 
equal to F + Fi and is parallel to the forces F and Fi; and may be 
represented by a force, R — F + Fi, applied at any point on a line 
through parallel to the forces. 
Let C be the intersection of 72 with the line AB. Then from 

similar triangles 

AC^Aa BC_Bb 

OC F ^^^ OC Fi 

Hence ACXF=BCXFi 

F BC 

^^^ rrAc' 

When the forces act in opposite directions and are unequal the 
construction is given in Fig. 4c, from which it is evident that 

F ^BC 
Fi AC' 

Hence, the residtant of any two parallel forces, acting in the same 
direction, or of two unequal parallel forces acting in opposite direc- 



R=^ F-Fi and 
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turns, is parallel to the forces and equal to their algebraic sum and 
ciUs a line joining their points of application into segments, the 
lengths of which are inversely proportional to the magnitudes of the 
forces. 



c 



-3111J6 



m^ IS 



! 

I / 



Fig. 4c. 



Since in either case a force equal and opposite to R would 
balance F and Fx it follows: // three parallel forces are in equililh 
rium, they mv^t act in the sam£ plane; their algebraic sums must 
equal zero; and the segments, into which a straight line intersecting 
the forces is divided by their lines of action, will be inversely pro- 
portional to the magnitudes of the two outside forces. 

The case when the forces are parallel and equal and act in oppo- 
site directions will be considered later. Such a pair of forces is called 
a couple. 



CHAPTER II. 

STATICS. 

§ 1. Preliminabt. 

28. System of Forces and its Resultant. — By a system of 
forces, we mean any number of forces which can be considered 
collectively. The resultant is the simplest equivalent system of 
forces, which can be substituted for the given system, so that the 
effect is the same in changing or preventing motion. The result- 
ant of a system may be a single force, a couple, or a single force 
and a couple. 

29. General Condition of Equilibrium of a System of Forces. — 
As stated in Art. 12, a system of forces is said to be in equilibrium, 
or balanced, when no change in motion is produced by its action 
on a body. In such a case, it is evident that the resultant of the 
system must be equal to zero. 

30. Methods of Analysis. — In determining the laws of 
equilibrium of a given system of forces, we shall first find a method 
of obtaining the resultant of an unbalanced system of the same 
kind, and then deduce the conditions which must prevail when 
this resultant is equal to zero. 

A part of the propositions in this chapter, will, therefore, be 
applicable in the treatment of the subject of Kinetics, as well as 
Statics. 

The deduction of the laws of equilibrium will be followed with 
illustrations of their application in the solution of problems. We 
shall find that these laws enable us to use two general methods 
in the solution of problems in Statics; the graphical and the 
analytical^ or algebraical. In this chapter we shall confine our- 
selves to the analytical method, and only in certain cases refer 
briefly to the graphical, leaving a more extended discussion of the 
latter until later. 

31. Grouping of Force Systems. — For convenience, we shall 
consider force systems in the three following groups, in the order 
named: (I) Forces acting in a single plane, (2) Forces not acting 

16 
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in the same plane, (3) Distributed forces. In dealing with the 
first two groups we shall consider the forces as concentrated 
(Art. 20). 

§ 2. Forces Whose Lines of Action abe Confined to a 

Single Plane. 

32. Forces Acting through the Same Point — Polygon of 
Forces. — If more than two forces act through the same point 
we may determine the resultant of the system as follows: 

Find the resultant of two of them by the parallelogram, or by 
the triangle of forces; combine this resultant with the third force 
in the same way, and if there are more than three forces combine 
the second resultant with the fourth, repeating the process imtil 
the final resultant, which is evidently the resultant of the system, 
is obtained. 

To state this in another way, let F, Fi, Fa, etc., represent a 
system of forces acting through (Fig. 5a). 





Find the resultant of F and Fi by adding their vectors ab and 
he; the vector ac giving the magnitude and direction of their 
resultant (Fig. 5b). Add to this resultant the vector cd, repre- 
senting the force F2, and to ad, the sum of these, the vector de, 
representing the force Fs, thus obtaining ae as the vector which 
evidently gives the magnitude and direction of the resultant, R, 
of the system. A line drawn parallel to ae through would then 
give the line of action of the resultant force. Hence, we may 
determine the magnitude and direction of the resultant of any 
system of forces acting through a point by determining graphically 
their vector sum; or, in other words, if the forces are represented 
by the sides of a polygon, taken in order, the magnitude and direc- 
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tion of the resultant will be represented by the closing side, taken 
in the opposite order. 

If a force were applied at 0, equal and opposite to the resultant, 
R, the system would t^ in equilibrium. 

33. Graphical Conditions of Equilibrium. — The conditions de- 
duced in Art. 32 may be stated as follows: When a system of forces, 
whose lines of action are in the same plane and pass through the same 
point, is in equilibrium the vector sum of the forces is zero; or, they can 
he represented in magnitude and direction by the sides of a polygon 
taken in order. 

These may be called the graphical conditions of equilibrium. 
In Art.' 27, the conditions of equilibrimn of three forces only 
have already been stated. The student should refer to them here. 

34. Forces Acting through the Same Point. — Resolution of 
Forces. — Let F, Fi, F^ represent any system of forces acting at 
the point 0. It is required to find their resultant in magnitude 
and direction. With as the origin refer the forces to a pair of 
rectangular coordinate axes, OX and OY (Fig. 6). Resolve each 




Fig. 6. 

force mto two components, one along OX and one along OY. The 
components of F will be Oa and 06; of Fi, Oc and Oe; and of F%, 
Od and Of. If a, ai, at represent the acute angles which F, Fi, F| 
make respectively with the axis OX, we have: 

Oa^F cos a, Ob ^ F sin a, 
Oe = Fi cos ai, Oc = Fi sin ai, 
Od = F2 cos on, Qf = F2 sin aj. 
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// a component acts upward or toward the right we will assume it 
to be positive; if dovmward or toward the left, negative. 

Then the algebraic sum of the components along OX will be 
Oa — Od — Oe = SX, and the algebraic smn of the components 
along OY will be 06 + Oc - 0/ = SF. 

Suppose SZ to be negative and 2)F positive. Then lay pfif SX 
and 2)F on the axes OX and OYy in the directions indicated by the 




+ X 



Fig. 7. 



algebraic sign of the components (Fig. 7). The resultant of 2X 
and SF and hence of F, Fi and F2 will be 

R ^ V(SX)2+(SF)2 . (Art. 22.) 
The direction of R may be obtained from the equation 



cos Or = 



R 



SF ^ SF 

or sm Or = -p- , or tan ar = yy- > 



the quadrant in which the resultant lies being determined by the 
directions of SX and 2F along the coordinate axes. 

In Fig. 7 the polygon of forces for the system is also constructed, 
showing graphically that SX and SF, the components of the 
resultant, are equal to the algebraic sums of the projections of 
the sides of the polygon on the two axes. 

Usually, in engineering problems, the coordinate axes chosen 
are horizontal and vertical; in which case Sff may be used to 
denote the sum of the horizontal, and XV the simi of the vertical 
components. 
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36. Algebraic Conditions of Equilibrium. — Since, in order that 
the forces of a system may balance each other, the resultant must 
be equal to zero, we determine from Art. 34 that when 

R = V(2;X)*+(SF)« = 0, 
SX = and 27 = 0. 

Hence the conditions of equilibrium may be stated as follows: 

When a system of forces whose lines of action are in the same 
plane and pass through the same point is in equilibrium, if the 
forces are resolved into components along two axes at right angles 
to each other, the algebraic sum of the components in each of these 
two directions vnll be equal to zero. 
These may be called the algebraic conditions of equilibrium. 
36. Moment of a Force. — The moment of a force, with respect 
to a point, is the product of the force and the length of the perpen- 
dicular from the point to the line of action of the force. The 
perpendicular distance is called the arm; and the point, the cerder 
of moments. 

The moment of a force, with respect to a line perpendicular to a 
plane containing the force, is the product of the force and the length of 
the perpendicular between the force and the line. The line is called 
the axis of moments. 

The moment of the force F about the point (Fig. 8) is 
F X OA. It is evident that this is identical with the moment of 

the force about an axis through 0, perpendicu- 
lar to the plane containing and the line of 
action of F. 

If a rigid body were supported on a fixed 
axis through 0, but free to turn upon it, the 
force F would produce rotation about that 
Pjq g axis and the tendency to rotate would be 

proportional to the moment of the force. 
The unit moment is the moment of a unit force whose arm is 
a unit length. It will be called the foot-pound, inch-pound, 
meter-kilogram, etc., according to the units in which force and 
distance are expressed. 

The sign of the moment is plus, if the tendency to rotate is clock- 
wise or right-handed; and minus, if the tendency is counter- 
clockwise or left-handed. 
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37. Moment of the Resultant of Two Forces Applied at the 
Same Point — Varignon's Theorem. — Let F and Fi be the 
forces and B their resultant (Fig. 9). Let M be the trace of any 
axis perpendicular to the plane of the forces and let a, ai, dr be the 
moment arms of the forces with respect to M. Draw the coordinate 




» «• 



Fig. 9. 

axis OX through M and let a, ai, or be the respective angles be- 
tween F, Fi, R and OX. 

Then a = OM sin a; ax = OM sin ai; ar= OM sin Or. 

From Art. 34, 

SF = Fsina + Fisinai = Bsinar. 
Multiplying by OM 

F {OM sin a) + Fi(OiJf sin ax) = 22 (OM sin Or). 
Therefore, Fa + FiCi = Ror. 

If the center of moments M were taken between the lines of action 
of F and Fi, it is evident that the difference of the moments of F 
and Fi would equal the moment of R. Moreover, if R were resolved 
into any two components, acting through any other point on its 
line of action, the moment of the resultant would be equal to the 
algebraic sum of the moments of its components. 

Hence, we may state the following: 

// a force he resolved into any two componentSy acting through any 
point on its line of action, the algebraic sum of the moments of these 
components with respect to any axis, perpendicular to their plane, 
will equal the moment of the original force about that axis. 

Frequently it is easier to determine the moment of a force by 
computing the sum of the moments of its components than to 
determine it directly. 
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38. Moment of the Resultant of Any Number of Forces 
Acting through the Same Point. — Proceeding in the same 
manner as in Art. 37, we find that the algebraic sum of the moments 
of any system of forces, whose lines of action pass through the 
same point and lie in the same plane, with respect to any axis 
perpendicular to the plane of the forces, is equal to the moment 
of their resultant about that axis. 

If the resultant is equal to zero the system is in equilibrium and 
we may state the following condition: 

W?ien any system of farces j whose lines of action pass throtigh the 
same point and lie in the same plane, is in equilibrium the algebraic 
sum of their mxnnents with respect to any axis, perpendicular to the 
plane of the forces, is equal to zero. This condition may be indicated 
by the expression SAf = 0. 

39. Summary of Conditions of Equilibrium for Forces whose 
Lines of Action Lie in the Same Plane and Pass through the 
Same Point. — 

(1) Vector Sum = 0, or, closed polygon. (Art. 33.) 

<^) SI?:"; 2 Iv'-ll <^'*-> 

(3) Silf = 0. (Art. 38.) 

40. External vs. Internal Forces. — If a straight rod AB 
(Fig. 10) is in equilibrium under the action of a balanced system 





Fig. 10. 

of external forces acting at the ends of the rod, as, for example, 
the forces F, Fi and F2SLt A, which are balanced by the forces Fz 
and Fa at B, it is evident that, if we neglect the weight of the rod, 
the resultant, Ri, of the forces at A must be equal and opposite 
to the resultant, Ri, at B: and hence the line of action of Ri and 
Rt must be the line AB. Moreover, the rod itself will exert a 
reaction at A, equal and opposite to Ri, and an equal reaction 
at B, equal and opposite to Ri. The directions of the resultants, 
Ri and Rz, of the forces shown in Fig. 10 are such that the rod is 
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subjected to a pull, or tension. If the forces acting were such 
that the directions of the resultants were reversed, the rod would 
be subjected to pressure, or compression. 

If we consider a cross section through the rod at C; the part AC, 
on one side of this section, will exert a force at C on the part CB, 
which must be equal to the resultant, ft, of the external forces 
acting at B; and an equal and opposite reaction will be exerted 
at C by the part BC on the part AC. This force on the section 
at C is called an internal force, or stress. It is a distributed force 
but, like the forces F, Fi, etc., and their resultants, Ri and ft, can 
be considered as a concentrated force acting along the middle of 
the rod. 

Therefore, the stress on any cross section of a straight rod, which 
is in equilibrium under the action of external forces at its ends only, 
is equal in vmgnitude to the resultant of the forces acting aJt either 
end: and is tension, if thai resultant exerts a puU on the rod, and 
compression, if it exerts a thrust. 

A more complete discussion of stress will be taken up later, 
this definition being sufficient for our present needs. 

41, Solution of Problems. — General Methods. — In general, 
problems in Statics are of the following kind: A system of forces 
is in equilibrium, part of the forces being known and some of them 
partly or wholly unknown; it is required to determine the magni- 
tudes and directions, and possibly the lines of action, of the un- 
known forces. 

In dealing toith any problem involving the action of forces the first 
question which arises is: What are the forces to be dealt with and whal 
are the elements to be determined? 

After this question is answered correctly, the remainder of the 
analysis consists in applying the conditions of equilibrium best 
suited to the solution. 

In answering the foregoing question it is su^ested, that as 
an aid to correct analysis, the student make a sketch showing the 
lines of action and directions, as far as possible, of the forces 
to be dealt with, before applying the conditions of equilibriimi. 
In many cases, by an inspection of the problem we may deter- 
mine whether the stress in a member of a frame is tension, or 
compression, and hence the direction of the force the member will 
exert at a given point, before making a solution to determine the 
magnitude of the force. Wherever possible this should be done. 



0/ 



1 

^ 



t 



24 



APPLIED MECHANICS 



In the statement of problems, line sketches only will be used 
in the diagrams, and the student is expected to be able to give some 
idea of what the details of the different frames might be. Where 
several members meet a joint, it will always be assumed that the 
forces they exert act through the same point. 

In each problem the weight of the frame will be neglected in 
making computations, unless otherwise stated. 

42. Problems — Involving Balanced Systems of Forces Acting 
through the Same Point and Lying in the Same Plane. — In these 
problems the imknown elements may be determined by the 
application of the conditions of equilibrium given in the Summary 
in Art. 39. An analysis of these conditions shows us that we can- 
not determine more than two unknown elements in such a force 
system, and that we may determine these two by using any one 
of the conditions (1), (2) or (3). Hence we have three different 
methods of solving problems of this kind. 

Problem 1. 

The weight of 5000 lbs. suspended at A, is supported by the two members, 
AB and AC, attached to the wall at B and C. Find the stresses in the mem- 
bers AB and AC (Fig. 11). 
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Fig. 11. 



Fia. 12. 



Solution, — In this problem we have a balanced system of three forces 
acting at A, viz., the weight of 5000 lbs. and the forces F and Fi, exerted by 
the members AB and AC, as shown in the sketch (Fig. 12). An inspection of 
the frame (Fig. 11) shows that the member AC is in tension and the member AB, 
in compression. Hence AC exerts a pull at the point A, and AB a thrust, 
the directions being indicated by the arrows (Fig. 12). The problem, there- 
fore, is to determine the magnitudes of two unknown forces in a balanced system 
of three forces acting at a point, and the solution may be made in the three 
following ways: 
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First Method (Triangle of Forces). — The forces may be represented by the 
sides of a triangle taken in order, or, their vector sum equals zero (Art. 39). 

Draw a vector representing the force of 5000 lbs. (Fig. 13) and, through its 
extremities, vectors to represent the forces F and Fi. If drawn to scale, the 
magnitudes of F and Fi may be determined directly by measurement of the 
force triangle. 




W6000 




Fig. 13. 



Fig. 14. 



Instead of drawing the diagram to scale, the problem may be solved by 
observing that the triangle of forces will be similar to the triangle ABC (Fig. 
11); and from the proportions between the homologous sides we have 

5000 : F = 6 : 8, 
5000 : Fi = 6 : 10. 



Solving these proportions: 



40 000 
F = ^^^ = 6667 lbs. (Ck)mpre88ion); 

p^ « ^^ = 8333 lbs. (Tension). 



Note. — The directions of the unknown forces are indicated by the force 
triangle, and can be determined from this whenever there is any difSiculty in 
finding them by inspection, as previously suggested. 

Second Method (Resolution of Forces). — This is the application of the 
second condition of equilibrium (Art. 39). Refer the forces to the coordinate 
axes OX and OY (Fig. 14). 

Imposing the conditions of equilibrium and noting that 

sin CK » 0.6 and cos a » 0.8, 
we have SX = F - 0.8 Fi = 0, 

sr = 0.6 Fi- 5000=0. 

The solution of these equations gives: 

F = 6667 lbs. (Compression), 
Fi= 8333 lbs. (Tension). 

Note. — In using this method if we are unable to determine the directions 
of the unknown forces by inspection, it will be necessary to assume them. 
Then if the solution gives positive values for the \mknown forces it will indi- 
cate that the assumptions are correct. A negative value obtained for either of 
the unknown forces will indicate that the correct direction for the force is 
opposite to that assumed. 
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Third Method (Momente). — This is the application of the third condition 
of ecjuilibrium (Art. 39). By choosing a moment axis, peipendicular to the 
plane of the forces, passing through some point in the line of action of one of 
the unknown forces, the moment of that force becomes zero, leaving only 
one unknown quantity in the moment equation. 

If we take moments about B and note that the moment arm of the force 
Fi will be 4.8 ft., we have 

Zlf « 8 X 6000 - 4.8 Fi = 0, 
Fi " 8333 lbs. (Tension). 

Taking moments about C we have 

SM - 8 X 6000 - 6 F = 0, 
F - 6667 lbs. (C^ompression). 

In this case, as in the preceding solution, the directions of the unknown 
forces might be assumed and their magnitudes determined, a positive result 

indicating a correct assumption for 
the direction of the unknown force. 

In general, it is better to first 
find the moment of the known forces 
and observe its sign, whether plus 
or minus, then the direction of the 
unknown force must be such as to 
give a moment of the opposite sign. 

Problem 2. 

Find the stresses in the members 
AB and AC, of the triangular 
FiQ. 15 frame ABC, the load at A being 

1000 lbs. (Fig. 15). 

Solution. — In this problem we have a balanced system of forces acting at 

A, consisting of the vertical force of 10(X) lbs. and the imknown forces F and 

Fi (Fig. 16). It is evident that F and Fi are both compression, as indicated. 

Draw the triangle of forces (Fig. 17) and solve anal3rtically. From Fig. 15, 

ZBAD = 6r-56'. 
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Fig. 16. 



Fig. 17. 



Hence in Fig. 17, 



Z6 



46% 

6r- 56' 
73*- 4'. 



PROBLEMS 



27 



Therefore, 1000 : F » sin c : sin a, 

F » 739 lbs. (Compression), 
1000 :Fi B sin c : sin 6, 

Fi *■ 922 lbs. (Compression). 

Problem 3. 

Solve Problem 2, using method of resoLvJUan of forces: also by method of 
momenia. 

Problem 4. 

Assuming that the frame in Problem 2 is supported by a vertical force at 
By find the magnitude of the force and the stress in BC. . ' 

c 




aooo 



Fia. 18. 

Problem 6. 

The crane (Fig. 18) is loaded with 3000 lbs. at C. Determine the stresses 
in the boom CD, the tie BC, the mast BD and the stay AB. 




2000^' 



^8000 




Fig. 19. 



Fig. 20. 



Solution. — At all three points B, C and D of the frame we have a balanced 
system of forces acting. To make the solution we must consider first a joint 
at which there are only two unknown forces. The joint C is evidently the 
only one fulfilling this condition, the forces acting being the weight of 3000 lbs. 
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and the unknown forces, F and Fi, exerted by the members DC and BC, 
respectively. 

It is evident that the member CD is in compression and BC in tension, and 
hence the directions of the forces will be as shown in Fig. 19. 

The solution of the force triangle for the point C (Fig. 20) may be made 
by noting its similarity to the triangle BCD (Fig. 18). The length of CD will 
be found by computation to be 25 ft. and the length of BC, 17 ft. 

Hence, F : 3000 = 25 : 12, 

F » 6250 lbs. (Compression stress in CD), 
Fi : 3000 = 17 : 12, 

Fi = 4250 lbs. (Tension stress in BC). 

Having found the stress in BC, we can determine the stresses in AB and 
BD by the triangle of forces for the point B. Let Fj and Fi be the forces 
exerted at the point B by the members AB and BZ>, respectively. Then it is 
evident that the stress in AB will be tension and that in BD, compression: and 
the directions of the forces will be as indicated in Fig. 21. 



4250 





FiQ. 21. 



Fig. 22. 



To solve the force triangle for the point B, we may determine the angles 
from the dimensions given in (Fig. 18). 

ZABD = 39^-48', 
ZCBD = 118^- 4'. 

Then in the force triangle (Fig. 22) 

^6 = 39^-48', 

/.c = 118^-4', 

Za = 22**-8'. 
Hence, Fj : 4250 = sin c : sin 6, 

Fa = 5859 lbs. (Tension in AB), 
Fi : 4250 = sin a : sin 6, 

Ft = 2502 lbs. (Compression m BD). 
Problem 6. 

Solve Problem 6, using method of resolution of forces. 
Problem 7. 

Find the horizontal and vertical components of the supporting forces at 
A and D, Problem 5. 
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Problem 8. 

Find the stresses in the members of the crane given in Problem 5, when 
the boom makes an angle of 15^ with the horizontal. 

Problem 9^ 

Find the force F, necessary to keep the weight of 200 lbs. from sliding 
down a frictionless plane, as shown in Fig. 23. 




Fig. 23. 

Problem 10. 

If the magnitude of the force F^ in Problem 9, was 200 lbs., what would 
be the angle between its line of action and the plane, necessary to prevent 
the weight from slipping down the plane. 

Problem 11. 

If the pressure P, exerted by the piston rod on the crosshead of a steam 
engine, is 1000 lbs. (Fig. 24), find the stress in the connecting rod AB, and the 




Fig. 24. 

components perpendicular to and along the crank BO; assuming that the 
crank is prevented from turning and that there is no friction on the crosshead 
guides at A. 

43. Couple. — Two parallel forces, equal in magnitude and 
opposite in direction, are called a couple. The perpendicular 
distance between the lines of action of the forces is called the arm 
of the couple; and the plane containing the forces is called the 
'plane of the couple. 

The momerd of a couple is the algebraic sum of the moments of 
its forces about any axis perpendicular to its plane. 



30 



APPLIED MECHANICS 



That the moment of a couple about any axis, perpendicular to 
its plane, is equal to the product of either force and the length of 
the arm may be shown by the following proof. 

Let be any axis, perpendicular to the plane of the couple 
(Fig. 25), and OA and OB, the moment arms of the forces with 



B 



Fig. 25. 




Fig. 26. 



respect to 0. Taking moments about 0, we have F X OB — 
F XOA - F X AB. It is evident that if the point were taken 
between, or to the left of, the forces the sum of the moments 
would still be equal to F X AB. 

The unit moment of the couple is the^same as that of a single 
force; namely, the foot-poundy inch-pound, etc., according to the 
imits of force and distance which are used. 

The sign of the couple is plus, if it tends to turn with right-handed 
rotation; and minus, if opposite. 

44. Equilibrium of Two Couples. — Proposition : — Two couples 
wiU balance when they act in the same plane and their moments are 
equal in magnitude, InU of opposite sign. 

Proof. — Assume any two couples. Fa and — Fiai, in the same 
plane, with equal moments but opposite signs (Fig. 26). 

Then numerically Fa = Fiai (1) 

Produce the lines of action of the forces, F and Fi, to form the 
parallelogram, efgh; and find the resultants of the two pairs of 
forces, F and Fi, by constructing the parallelograms of forces, 
ekjm and gmo, at their points of intersection, e and g. It is 
evident that these parallelograms are equal and hence the magni- 
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tudes of the resultants, Ri and R^, of the two pairs of forces are 
equal; and then* lines of action are either parallel, or they coincide. 
The area of the parallelogram efgh is equal to 

gfXa^ghXai (2) 

Dividing equation (2) by equation ,(1) we have 

of^QlL or sl^gh.. 

F Ft ek em 

Therefore, the parallelograms, gfeh and ekjin^ are similar and 
the lines of action of JSi and iZa coincide and the couples are in 
equilibrium. Since no restrictions were imposed on the relative 
positions, or the lengths of the arms, of the couples in the preced- 
ing proposition the following will be true: 

For any couple an equivalent couple may be substUviedy situated 
anywhere in the same plane and having the same moment and sign, 
wiihoui changing the effect of the system of forces of which the couple 
is a part. 

46. Resultant of Any Number of Couples Acting in the Same 
Plane. — Assume any system of couples acting in the same 
plane, such as Fiai, — Ffjdg, F^ih (Fig. 27a). For these couples 
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Fig. 27a. 



Fig. 27b. 



we may substitute equivalent couples in the same plane (Art. 44), 
having a conmion arm a and placed so that the lines of action of 
the forces coincide. Let Fi'a, — F%a and Fz'a (Fig. 27b) be the 
couples which are equivalent to Fiai, — FjOj and FaOa, respec- 
tively. It is evident that the resultant of the equivalent couples 
will be a couple whose forces are equal to Fx — Ft + Ft and arm 
is equal to a. Hence the moment of the resultant couple is 

(F/ - Fa' + Fz') a = Fi'a - Ft' a + Fz'a 
« Fiai - Ftfh + Fstts = SFa, 
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the last term in the equation being an abbreviation to represent 
the algebraic sum of the moments of the couples. 

Therefore, the resvUant of any number of couples, acting in the 
same plane, is a couple whose mom^ent is equal to the algebraic sum 
of their mxmients. 

If a system of couples acting in the same plane is in equilibrium 
the resultant must be equal to zero; hence, 

// any number of couples, acting in the same plane, are in equi- 
librium the algebraic sum of their momerds is equal to zero. 

46. Resultant of a Single Force and a Couple. — Let F 
represent any force and Fia\, any couple acting in the same 
plane (Fig. 28a). For the couple F\ai substitute an equivalent 
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Fig. 28a. 



Fig. 28b. 



couple (Art. 44) whose force is equal to the force F and arm 
equal to a, placing this couple so that one of its forces will balance 
the force F (Fig. 28b). The resultant will evidently be a force 
equal and parallel to F, at a perpendicular distance from it equal 
to the arm a, of the equivalent couple. 

Since Fa = Fiai, 

Fiai 



a = 



F 



If Fifli were negative the resultant force would evidently act at 
a distance a, to the right of F. 

Therefore, the resultant of a single force and a couple, in the same 
plane, is a single force equal and parallel to the original force, having 
its line of action at a perpendicular distance from the original force 
equal to the moment of the couple divided by the force; and so situated 
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that the moment of the resultant about the point of application of the 
original force is of the same sign as the moment of the couple. 

47. Resolution of a Single Force into an Equal and Parallel 
Force and a Couple. — This is the converse of the proposition 
^ven in Art. 46. It is evident that by applying at any point 
two equal and opposite forces, equal and parallel to the force 
F (Fig. 29), we can resolve it into an equal and parallel force, and 
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Fig. 29. 



Fig. 3a 



a couple whose moment will be equal to the moment of the force 
F with respect to the point 0. In certain cases it will be found 
convenient to resolve forces in this way. 

48. Composition of Parallel Forces. — Let Fi, Fj, Fa, Fi 
represent any system of parallel forces acting in the same plane 
(Fig. 30). Refer the system to the coordinate axes, OX and OF, 
in the plane of the forces, assiuning the axis of OX perpendicular 
to the forces. 

Resolve each force into a component force acting along OY and 
a couple (Art. 47). 

Let SF equal the algebraic sum of the components along OY 
and let 2Fx equal the algebraic sum of the moments of the com- 
ponent couples (Art. 45). In this way we may reduce the original 
system to a single component force, llF, acting along OY and a 
single component couple, SFx. 

Three cases will now be considered. 

Case I. — When SF >< and XFx >< 0. 

Combining the force and the couple (Art. 46), the resultant 
of the system will be a single force, 

R = 2F, 
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and the distance of its line of action from will be 

2Fx 



aT = 



SF 



Therefore, 



Rxr^ SFx; 



that is, the moment of the resultant with respect to the origin is 
equal to the algebraic sum of the moments of the forces with 
respect to that point. 

In determining whether Xr is measured to the right or left of 
it is necessary to note that the sign of the moment of 72 about 
must be the same as the sign of the couple XFx, If XFx = 0, 
it is evident that the line of action of R coincides with OY. 

Case II. — When SF = and 2Fx >< 0. 

In this case the resultant of the system is a couple whose 
moment is 2)Fx, and the algebraic sum of the moments of the 
forces with respect to any point in their plane is the same as that 
with respect to any other point. 

Case III. — When SF = and 2Fx = 0. 

In this case the. system of forces is in equilibrium. 

49. Conditions of Equilibrium of a System of Parallel Forces. 
— From Art. 48 we deduce the following conditions of equilibrium: 

// a system of parallel forces acting in the same plane is in equi- 
librium, the algebraic sum of the forces is equal to zero, and the alge- 
braic sum of the momerds of the forces about any axis perpendicular 
to their plane is equal to zero. 

It is evident that these conditions enable us to determine two 
unknown elements in a balanced system of parallel forces. 

60. Problems. — Parallel Forces Acting in the Same Plane. — 

Problem 1. 

Find the resultant R of the parallel forces 200 lbs., 500 lbs. and 800 lbs., 
actmg as shown (Fig. 31). 
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Solution. — Aflsume the axis OY, coinciding with the line of action of the 
force of 200 lbs., and the axis OX perpendicular to the forces. 



Then 
and 

Hence 



2^=200-600 + 800 = 500 
XFx -600X3-800X10-- 6500. 
ZFx 6500 



ZF 



500 



13. 



Therefore, R = 500 lbs. (acting upward), and the distance of its line of action 
from is 13 ft. (to the right). 

Note, — In computing the value of Xr we neglect algebraic signs and note 
that, since XFx is negative, the moment of R must be negative: hence its 
line of action must be to the right of 0. 

Problem 2. 

Let AB represent a beam carrying the weights of 1000 lbs., 2000 lbs. and 
3000 lbs. and supported by the vertical forces Fi and Ft (Fig. 32). 
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Fig. 32. 

SdiUion, — In this case, we have a balanced system of parallel forces and 
by applying the conditions of equilibrium (Art. 49) we can determine the 
unknown forces. The sum of the moments of the forces with respect to the 
point A on the line of action of Fi will be 

ZFx = 1000 X 3 + 2000 X 7 + 3000 X 11 - 20 F, » 0, 
and Ft = 2500 lbs. (acting upward). 

In a similar manner we may determine Fi, by taking moments about B, 

XFx = - 3000 X 9 - 2000 X 13 - 1000 X 17 + 20Fi = 0, 
and Fi = 3500 lbs. (acting upward) ; 

or, in a simpler way, we may determine Fi from the condition XF = 0, in 

which case 

2F = - 1000 - 2000 - 3000 + 2500 + Fi = 0, 

and F] = 3500 lbs. (acting upward). 



If both solutions are used we have a check on the numerical work. 
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Problem 3. 

Determine the resultant of the system of parallel forces shown in Fig. 33. 
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Fig. 33. 
Problem 4. 

Determine the resultant of the system of parallel forces shown in Fig. 34. 
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Fig. 34. 
Problem 6. 

Determine the resultant of the system of parallel forces and couples in 

Fig. 35. 
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Fig. 36. 
Problem 6. 

Determine the resultant of the system of parallel forces and couples shown 

in Fig. 36. 
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Problem 7. 

The system of parallel forces shown in Fig. 37 is in equilibiiimi. Plnd the 
magnitudes and directions of the miknown forces Fi and Ft, 
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61. Resultant of any System of Forces Acting at Different 
Points and Situated in the Same Plane. — Let F, Fi and Ft be 
any system of forces whose lines of action are in the same plane, 
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Fig. 38a. 



but do not pass through the same point (Fig. 38a). Through 
any point 0, in the plane of the forces, draw two axes at right 
angles, OX and OF. Resolve each force into a single force and a 
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couple by introducing at equal and opposite forces, equal and 
parallel to the forces F, Fi and ^2. (Art. 47.) 

In this way the system may be resolved into an equivalent 
system of forces, F, Fi and F2, acting at 0, which are equal, parallel 
to and act in same direction as original forces; and a system of 
couples, whose moments are equal to the moments of the forces 
about 0. 

The resultant of the system of couples is a single resultant couple 
(Art. 45) whose moment is 

The resultant of the system of forces acting at may be found 
by the method of resolution of forces (Art. 34); in which case 

fl = V(2Z)»+(2r)» 
and cos Or = -p- ; sm Or = -p- ; tan or = yy • 

or, the resultant may be found by determining the vector sum of 
the forces (polygon of forces) (Art. 32), as indicated in Fig. 38b. 

Three cases will now be considered. 

Case I. — When R>0 and SM >< 0. 

Combining the force R and the couple Sikf we get for the 

resultant of the system a force equal and parallel to /2, whose 

line of action is at a perpendicular distance from equal to Or = 

SAf 

-^- (Art. 46). The arm Or must be laid oflf in such a manner that 

the sign of the moment Ror is the same as the sign of the moment 
of the resultant couple, SM (Fig. 38b). 

It is evident that, if 1,M = and fl > 0, the resultant force 
acts through the origin. 

Case II. — When fi = and SMX 0. 

In this case, the resultant of the system is a couple whose moment 
is equal to the algebraic sum of the moments of the forces about 
0; and hence the sum of the moments of the forces about any 
other point in their plane is the same as the sum of their moments 
about 0. 

Case III. — When B = and SM = 0. 

In this case, the forces are in equilibrium; and, since the com- 
ponent force acting at the origin is equal to zero, SX = and 
SF = 0, and the vector sum of the forces is equal to zero (Art. 39). 
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Note. — Since the moment of a force with respect to an axis is equal to the 
sum of the moments of its components (Art. 37), we might first resolve each 
force into components, parallel to OX and OF, acting through any point on 
its line of action, and then resolve these components into couples and forces, 
acting along OX and OF, and determine the resultant of the system as before. 
In the solution of problems it is frequently more convenient to use this 
method. 

The preceding propositions, for determining the resultant of a 
system of forces acting at a point (Arts. 32 and 34) and a system 




Fig. 38b. 

of parallel forces (Art. 48), are evidently covered by this more 
comprehensive one, and could be considered as special cases under 
this general case. 

62. Conditions of Equilibrium of any System of Forces Acting 
in tlie Same Plane. — The conditions of equilibrium, deter- 
mined in Art. 51, may be summarized as follows: 

2Z = ) r Vector siun = 0. 

27 = >• or ] 

These may be stated in the following manner: If any system oj 
forces whose lines of action are in the same plane is in equilibrium, 
the algebraic sum of their moments abovi any axis perpendicular 
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to their plane is equal to zero andj if the forces are resolved into 
components in any two directions al right angles to each other^ the 
algebraic sum of each set of components wiU equal zero; also, the 
vector sum of the forces vnU equal zero. 

It is evident that these conditions will hold for a balanced 
system of parallel forces, or a balanced system of forces acting 
through a point, and that these two cases might be considered as 
special cases under the general one. 

An analysis of these conditions shows us that the maximum 
number of unknown elements in a balanced system of forces, 
acting in the same plane, which can be determined by their use, is 
three and, if the forces are parallel or act through the same point, 
only two unknown elements can be determined. In case three 
nonparallel forces only are in equilibrium they must act through 
the same point (Art. 27). 

63. Problems. — Involving Systems of Forces Acting in the 
Same Plane but not through the Same Point — In the solution 
of these problems, the attention of the student is again called to 
the general methods of dealing with problems in Statics (Art. 41). 

In nearly all cases, where a resolution of forces is made, hori- 
zontal and vertical axes are the most convenient to use. Hence, 
for the sake of brevity, we shall speak of the components as H 
components and V components and designate them with subscript 
letters to indicate the point of application, such as Ha, Va, etc. 

In determining certain unknown forces, such as the supporting 
forces of a frame, and certain actions and reactions at the joints it 
is usually sufficient to compute the H and V components only, the 
magnitudes and lines of action of the resultant forces acting at 
these points not being required. 

In determining the internal forces acting at the different joints 
of a frame it will be necessary to apply the conditions of equilib- 
rium to certain groups of forces. In picking out these groups 
for the pmpose of solving any problem, we must keep in mind 
the fact that, if any frame is in equilibrium under a system of 
external forces, which would include loads and supporting forces, 
any member of the frame is in equilibrium imder the forces act- 
ing upon it, which would include the forces exerted at the joints 
by which this member is connected to the rest of the frame. 

Considering this member alone, the forces acting at the joints 
will constitute a balanced system of external forces, and their 
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lines of action and directions can be indicated on a sketch of the 
member. The conditions of equilibrium will enable us to deter- 
mine the unknown elements in the system if they do not exceed 
the numbers specified for the different cases. 

In applying the conditions of equilibrium, when three unknown 
forces are to be determined, we almost always may choose the axis 
of moments at the point of intersection of the lines of action of 
two of the unknown forces. Then the magnitude and direction 
of the third unknown force may be determined directly from the 
condition ZM := 0. All three unknown forces may be found in 
this manner or, having found one, the remaining unknown forces 
may be determined by resolving the forces into H and V com- 
ponents, or by the polygon of forces. 

Problem 1. 

Detennine the resultant of the system of forces, 30 lbs., 20 lbs., 40 lbs. and 
60 lbs., acting as shown in Fig. 39. 




Solution. — Assume the codrdinate axes OX and OF, coinciding with the 
lines of action of the forces of 30 lbs. and 40 lbs., asRuming the positive direc- 
tions as usual. Resolve the forces into components parallel to the axes and 
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determine SX, XY and IM, getting ZM by adding the moments of the X and 
Y oomponenta. 
Then SZ - 30 + 14.1 - 52.0 = - 7.9, 

SF -14.1+40-30=24.1, 
2Af - - 14.1 X 4 + 62 X 3 = 99.6, 

B - V(24.1)« + (7.9)* - 25.4 lbs., 
tan Or- ^. «r- 71'»- 51'. Or* ^ - 3.92 ft. 

An inspection of these results shows the line of action of the resultant to 
be that indicated in Fig. 39. 

Problem 2. 

Given the forces, 100 lbs., 200 lbs., 300 lbs. and 400 lbs., acting consecu- 
tively along the sides of a 4-ft. square. Determine their resultant. 

Problem 8. 

The frame shown (Fig. 40a) is subjected to a load of 2000 lbs. at C, and 
ICXX) lbs. at D, and is supported at A and F in such a manner that the force 

acting on the frame at A is horizontal. 
Determine (a) the H and V components 
of the supporting forces at A and F; (h) 
the H and V components of the forces act- 
ing at the joints E, B and D and the stress 
in the member ED, 

Solution, — (a) We will first consider 
the whole frame as a rigid body. The 
external forces acting upon it will be the 
forces 2000 lbs., 1000 lbs., the horizontal 
force Hat at A, and the components Hj 
and Vf of the supporting force at F. 

These forces form a balanced system, 
in which we have three unknown elements 
to determine, and which may be found 
by applying the conditions of equilibrium 
(Art. 52). An inspection of Fig. 40a 
shows that the directions of the unknown 
forces will be as indicated. 

It will be necessary to use the condi- 
tion ZAf a to determine one of these 
forces, and then the other two can be determined from the conditions ZH — 
and Z7» 0. It is not necessary to show the axes of X and Y in the sketch. 
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Fig. 40a. 



Taking moments about the point F, 



Then 
and 



SM = 2000 X 4 + 1000 X 8 - 16 ZTa 
Ha = 1000 lbs. 

Sff = - 1000 + i// = 0, 

Hf = 1000 lbs., 

SV = - 2000 - 1000 + 7/= 0, 

7/= 3000 lbs. 



-0, 
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The direotioiiB of the forces determined from these equations agree with 
the directions already indicated for the unknown forces in Fig. 40a. 

Hf and Vf might also be detennined from the condition ZM »• 0, or by 
drawing a polygon of forces. 

(b) We will now consider the member BD as a rigid body (Fig. 40b). 
The extemal forces acting upon it vrill be 2000 lbs., 1000 lbs., F, the force 
exerted at D by the member ED^ and Hh and Vh^ the components exerted at 
B by the vertical member AF. 




^H<| 



Fio. 40b. 

Let Hd and Vd represent the H and V components of the force F, 

Vd 3 
Ud^ ^ 



Then 



The directions of the imknown forces will evidently be those indicated on 
the sketch. 

The balanced. system, therefore, contains three unknown elements. To de- 
termine these we will first find the sum of the moments about an axis through B. 

ZM = 2000 X 4 + 1000 X 8 - 8 7d - 0, 
Vd - 2000 lbs., 



and 
Then 



Hd=g 7^-2667 lbs. 



2£r = 2667-^6=0, 

Hb» 2667 lbs., 
and 27 - 2000 - 1000 - 2000 + 76= 0, 

7^=1000 lbs., 

and the directions of the imknown forces agree with those indicated in 
Fig. 40b. 

If we consider the member DE alone the forces acting will be Hdi 7d, H^ 
and 7, (Fig. 40c). 

Hence H. = %= 2667 lbs. and 7,- 7d=- 2000 lbs., 

acting in the directions indicated. The member ED is in compression and 

the stress ^___^___^^_^^ 

F -V(2667)» + (2000)» = 3333 lbs. 

The H and 7 components at B and E might be determined by appljdng 
the conditions of equilibrium to the forces acting on the member AFy thus 
getting a check on the previous solution. The system of forces for this case 
is indicated in Fig. 40d. 

In each of the preceding cases, all the forces might be determined from the 
condition ZM « 0, without using the conditions ZH^O and Z7 » 0. In 
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each case, where the forces were determined by usiiig the last two oonditions, 
the polygon of forces might be used instead. 
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Fig. 40c. 
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Fig. 40d. 



The members BD and AF, which are acted upon by forces at other points 
besides the ends, are subjected to bending and we cannot determine the 
Mtrewes due to bending from the principles thus far deduced. 

Problem 4. 

Determine the stress in BC and the H and V components of the force 
acting at A, in the frame fastened to the vertical wall (Fig. 41) and supporting 
weights of 600 lbs. and 800 lbs. 




Problem 6. 

Determine the H and V components of the supporting forces, assuming 
that the force at A is horizontal, and compute the H and V components of 
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the forces acting at the joints C, D and E of the crane (Fig. 42) when sub- 
jected to a load of 2000 lbs. at F, 



V/////////y/////A 




m///mM/// 



Fig. 42. 



Psroblem 6* 

The frame ABC (Fig. 43) is subjected to a load of 4000 lbs., perpendicular 
to the member AB at its middle point, and a vertical load of 8000 lbs. at B, 
Assuming that the supporting force at A is vertical, find its magnitude and the 
magnitudes and directions of the U and Y components of the supporting force 
ate. 




Fig. 43. 



Probleni 7* 

Determine the stresses in the members AC and BC of the frame shown in 
Fig. 43. 

Problem 8* 

A homogeneous block of rectangular section weighing 5000 lbs. is held in 
the position shown (Fig. 44) by the force P. Find the magnitude of P and 
the friction between the weight and the plane necessary to prevent the edge 
A from slipping; also find the vertical pressure at A. 
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Problem 9.' 

The wheel weighing 600 lbs. (Fig. 45) is held in position by the horizontal 
force Pf the friction between the wheel and the plane at A being sufficient to 
prevent slipping. Determine the force P, the force due to the friction at A 
and Ihe normal pressure between the wheel and the plane. 





FiQ. 44. 



Fig. 45. 



Problem 10. 

The weight of 1000 lbs. is held in podtion by a flexible rope attached at 
A and running over the sheaves at D and A as shown (Fig. 46a), the force P 
applied to the end of the rope being parallel to AC. Find the stresses in the 
members AB and AC, assiiming no friction at the axes of sheaves. 
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Fig. 46a. 



Solution. — The force P will equal 500 lbs. The forces acting on the 
sheave A will be the two forces of 500 lbs. each, and the H and V components 
at the axis (Fig. 46b). 
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^a» 353 lbs., 
7a»8531b6. 



We can now determine the stresses in AB and AC by applying the condi- 
tions of equilibrium to the forces acting through the point A (Fig. 46c). 
Assume the directions of the unknown forces F and Fi as indicated. By 
resolution of forces into H and V components we have 

XH = 0.287 F - 0.707 Fi - 353 » 0, 
XV - 0.958 F - 0.707 F, - 1353 = 0. 
Solving: F = 1490 lbs. (Compression in AB). 

Fi- 106 lbs. (Tension in ACT). 

Since both F and Fi are positive, the directions assumed were correct. 





Fig. 46b. 



Fig. 46c. 



Problem 11. 

The weight of 2000 lbs. is balanced by the pull P on a rope leading over the 
sheaves A and B of the frame shown (Fig. 47). Find the H and V components 
at the supports C and D and at the joints E, F and G, assuming Ve" and 
no friction at the sheaves A and B, 
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Problem 12. 

A homogeneous bar AB, of uniform section, weighing 400 lbs., rests against 
the horizontal and vertical surfaces OA and OB and b held in position by a 
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horizontal tie CD (Fig. 48). ABSuming that there is no friction at A and B, find 
the stress in CD and the normal pressure against the supporting surfaces at 
A and B. 

Problem 18. 

Solve Problem 12, assuming that the force exerted by the friction at A is 
50 lbs. and at B, 20 lbs. 




mmmmmmmm 

Fig. 48. 




wmrnmmmmmm 

'^K 10^ H 

Fig. 49. 



Problem 14. 

The member AB^ supporting a weight of 2000 lbs. (Fig. 49), is held in posi- 
tion by a pin at A and the brace CD and the tie EF, If the brace CD rests 
against a frictionless surface at C, find the stress in EF and the H and Y com- 
ponents acting at the points A, D and C 

Problem 15. 

Solve Problem 14, assuming that there is a force of 400 lbs. exerted by 
friction at the point C. 




Fig. 50a. 

Problem 16. 

The bars AB and BC (¥1g. 50a) are held by pins at A, B and C and carry 
the weights of 400 lbs., 100 lbs. and 200 lbs., as shown. Find the H and 7 
components of the forces acting at the pins A, B and C 
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SoltUian, — In this case we are unable to determine the supporting forces 
at A and C by applying conditions of equilibrium to the external forces acting 
on the whole frame since there are four unknown elements to be determined. 
The problem can be solved, however, by dealing with the H and V components 
of the forces acting on the two members separately, as follows: 

Considering AB alone, the forces acting upon it are 400 lbs., Ha, Va, Hb 
and Vb (Fig. 50b). If there is doubt in regard to the directions of the unknown 
components, these must be assumed. 





Fig. 50b. 



Fig. 50c. 



In a similar manner the forces, acting on BC alone, may be indicated as 
shown (Fig. 50c). In assuming the directions of the components at B, the 
law of action and reaction must be kept in mind. 

This analysis gives us two systems of balanced forces with four unknown 
elements in each, but, since the two unknown components, acting at B in 
one system, are equal and opposite to the two acting at B in the other, we have 
altogether only six unknown elements to determine; and these can evidently 
be found by applying the conditions of equilibrium to the forces acting in 
each system. 

Hence, considering the forces acting on AB we have, taking a moment 

axis through A, 

2Af - 400 X 4 - 6 ^b - 8 n = 0. 

In the same maimer for the forces acting on BC we have, taking a moment 

axis through C, 

S3f - - 200 X 3 - 100 X 7 + 10 Hb - 10 n = 0. 

The solution of these equations simultaneously gives: 

Hb » 188.6 lbs., 
Vb - 58.6 lbs. 

Since the results are positive the directions assumed are correct. Then, 
by appl3ring the conditions XH^ and ZF » to the forces acting on the 
members AB and BC, separately, we obtain 

Ha = 188.6 lbs., He = 188.6 lbs., 

Va = 341.4 lbs., Ve = 358.6 lbs., 

the directions being as indicated in Figs. 50b and 50c. 
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Problem 17. 

Three bars, AB, BC and DEj are pinned together at D, B and E and sup- 
ported on a frictionless suifaoe at A (Fig. 51a). Find the supporting forces 




Fig. 51a. 

at A and C, and the H and V components of the forces acting at the joints 
Z>, B and E, when the frame is subjected to the loads of 400 lbs., 600 lbs., 
300 lbs. and 500 lbs., acting as shown. 

500 




Fig. 51b. 



SohUion, — The supporting forces at A and C will be vertical and the forces 
acting on the whole frame form a balanced system of parallel forces. Taking 
an axis through A we have 

23f = 400X3 + 600X8 + 300X6+500X12-20Fo-0, 

Ve = 690 lbs., 

and Fa* 400 + 600 + 300 + 500 - 690 - 1110 lbs. 

To obtain the components, acting at the joints, we must determine the 
forces acting on the members taken separately; and we will assume that the 
weights carried at D and B act on the member AB, Assuming the directions of 
the H and V components, keeping in mind the law of action and reaction we 
have the three balanced systems of forces shown in Figs. 51b, 51c and 51d. 
There are four unknown elements in each of the three systems, but the applica- 
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tion of the law of action and reaction reduoee the entire number, to be com- 
puted, to six. 
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Fio. 51c. 



The sum of the moments of the forces acting on AB (Fig. 51b), about an 
axis through D, will be 

2Af-1110X3 + 300X3 + 500X9-9F6-6ff6-0, 

and the sum of the moments of the forces acting on BC (Fig. 51d), about an 
axb through E^ will be ^ \ 



0. 



(" '^ 



V f 



^ ^ 



2 Af - - 690 X 2 - 6 76 + 6 Hk 

Solving these equations we obtain 

Fb- 490 lbs., 
Hh - 720 lbs., 

and the directions indicated in Figs. 51b and 51d are correct. By using the 
conditions ZH « and SF — 0, we may easily obtain the following forces, 
which act in the directions indicated in Figs. 51b, 51c and 51d. 

Hd = 720 lbs., H, « 720 lbs., 

Fd- 400 lbs., 7.- 200 lbs. 

The resultant vertical component acting at the point B, on the member ABy 
will be 10 lbs. (downward) and at the point D, 800 lbs. (downward). 

Note, — In the solution of this problem the same values would be obtained 
for the H components and the resultant 7 components acting at the joints; 
if the force of 5(X) lbs. were considered as acting at B, on the member BC, and 
the 400 lbs., as acting at Z>, on the member DE. 




Fig. 51d. 




Fig. 52. 



The solution of Problems 16 and 17 illustrates the point, that in certain 
cases we can determine four unknown elements in a system of forces, applied 
at different points in a rigid body and acting in the same plane, by applying 
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the law of action and reaction, together with the three conditions of equilib- 
rium, to the forces acting on each of the members of the frame. 

Problem 18. 

Solve Problem 17, AawiiTning that a bar joining A and C is put in to take 
the place of the member DE^ and that a weight of 600 lbs. is applied at the 
middle of AC^ still keeping weight of 400 lbs. at D, 

Problem 19. 

Prove that if two homogeneous rods, of imif orm section and equal in weight 
are held in position by pins at A, B and C (Fig. 52), the line of action of the 
force exerted between the rods at B bisects AC, 

Problem 20. 

The bars AB and BC (Fig. 53) are held in position by pins at A, B and C, 
and subjected to a vertical force of 600 lbs. at B and the forces of 400 lbs. 
and 800 lbs., perpendicular to AB and BC at their middle points. Determine 
the H and V components of the forces acting at A, B and C 
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Problem 21. 

The bars AB, BE and CD, supported on fixed pins at A and C and pinned 
together at B and E (Fig. 54), are acted upon by the weight of 100 lbs. and the 
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vertical force F. Find the magnitude of F, necessary to produce equilibrium, 
and the H and V components of the forces acting at A, B, C and E. 
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Problem 22. 

The bars AB, BC and CD, supported on fixed pins at A and D and pinned 
together at B and C (Fig. 55), are acted upon by the weight of 100 lbs. and 
the horizontal force F. Find the magnitude of F, necessary to produce equi- 
librium, and the H and V components at A and the stresses in BC and CD, 
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Fig. 55. 




Problem 28. 

The linkage made up of the bars AB, BC, AE, CD and DE, pinned to- 
gether as shown (Fig. 56), is held by a vertical link at B and supports a weight 
of 1000 lbs. at the middle point of DE. Find the stresses in AB and BC and 
the H and V components of the forces acting at D, F and C 




-:■--+-- 
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Problem 24. 

The crane (Fig. 57) is supported on a pivot at A and held in the upright 
position by a horizontal force at B, Find the U and Y components of the 
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supporting forces, the stress in DE and the H andjV components of the force 
acting at C, due to the load of 1000 lbs. suspended at F. 

Problem 26. 

Find the counterweight necessary to apply at the point D (Fig. 57) to make 
the supporting force at B equal to zero. Calculate the supporting force at 
Af the stress in DE and the H and V components at C 

Problem 26. 

The lever AC is supported on a fixed pin at A and the end D of the link 
BD works in a vertical slide at D (Fig. 58). 

Find the vertical pressure P due to a weight of 100 lbs. at C, neglecting 
the friction of the parts. Find the H and V components acting at A, B and D. 

Problem 27. 

The two wheels, mounted on fixed axes at A and B, are connected by the 
tink CD and are in equilibrium under the weights P, Q and W (Fig. 59). If 
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Fig. 59. 



P = 500 lbs., Q = 800 lbs., find W, neglecting axle friction. Find the stress in 
CD and the H and V components at A and B, 

Problem 28. 

Solve Problem 27, assuming that the link CD is replaced by a link connect- 
mg C and -&, and that P = 1000 lbs., Q = 400 lbs. 

64. Method of Sections. — The method of sections is a method 
by which the internal stresses in the members of a frame may be 
conveniently determined. It consists in taking sections, cutting 
through certain members, and treating the part of the frame lying 
on one side of a section, or between two sections, as a rigid body. 

The stresses at the cross sections of the different members cut 
by the section line, together with the external forces acting on the 
part of the frame in question, will form a balanced system. The 
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unknown elements in the system will be the stresses in the members 
cut by the section line; and, if these do not exceed the number that 
can be determined by imposing the conditions of equilibrium, the 
problem can be solved. Generally, this number will be three in 
the case of a frame whose members are in the same plane. In 
some cases, however, only two unknown stresses can be foimd, as 
in the case when a section is taken so that all three members, in 
which the forces are imknown, pass through the same point, or, 
if they should happen to be parallel to each other. 

If the stresses in more than three members cut by a section 
are unknown, a solution cannot be made unless other independent 
conditions, in addition to the conditions of equilibrium, can be 
imposed. 

66. Problems. — Method of Sections.— 

Problem 1. 

The truss shown (Fig. 60a) is subjected to a system of vertical loads, applied 
at the joints 83 indicated, so that the forces acting on all the members produce 
tension, or compression stresses, but no bending. Determine the stresses in 
the members cut by the sections XY and VW. 




FiQ. 60a. 

Sdvtion, — The supporting forces, Fi and Ft, will be assumed vertical and 
hence equal to 4000 lbs. each. 

If we take a section XY through the three members indicated, the part 
of the frame on one side of the section may be treated as a rigid body sub> 
jected to the action of a balanced system of forces, consisting of the known 
forces 4000 lbs., 1000 lbs. and 2000 lbs. (Pig. 60b) and the unknown forces 
Ftf Fi and Ft, which are the stresses in the members cut by XY, The simplest 
solution, in this particular case, consists in using the condition of equilibrium, 
ZAf "o 0, three times, taking the axis in each case at the intersection of the 
lines of action of two of the unknown forces. 
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Taking the axis through AT, 

SAf = (4000 - 1000) X 10 - 7.5 F,= 0, 
Fa » 4000 lbs. (TeDsion.) 

Taking the axis through 0, 

SJIf = (4000 - 1000)X 20 - 2000 X 10 - 12 F*- 0, 
Fa » 3333 lbs. (Ck)mpression.) 

Taking the axis through Af , 

2M = 2000 X 10 - 12 Fb- 0, 
F8= 1667. (Compression.) 

As in other problems in Statics, the directions of the unknown forces should 
be determined, as far as possible, by inspection; and verified from the sign of 
the moments of the unknown forces in the moment equations. In indicating 
the direction on the sketch (Fig. 60b), it should be remembered that the 
section, cut through a member by the section line XF, is to be regarded as 
the point of application of the force acting in that member. If the direction 
of the force in the member is towards the section, it is compression; and if 
away from it, tension. 
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FiQ. 60b. 



Fig. 60c. 



The solution might be made by dealing with the forces acting on the part 
of the truss between the section and the right support, in which case the un- 
known forces would be the reactions, equal and opposite to Fs, Fa and Fs. It 
is evident that in this case the simpler solution is the one involving the forces 
acting on the smaller part of the truss. 

After having found one of the unknown forces by use of the moment 
equation, the remainder could be found by resolution of forces, or, by use of 
the polygon of forces. In cases where two of the unknown forces are parallel, 
the method of resolution of forces frequently gives the simplest solution. 

By taking a section FIT, we have the balanced system of forces shown in 
Fig. 60c. Having already determined Fa and Fb, we can find the magnitude 
of the force Fe by taking moments about an axis through «• 

S3f = -(4000 - 1000)X 10 -1667 X 12 + 4000 X 7.5 + 10 F6= 0, 

Fa = 2000 lbs. (Tension.) 

It is evident that it would be impossible to determine Fe until F|, or Fa, had 
been determined by using the section XF, since the section WV cuts four 
members and three of them intersect at the same point. 
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It is also evident that Ft = Fa^ 3333 lbs. (Ck>mpression.) By taking 
other sections, the stresses in all the members of the truss can be determined. 

Problem 2. 

The frame (Fig. 61) is held by fixed pins at A and B and supports the loads 
of 10,000 lbs. and 5000 lbs., at C and D as shown. Find the H and V com- 
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ponents of the supporting forces at A and B, and the stresses in the members 
of the frame by the method of sections. 

Problem 3. 

The frame (Fig. 62) is acted upon by the horizontal force of 5000 lbs. and 
the vertical forces of 6000 lbs. and 4000 lbs., and is fastened to a rigid support 

^ G .^_5oqp_ 
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at A and supported by a vertical force at B. Find the H and V components 
acting at A and B and the stresses in the members by the method of sections. 

Problem 4. 

The frame (Fig 63) is supported on fixed pins at A and B and subjected 
to three horizontal forces of 1000 lbs. each and two vertical forces of 2000 lbs. 
each. Find the H and V components of the supporting forces and the stresses 
in the members of the frame by the method of sections. 

Problem 6. 

Two small trusses of the same dimensions are supported on fixed pins at 
A and C and pinned together at B (Fig. 64). Find the stresses in the members 
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due to the vertical load of 10,000 lbs. at B and the load of 8000 lbs., perpen- 
dicular to BC. 




Fig. 63. 




Fig. 64. 




Fig. 65. 

Problem 6. 

The crane (Fig. 65) is supported at the points A and B and subjected to 
a load of 6000 lbs. at F, With the exception of DE and BC, the members are 
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all 10 ft. long. Find the stresses in the members and the H and V components 
acting at the supports A and B. 

Nate, — It is evident that, after determining the supporting forces, all 
the problems in this article might be solved by the methods used in solving 
the problems in Art. 42. 



66. Statically Indeterminate Cases. — When, in any balanced 
system of forces acting on a rigid body, there are more unknown 
elements than can be detennined by the methods of analysis, 
based on the principles of statics, the force system is said to be 
statically indeterminate. It is impossible to solve such a case 
except by making assumptions in regard to the relative magni- 
tudes of certain of the imknown forces, and thereby reducing the 
unknown elements to the number that can be determined by 
applying the laws of equilibrium. The assmnptions made in such 
cases will depend On the conditions under which certain of the 
unknown forces are exerted; and the correctness of the results 
obtained will evidently depend on how nearly the assmnptions 
represent the actual conditions. 

For example, if a straight rod is hung up by three parallel 
cords, the stresses in the cords and the force of gravity will form 
a balanced system of parallel forces, which is statically indeter- 
minate. It is evident that one of the cords might be so slack that 
the entire weight would be carried on the other two, and the 
stresses in those two might be calculated on this assmnption. 
Again we might estimate the proportion of the weight carried 
on one of the cords, and calculate the unknown forces on this 
assumption. The correctness of the results obtained in either case 
would evidently depend on the correctness of the estimate. 

The following illustrations may be drawn from the problems 
in Art. 55. 

If, in Problem 3, the frame were fastened to rigid supports at 
both A and B, it would be impossible to exactly determine the 
horizontal components of the supporting forces, and the stresses 
in part of the members of the frame. In order to solve such a 
problem, it is necessary to make an assumption in regard to the 
relative magnitudes of the horizontal Components, and then the 
remammg unknown forces can be found. The assumptions most 
frequently made are: (a) the H components of the supporting 
forces are equal; or, (b) the H components of the supporting forces 
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are proportional to the vertical components. The correctness of 
the results will depend upon how nearly correct these assump- 
tions are. 

In Problem 4, if three additional diagonals were put in, rimning 
from the upper left-hand to the lower right-hand corner of each 
of the rectangular panels, the supporting forces and the stresses 
in the members would become statically indeterminate. An as- 
sumption might be made that the three additional diagonals were 
put in to brace the frame, when the horizontal forces act in the 
opposite direction, and that they would be imder no stress when 
these forces act as indicated: in which case, the solution of the 
problem would evidently give the same results as when the extra 
diagonals were omitted. 

In Problem 2, if a member BC were added to those already 
existing, it would be impossible to determine the components of 
the supporting forces and the stresses in BC, AC, AE, CE and BE. 
The stresses in CD, DF, CF and EF, however, would be the same 
as before. In this case the assumption might be made that the 
vertical components of the supporting forces at A and B would be 
equal. Then the stresses in all the members could be determined. 
It is evident that the correctness of the results obtained under 
this assumption would depend on the way in which the members 
AE and BC were tightened up, when the frame was put together, 
and also on the amount which the frame would yield imder the 
forces acting upon it. 

§ 3. Forces Whose Lines of Action are not 
Confined to a Single Plane. 

67. Resolution of a Force into Components in Three Direc- 
tions at Right Angles to Each Other. — Let OE — F represent 
a force and OX, OY and OZ be any three coordinate axes at 
right angles to each other through 0, which is any point on the 
line of action of F (Fig. 66). First resolve F into the two com- 
ponents, OC along the axis OZ, and OD perpendicular to OZ, and 
resolve OD into components along the axes OX and OY. 



Then OE -^ OC '\- OD -=^ OC -^ OA •\' OB . 

If we let the angle XOE = a, YOE = j3, ZOE = 7, it is evident 
that OA = F cos a, OB = F cos /3 and OC — F cos 7. Corwersdy^ 
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if OA, OB and OC represent any three components at right angles 
to each other, their resultant will be 



and 



OA ^ OB OC 

cosa = --p-, cose = -^, cos7 = -^ 
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Fig. 66. 



68. Composition of Forces Applied at the Same Point. — Let 

F, Fi, Fi be any system of forces, acting at the same point, but not 
confined to the same plane (Fig. 67). Refer the forces to any 




Fig. 67. 



three axes at right angles to each other, taking the origin at their 
point of application, and let a, ai, aa, Py Pu Pt and 7, 71, 72 be the 
acute angles which the forces F, Fi, F2 make with the axes OX, 
OY and OZ, respectively. 

Resolve each force into components along the three axes (Art. 
57), assmning the positive and negative directions as indicated. 
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Let 2)X, 2)F and 2)Z equal the algebraic sums of the components 
along OX, OY and OZ, respectively. 

Then SX = F cos a — Fi cos ai — Fj cos at, 

SF = Fcos/S - Ficosft + F2COS/3j, 
SZ = F cos 7 + Fi cos 7i + Ft cos 7a. 

Combining these components the resultant of the system will be 

R = VsX' + 27 ' + 2Z' (Art. 57), 

and if <xr, fin Jr, ^^^ the angles which the resultant makes with the 
axes of OXf OY and OZ, respectively, 

SX ' SF SZ 

cos Or = ^, COS/3r = -p-, COS 7r = -g- 

To determine the quadrant in which the line of action of the 
resultant lies, it is necessary to note whether XX, SF and SZ are 
positive or negative, and to lay them oflf in the proper directions 
along the axes. The lines OA, OB and OC (Fig. 66) may be 
considered to be equal to 2X, SF and 2Z, respectively, and OE 
to be the resultant of the system, when all three components are 
positive. 

Polygon of Forces. — The resultant might be found by adding 
the vectors representing the forces. The sides of the polygon 
formed in this case would not be in the same plane, the figure 
being a gauche polygon. 

69. Conditions of Equilibrium for any System of Forces Acting 
at a Point. — It is evident from Art. 58 that when jB = its 
components must be zero, or 

2X = 0, 2F = 0, 2Z = 0. 

Therefore, if any system of forces, whose lines of action pass 
through the same point, is in equilibrium, the algebraic sum of the 
components of the forces in each of three directions, ai right ojigles 
to each other, must he equal to zero; also, the vector sum of the forces 
equals zero. 

Three unknown elements in such a sjrstem of forces can evidently 
be obtained by the use of these conditions. 

60. Problems. — Forces Acting through the Same Point but 
not in the Same Plane. — 

Problem 1. 

Find the resultant of the system of forces; 80 lbs., 50 lbs., 40 lbs. and 60 lbs., 
acting at (Fig. 68). 
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Problem 2. 

A wdght of 400 IbB. u suspended hy three cords, each 6 ft. long, attached 
to the cdling at points od a circle of i ft. in diamet«r, the radii from the points 
of attachmeat to the center of the circle making angtea of 120° with each other. 
Find the tension in the oorda. 
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Fia. 68. 
Problem 8. 

The length of each of the shear legs, AO and OC (Tig. 60a), is 40 ft. Find 
the stress in the tie, 01>, and the legs, QA and QC, due to a weight of 4000 Ibe. 
suspended at 0. 




Fia. 69a. 
Fit»l SotvHon. — The problem majr be solved by resolving the forces into 
components, along three coordinate axes through 0, and applying the conditions 
of equilibrium (Art. 59). 

Calculate the dimensions not ^ven as follows: 

BO - V(40)" - (10)' - vTSOO =• 38.7 ft. 
OH - VlSOO - (15)» = vT276 = 36.7 ft, 
OD - VC65)' + 1275 - VSSOO - 74.2 ft. 
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Aflsume the axis OZ in the line OH; the axis OX parallel to DH; the axis 
OY parallel to AC. 

Assume the directions of the unknown forces, F, Fi and Ft, as indicated. 

The component of 4000 lbs. along OZ '^ — 4000; along OX » 0; along 
OK = 0. 

The component of F 

along OZ F^ F^ 0.48 f; 

along OX~-F^ f^--0.88F; 

along or - 0. 

The component of Fi 

along OY-^Fi^^F^^^ 0.25F,; 

along BO = Ft|^= ^» ^ " ^.97 F,; 

along OX^F,?^X^^F^^^0,dSFi; 

along OZ = Fx^ xg§ = F,^^ - 0.89 Fx. 

The component of Ft along OF = - 0.25 F,; along OX «= 0.38 Ft; along 
OZ « 0.89 Ft. 
Therefore ZX = - 0.88 F -f 0.38 Fi + 0.38 F, = 0, 

ry = 0.25Fi -25F2 =0, 
2Z = - 0.48 F + 0.89 Fi + 0.89 F, - 4000 = 0. 

Solving these equations we obtain 

F = 2500 lbs. (Tension). 
Fi= 2900 lbs. (Compression). 
Ft = 2900 lbs. (Compression). 

The values obtained for F, Fi and Fa, being positive quantities, show that the 
directions assumed for the unknown forces were correct. 

Second SoluLion, — The simpler and better way of solving a problem of this 
kind is the following: 

Divide the four forces acting through into pairs; then the resultant of 
one of the pairs of forces must balance the resultant of the other pair. More- 
over, since the resultant of two forces must act in the plane of th6 forces, the 
line of action of the two resultants must be the line of intersection of the two 
planes, containing the respective pairs. Hence the resultant of the forces 
4000 lbs. and F will balance the resultant of the forces Fi and Ft and its line 
of action will be along BO, Let R be the resultant of the forces Fi and Fj. 
Then the forces 4000, F and R are in equilibrium. Drawing the triangle of 
forces ah c (Fig. 69b), and computing the proportionate lengths of the sides, 
by comparing the right triangles, abd and acd, with the similar triangles, 
BOH and DOH (Fig. 69a), we have ab = 38.7, 6c = 27.6, ac = 17.1. 
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Then 



and 



F 17.1 
4000 " 27.5* 

F «« 2500 lbs. (Tension), 
R 38.7 
4000 ^ 27.5* 
R » 5630 lbs. 



Resolve R into its components, Fi and Ft^ by drawing the triangle of 
forces (Fig. 69c). In drawing the triangle of forces, imagine that the plane 
AOC (Fig. 69a) of the forces, Fi and Ft, is revolved into the plane of the paper. 
Divide the triangle abc into right triangles, as indicated, and compute the pro- 
portionate lengths of the sides by comparing with the similar triangles. AOB 
and BOC (Fig. 60a). 




4000 




Fig. 69b. 



Fig. 69c. 



Then 
and 

Hence 
and 



a5 = 6c = 40; ac = 2X 38.7 = 77.4, 
Fi 40 , 
5630 " 77.4* 

Fi = 2900 lbs. (Compression), 
Ft » 2900 lbs. (Compression). 



It is evident that the method of resolution of forces, as applied to a system 
of forces acting in the same plane, might be used instead of the triangle of 
forces in this solution of the problem; also, the unknown forces in the two 
groups might be found by using the condition ZM = 0. 

Problem 4. 

The member DC is supported on a vertical wall by a pin at D and the two 
equal ties, BC and AC, each 10 ft. long (Fig. 70). Find stresses in all three 
members due to load of 3000 lbs. supported at C 

Problem 6. 

A tripod with three equal legs, each 8 ft. long, is supported on a horizontal 
plane with the feet at the vertices of an isosceles triangle whose sides are 
respectively 8 ft., 8 ft. and 5 ft. long. Find the stresses in the legs of the tripod 
if a load of 800 lbs. is applied at the top. 
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Ptoblem 6. 

The bax ABf perpendicular to a vertical wall (Fig. 71), is supported on a 
pin at B and held in position by the stays, AC and AD, fastened to the wall 
at the points C and D, which are on a horizontal line 10 ft. above B, The 
horizontal distances of C and D from a vertical plane through AB are re- 
spectively 4 ft. and 8 ft. Find the stresses in AC and AD and the H and V 
components of the supporting force at B, due to the weight of 600 lbs. sup- 
ported by AB, 




8000 




Fig. 70. 



Fig. 71. 



Problem 7. 

The mast ABj of the crane (Fig. 72), is held in a vertical position by the stays 
BC and BD, fastened at the points C and D, in a horizontal plane. The vertical 




Fig. 72. 



plane through ABF intersects the horizontal plane through A, in the line AE; 
and CD is perpendicular to AE. AB - 20 ft., BF = 15 ft., AF = 26 ft., AE = 
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20 ft., CE ^ 12 ft. and DE « 8 ft. Find the stresses in aJl the members 
of the frame due to the weight of 2000 lbs. supported at F. 

61. Moment of a Force with Respect to Any Line. — If a 

force be resolved into two components, one parallel to and the 
other in a plane perpendicular to the given line, the moment of 
the latter component with respect to the line (Art. 36) is called 
the moment of the force with respect to the line. 

It can easily be shown that, if a force be resolved in the manner 
indicated, the moment arm of the component in the plane per- 
pendicular to the line is the same, no matter at what point on the 
line of action of the original force the resolution is made. Let 
the plane of the paper be any plane, perpendicular to an axis of 
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Fig. 73. Fig. 74. 

moments, whose trace is (Fig. 73), and let AB be the projection 
of any force not parallel to the plane. It is evident that, if the 
force be resolved' into components, as stated above, through any 
point on its Une of action, the moment arm of the component in 
the plane perpendicular to the axis will be OC 

Frequently, it is more convenient to resolve the force into a 
component, parallel to the axis, and two components, at right 
angles to each other, in the plane perpendicular to the axis. In 
this case the algebraic sum of the moments of the last two com- 
ponents will equal the moment of the perpendicular component 
referred to above (Art. 37). 

Thus, let AF represent the line of action of any force F, and 
«, J/, z the coordinates of any point -4, on its line of action, with 
respect to the axes OX, OY and OZ (Fig. 74). To determine the 
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moment of F with respect to the axis OX, resolve it into components 
F cos a, F cos j8 and F cos 7, parallel respectively to OX, OY and 
OZ; a, fi and 7 being the angles between the line of action of F 
and the respective axes. 
Then the moment of F about OX will be 

Mg = yF C0S7 — zFcoafi, 

and the moments about OY and OZ will be 

My = «F cos a — xF cos 7, 
Af , = xF cos P — yF cos a. 

In determining the sign of the moment, in each ca^, we determine 
the direction of rotation by looking along the axis towards the 
origin from the positive end, calling right-handed rotation plus 
and left-handed rotation minus. 

Hence to determine the moment of a force with respect to any axiSj 
resolve the force into components, passing through any point on its 
line of action, parallel to and in a plane perpendicular to the axis 
and compute the algebraic sum of the moments of the components, in 
the perpendicular plane, about the axis. To determine the sign of 
the moment of a component about either axis, call the moment plus 
if its tendency is to rotate right-handed, when looked at from the 
positive end of the axis towards the origin, and minus, if opposite. 

62. A Condition of Equilibrium for any System of Forces 
Acting through a Point. — Any system of forces acting at a 
point may be resolved into components along three rectangular 
coordinate axes (Art. 58), one of which, such as OZ, is parallel to 
an axis of moments. If the forces are in equilibrium, 2X = 0, 
2F = and 2Z = (Art. 59). Since the moment arms of all the 
components along a given ajds are equal, the sum of the moments 
of the components about the axis of moments will be equal to zero. 
Hence, it follows: When any system of forces acting through a 
point is in equilibrium, the algebraic sum of their mxnnents abovl any 
axis is equal to zero. 

63. Equilibrium of Two Couples in Parallel Planes. — Two 
couples acting in parallel planes vnll balance each other, provided they 
have equal moments and tend to produce rotation in opposite directions. 

Substitute for the given couples two equivalent couples having 
equal arms, placed so that the arms are in the same plane, abed 
(Fig. 75). 
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The forces of the equivalent couples will all be equal and the 
resultant of one pair, acting at the middle point of the diagonal 
ac of the parallelogram, will be equal and opposite to the resultant 
of the other pair, acting at the middle point of the diagonal bd. 
Therefore, the couples balance each other. 

Since any couple in the same plane and having an equal and 
opposite moment will balance the couple F Xab (Art. 44), ?t is 
evident that two couples will have the same effect, when they have 
the same moment and tend to turn in the same direction and are 
situated in the same or parallel planes. 
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Fig. 76. 

64. Characteristics of a Couple. — From the discussion of 
couples it is evident that a couple is a vector quantity, being 
determined by its magnitude, direction of rotation and position. 

Since its moment is the same about all axes perpendicular to 
its plane, a couple may be represented by a vector, perpendicular 
to its plane at any point, whose length represents the magnitude 
of the couple and whose direction is so taken that the couple 
tends to turn with right-handed rotation when viewed in the 
direction indicated. Such a vector is sometimes called the mo- 
ment axis of the couple and may be conveniently used in the dis- 
cussion of the effects of systems of couples. It is evident that it 
is necessary to indicate the direction only of the plane of a couple, 
and not its position, since all couples with equal moments, tend- 
ing to turn the same way, and situated in parallel planes will 
have the same effect (Art. 63). 

66. Composition of Couples in Parallel Planes. — Since an 
equivalent system of couples in the same plane can be substituted 
for any system in parallel planes (Art. 63), the resultant of any 
system of couples in two, or more, parallel planes will be a couple 
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whose moment is equal to the algebraic sum of the moments of 
the couples (Art. 45). 

66. Composition of Two Couples in Planes Inclined to Each 
Other. — Let $ be the angle between the planes of the couples 

which are perpendicular to the 
plane of the paper. Lay off the 
moment axes Mi and Mi, per^ 
pendicular to these planes, to 
represent the couples (Fig. 76). 
The moment axis of the re- 
sultant couple will be the vector 
sum, Mf of the moment axes 
of the couples, Afi and M^; for, 
if we substitute for the given 
couples two couples with equal 
arms, placed so that the arms 
coincide with the intersection of 
the planes at 0, the forces, Fi and F2, of the couples will be pro- 
portional to the moment axes. Mi and M2, and.hence their result- 
ant, R, will be proportional to the moment axis, Af, of the 
resultant couple, and, since Fi and F2 are perpendicular to Mi 
and JIf J, the force R will be perpendicular to Af . Therefore the 
magnitude of the resultant couple will be 

M = \/(Mi)2 + (M2)* + 2 M1M2 cos 0, 
and the direction of its moment axis can be found from the equation 

Af 2 sin 6 
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sm a = 



M 



where 
When 



and 



a — the angle between Af and Af 1. 

e = 90^, 

Af = V(Mi)2 + (M2)S 

M2 Ml 

sm a = -T7 J cos a = -inr* 
Af M 



Conversely f a couple may be resolved into component couples in 
any two planes which are perpendicular to the same plane as the 
plane of the couple. 

67. Composition of any System of Couples in Planes which are 
all Perpendicular to a Common Plane. — By the same method of 
reasoning as was used in connection with the polygon of forces 
(Art. 32), we can show that the resultant of any system of couples. 
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situated in planes perpendicular to a common plane, is a couple 
whose moment axis is the vector sum of the moment axes of the 
couples; that is, if we represent the moment axes by the sides of 
a polygon, taken in order, the moment axis of the resultant couple 
will be represented by the closing side, taken in the opposite order. 
It follows, that if such a system of couples is in equilibrium, the 
vector sum of their moment axes is equal to zero. 

68. Composition of Any System of Couples. — It is evident 
(Art. 64) that the moment axes, representing any system of couples 
in different planes, may be taken to pass through any convenient 
point. Let the vectors Mi, Jlf i. Mi (Fig. 77) represent any such 




+ X 



Fig. 77. 

system. Since we may resolve each couple into two components in 
planes at right angles to each other (Art. 66), the same method of 
reasoning as was used in dealing with forces (Art. 57) will show 
that each couple may be resolved into three components, with 
moment axes along OX, OY and OZ, By taking the algebraic 
sum of each set of components the system may be reduced to 
three component couples 2)Mx, XMy and 2)ilf«, tending to turn 
about OX, OY and OZ, respectively. 

Then, by a method similar to that in Art. 58, we obtain for the 
magnitude of the resultant couple 

M = V(SM,)2 + (2MJ2 + (2M,)2, 

and if we let Om, Pmt Tm represent the angles which the moment 
axis of the resultant couple makes with axes OX, OY and OZ, 
respectively, we have 



cos am = 



M 



cos 0m = 



M 



cos 7,„ = 



M ' 
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the quadrant, in which the resultant moment axis is situated, being 
determined in the same way as in the case of the resultant of a 
system of forces. 

The magnitude and direction of the resultant moment axis 
could also be determined by constructing a gauche polygon, in the 
same way as for a system of forces (Art. 58). 

If the couples form a balanced system, the vector sums of their 
components, SMx, ^My and ZM., along each of the three coordi- 
nate axes will evidently equal zero. 

The quantities 2Afx, Silf y and SAf, may be called the mo- 
ments of the resultant couple, Af , about the X, Y and Z axes, 
respectively. 

69. Composition of Parallel Forces, not Confined to the 
Same Plane. — Refer the system to three coordinate axes, so that 
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the forces are parallel to the axis OZ (Fig. 78). Let f , acting through 
the point B, whose coordinates are (x, 2/), be one of the forces. By 
applying two equal and opposite forces, equal to F, at the points 
A and 0, we may resolve the force F into a force acting along OZ 
and two couples, Af , = Fy and Af y = — Fx, in planes perpendic- 
ular to OX and OF, respectively. By resolving each force in 
the same manner and taking the algebraic sums of the components, 
we may reduce the system to a single force 2F, acting along OZ, 
and two couples, SM, and SAfy, tending to turn about OX and 
OF. In determining the signs of the couples the rule given in 
Art. 61 should be followed. 

Three cases now arise: 

Case I. —When SF >< 0, ^M^ >< 0, 2My >< 0. 

In this case the force 2)F may be combined with the couple 2)J|f x* 
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giving as the resultant a force 2)F parallel to OZ, acting through a 
point on OY whose distance from is equal to 



yr = 



XF 



This force may in turn be combined with the couple 2)ilf y, giving 
for the resultant i2, of the entire system, a force whose magnitude 
is equal to 2)F and perpendicular distance from OY is 

Hence we may state the following rules: 

To determine the magnUvde of the residtant, find the algebraic 
sum of the forces. 

To determine the line of action of the resultant, find the moments 
of all the forces in the system about two coordinate axes, OX and 
OY: then the algebraic smn of the moments about either axis, 
divided by the resultant, will give the distance of the line of action 
from that axis. 

The position of the resultant must be such that its moment about 
either axis will be of the same sign as the simi of the moments of 
the forces about that axis. 

When the moment of one of the component couples is equal to 
zero, it is evident that the axes have been chosen so that the line 
of action of the resultant force is in the X or the Y plane; and, 
when the moments of both couples are equal to zero, the line of 
action of the resultant coincides with OZ, 

Case II.— When XF = 0, SM, >< 0, SM^ >< 0. 

In this case the resultant of the system will be a couple whose 
moment will be equal to 

M = V(SM,)2+(2My)2 (Art. 66), 

and the angle 9, which the resultant moment axis makes with OX, 
may be found from the equations, 

cos ^ = ^nr~, sm^ = ^rF^- 
M M 

Case III. — When SF = 0, SM. = 0, 2)M„ = 0. 
In this case the system of forces will be in equilibriimi, and the 
conditions may be stated as follows: 
The algebraic sum of the forces is equal to zero. 
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The algebraic sums of the moments of the forces about any 
two axes at right angles to each other m a plane perpendicular to 
the forces are equal to zero. 

70. Conditions of Equilibrium of any System of Parallel 
Forces. — Since, for any balanced system of parallel forces, the 
sum of the moments about any two axes at right angles to each 
other in a plane perpendicular to the forces will be equal to zero, 
we may state the conditions of equilibrium as follows: 

// any system of parallel forces is in equilibriumy the algebraic sum 
of the forces is equal to zero, and the algebraic sum of the moments 
of the forces abauL any axis, in a plane perpendicular to the forces, 
is equal to zero. 

It is evident that three imknown elements in such a system 
may be determined by the use of these conditions. 

71. Resultant of any System of Forces Acting at Different 
Points and not Confined to the Same Plane. — Let F, Fi, Ft, 
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etc., be any system of forces, acting at different points and not 
confined to the same plane. Refer the system of forces to three 
coordinate axes, OX, OY and OZ. Let AF be the line of action of 
one of the forces, F, making the angles a, /3 and y with lines through 
its point of application A, parallel to the axes OX, OY and OZ, 
respectively; the coordinates of A being (x, y, z) (Fig. 79a). 

Resolve F into components, F cos a, F cos j8, F cos y, parallel 
respectively to OX, OY, OZ (Art. 57). 

Resolve each of these components into an equal and parallel 
force, acting at 0, and two couples; by applying at B and two 
forces, equal and opposite and parallel to F cos a; at C and two 
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forces, equal and oppcNsite and parallel to Fcos j3; and at D and 
two forces, equal and opposite and parallel to F cos 7. 

In this way, the force F is resolved into three component forces, 
F cos a, F cos fi and F cos 7, acting at along the axes OX, OY 
and OZf respectively, and three pairs of component couples, 

Mx = yF cosy — zF cos j3, 
M^ = zF cos a — xF cos 7, 
Mm = xF cos fi ^ yF C03 a, 

tending to turn about the axes OX, OY and OZ, respectively. 
We will adopt the usual signs for designating the directions of the 
component forces (Art. 58), and determine the signs of the com- 
ponent couples by the rule given in Art. 61. 

It should be noted that the sums of the moments of the pairs of 
couples are equal to the moments of the force F about the three 
coordinate axes (Art. 61). 

Hence, by treating each of the forces in the same way, we may 
resolve the system mto a series of component forces, acting along 
OX J OY and OZ, and a system of couples, tending to turn about 
OX, OY and OZ. Then we may add together the component 
forces, letting XX, ZY and 2)Z equal the algebraic sums of the 
components along OX,OY and OZ, respectively, and the compo- 
nent couples, letting Dilfx, 2) Af y and XM, equal the algebraic simis of 
the components tending to turn about OX, OY and OZ, respectively. 

The resultant of the component forces acting at will be 

R = VC2X)« + (SF)2 + (SZ)2 
and cos ar = -p- , cos jSr = -p- , cos 7r = -^ (Art. 58). 

The resultant of the component couples will be 

M = V(2M,)2+ (SMy)2 + (2M,)2 

and cos am = -^ , cos /9« = -^, cos 7„ = -^ (Art. 68). 

In this way, any system of forces may be reduced to a single 
force R, acting through any point 0; and a single couple M, 
whose moment axis may be represented by a vector through 0. 
To avoid confusion, R and M are represented on a separate sketch 
(Fig. 79b). Three cases will now be considered. 
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Case I. — When B > and ilf > 0. 

Let B be the angle between the Ime of action of R and the moment 
axis M (Fig. 79b). 

If ^ >< 90**, resolve the couple M into two components, one 
component. Mi, with its moment axis coinciding with i2, and 
the other, Mi, with its moment axis at right angles to R. The 







-SfAg" 



Fig. 79b. 



couple Mi may be combined with R, giving for the resultant a 

force, equal and parallel to /£, whose perpendicular distance from 

M2 
the plane containing R and axis M2 will be ar= -^ (Art. 46), 

Therefore, in the general case, the resultant of any system of forces 
will be a single force R, at a perpendicular distance from the origin 

equal to -^, and a couple Mi, siluaJted in any plane perpendicular 

toR. 

lis = 90°, the component couple Mi = and hence M2 = M, 
and the resultant of the system is a single for^e equal and parallel 

to R and Or — -^• 

If ^ = °, the component couple M2 = and hence Mi = M, 
and the resultant is a force R, passing through the origin, and a 
couple M, in any plane perpendicular to R. 

If the resultant couple M = 0, it is evident that the resultant 
of the system is the force R, passing through the origin. 

Case II. — When fi = and M > 0. 

In this case the resultant of the system is the couple M. 
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Case III. — When 12 = and ilf = 0. 

In this case, the system of forces is in equilibrium and it follows 
that the components of R and M along the three coordinate 
axes must equal zero. Hence 

XX =0, SF =0, SZ =0, 

2Af. = 0, XMy = 0, 2Af. = 0. 

72. Conditions of Equilibrium of Any System of Forces. — 
The conditions deduced (Art. 71) may be stated as follows: 

If any system of forces, whose lines of action are not in the same 
plane and do not pa^s through the same point, is in equilibrium, 
the algebraic sum of the components of the forces in any three direc- 
tions at right angles to each other is equal to zero, and the algebraic 
sum of their momenis aboui any axis is equal to zero. 

It is evident that these conditions will enable us to determine 
six imknown elements in such a balanced system. It may be 
noted that all the different systems of forces treated in Statics 
are covered by this proposition and might be treated as special 
cases under this general head. 

73. Problems. — Forces Acting at Different Points and not 
in the Same Plane. 

Problem 1. 

Find the resultant of the system of parallel forces shown in Fig. 80. 

Solution, — Refer the system to the codrdinate axes OX, OY, OZ, with 
OZ parallel to the forces, the positive ends of the axes being assumed as usual, 
and the oo5rdinates of the points of intersection of the lines of action of the 
forces with the Z plane being as indicated. 

Then 22 = SF =- 80 + 80 - 20 - 40 = 100 lbs. (acting upward), 
2Af, -80X8 + 20X6-80X8-40X6=- 120, 
XMy -80X10 + 20X10-40X8-80X12--280 (Art. 69). 

Henoe ov = yoo ** ^'^ ^*** 

^'=Ioo"^-2^*- 

In determining the line of action of R, note that its moment about OX must 
be negative and about OY, negative, when looked at from the positive ends 
of the axes. 

Problem 2. 

Find the resultant of the system of parallel forces shown in Fig. 81. 

Problem 8. 

Find the resultant of the system of parallel forces shown in Fig. 81, if the 
force of 60 lbs. is replaced by a force of 30 lbs. acting in the same direotion. 
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ProUem 4. 

A circular table, 9 ft. in diameter, is supported on three legs L, M and N, at 
equal distances apart (Fig. 82). If a weight of 40 lbs. is placed at A, 30 lbs. 
at and 80 lbs. at C, find the stress in each leg. The diameter AC is parallel 
to LM. 




/ 



/ 



20 









Fig. 80. 



^ / 









."tf 






if/ 



/ 
/ 
/ 



60 



80 

FiQ. 81. 



Problem 6. 

Given a balanced system of parallel forces, acting at the center and vertices 
of a regular hexagon, and perpendicular to its plane (Fig. 83). Find the 
unknown forces F, Fi and Fa, assuming that the forces 80 lbs. and 40 lbs. act 
downward and the forces 20 lbs. and 60 lbs. act upward. The sides of the 
hexagon are 6 ft. long. 
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Problem 6. 

Find the resultant of the system of forces shown in Fig. 84; the force of 
60 lbs. acting in the Y plane, at an angle of 30^ with the axis OX, the force of 
40 lbs. acting in the Z plane, at an angle of 45^ with OX, and the force of 80 lbs. 
acting in a plane parallel to the X plane, and at an angle of 60^ with the Z plane. 

SdvUon, — Assume the positive directions along the axes as indicated. 
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Resolve the forces into components parallel to the oodrdinate axes and 
determine the algebraic sums of the components; 

XX = 60 cos 30** 4- 40 cos 45° « 80.2, 
2r = 40co846'* -8000660° = -11.7, 
ZZ - 60 sin 30° + 80 sin 60° = 99.3. 

Then R = V(80.2)« + (11.7)« + (99.3)* = 128, 

and «>S7r=^= 7r=39°r(Fig.84). 

We will now determine the angle (^, which the plane containing R and the 

axis OZ makes with OX. 

V(80.2)« + (11.7)* = 81.0. 
11.7 



Hence 



sm 0r = 



81.0 



and i^.= 8°18'. 



and the intersection of this plane with the Z plane will be OA (Fig. 84). 
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Compute the moments of the forces about OX, OY and OZ; 

2M,= 6 X 80co8 60° + 8 X 80sin60° « 794, 

ZJWy = 2 X 808in 60° + 3 X 60 cos 30° - 4 X 60sin30° = 174, 

2M, = 2 X 80 cos 60° + 6 X 40 sin 45° - 4 X 40 cos 45° = 137. 

M = V(794)» + (174) « + (137)2 = 824, 



Then 
and 



137 



80°34'(Fig.-84). 



Since the moment axis, 3f , does not coincide with and is not at right angles 
to /2, we will resolve M into two components, one with the axis coinciding 
with Ry and one at right angles to 72, as follows: 

Find the angle 0m» which the plane containing OZ and M makes with OX. 



Hence 



V(794)» + (174) « = 813. 

174 
sin^ = ^ and 0m = 12°22', 



and the intersection of this plane with the Z plane will be OB (Fig. 84). 
Hence the angle between the planes AOZ and BOZ will be equal to 

0r + ^ = 2O°4O'. 
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We can find the angle 6, between M and R^ by means of the formula from 
spherical trigonometiy, giving the relation between the face and diedral 
angles of the triedral angle, 

CO80 » COS 7m cos Yr + Sin 7m sin 7r COB AOB. 

Substituting the values for 7m, 7r and AOB we obtain 

cos^ = 0.711 and ^ = 44M1'. 

Resolving the couple M into a component AT 1, whose moment axis coincides 
with R and a component Aft, at right angles to Af 1 we have 

afi= Af cosfi = 586, 
Af,= ilf sin^ = 679. 

Combining Mt with R^ we have for the resultant of the system a force equal 

and parallel to R, 

fi' = 128 lbs., 

whose distance from R is equal to 

measured from in a direction p>erpendicular to the plane containing R and 
AT, as shown in Fig. 84, and a couple, whose moment is 

Ml = 586 ft.-lb8., 

in a plane perpendicular to R\ tending to turn right-handed when looked at 
in the downward direction, along the line of action of R\ 
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Problem 7. 

The lines of action of a system of equal forces coincide with the edges of a 
cube (Fig. 85). Find their resultant. The length of the side of the cube = a; 
the magnitude of one of the forces = F, 

Problem 8. 

The forces 100 lbs., 200 lbs., F, Fi, F^, Ft, F4, F», actmg at the comers of 
a rectangular prism, and parallel to the sides as shown (Fig. 86), are in equi- 
librium. Find the unknown forces. 

Solution, — Assume the coordinate axes OX, OY and OZ, as indicated, and 
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assume that the unknown foroes all act in the positive directions along the 
axes, to which they are respectively parallel. 

Then ZX =F + F, = 0, 

XY = -200 + F, = 0, 
ZZ = - 100 + Fi + F4 + ft =» 0, 
XMx = 200X4 + 3F, + 3F4 = 0, 
ZMy = 4 F + 4 F, - 5 Fi - 6 F4 = 0, 
2ilf, = -3F, + 6F, = 0. 

Solving these equations we obtain: 

Fs = 200 lbs.. 
Ft » 333 lbs., 
F = - 333 lbs., 
F, = 100 lbs., 
F4 = - 367 lbs., 
Fi =- 367 lbs., 

showing that the foroes F and F4 act in the opposite directions to those assumed. 

Problem 9. 

Solve Problem 8, assuming that the force F4 acts along the diagonal Ob 
of its face (Fig. 86). 

Problem 10. 

The frame (Fig. 87), with face ABC horizontal, is acted upon at by a 
vertical force of 400 lbs. and a force of 500 lbs., parallel to the side BC, and is 
supported by a pin joint at A, a vertical force at C, a vertical force at B and 
a horizontal force at B, acting in a plane perpendicular to AB. Find the 
components of the unknown forces acting a,t A, B and C, each member of 
the frame being 10 ft. long. 

Problem 11. 

Find the stresses in the members of the frame given in Problem 10 (Fig. 87). 

Problem 12. 

The frame (Fig. 88) has the form of a right triangular prism, with hori- 
zontal members 06 = oo = 6c = de = c/ = d/ = 6 ft. and vertical members 
ad ™ he — cf — S ft. The frame is subjected to the vertical forces 400 lbs., 
800 lbs. and 600 lbs., the horizontal force of 500 lbs., perpendicular to be, and 
the horizontal force of 300 lbs., along ac, acting in the directions indicated; 
and is supported at d, e and / by the vertical forces F, Fi and Ft, and by three 
horizontal forces, Fj, F4 and Fj, respectively perpendicular to dc, ef and /d. 
Find the supporting forces. 

Solution. — In the following solution, the details in regard to the resolution 
of forces and computation of distances are omitted. The student should 
supply these from the data ^ven. As in the solution of problems involving 
systems of forces in the same plane, it is not necessary to complete the entire 
solution by referring the forces to one set of coordinate axes, but different 
sets of axes may be chosen to simplify the solution of the problem. 
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First, we will take an axis of moments coinciding with df. 
Then 2M - - 800 X 5.20 - 500 X 0.5 X 8 + Fi X 6.20 « 0, 

and ^1 "» 1184 (acting upward). 





Fig. 87. Fia. 88. 

Take an axis of moments coinciding with ed. 

Then SM = 300 X 0.866 X 8 + 400 X 5.20 -f- 500 X 0.5 X 8 - 6.20 F, =0, 
and Fi = 1186 (acting upward). 

Adding the vertical components we have 

- 600 - 800 - 400 + 1184 + 1186 - F - 0, 
and F = 570 (acting downward). 

Take a vertical axis of moments through the intersection of F4 and Ft. 

Then 2ilf = 500X 6 + 300 X 6.93 - F,X 0.866 X 6.93 - F, X 0.5 X 6= 0, 
and 

Ft = 564 (acting toward the left). 

Take an axis of moments coinciding with c/. 

Then 2Af = - 564 X 0.5 X 6 + 6 F4 = 0, 

and Fi = 282 (actmg toward the left). 

Take an axis of moments coinciding with ad. 

Then SAf = 500 X 0.5 X 6 + 282 X 0.5 X 6 - 6F| = 0, 

and Fi = 391 (acting toward the back). 

Problem 13. 

Find the stresses in the members of the frame given in Problem 12 (Fig. 88). 
Solution. — Denote the stresses as follows: 



Stress in 06 = Fe, 
Stress in 6c = F7, 
Stress in oc = Fs, 
Stress m ad — Ftj 
Stress in 6e = Fio, 
Stress in cf = Fn, 



Stress m ae = Fu, 
Stress in erf = Fn, 
Stress in 6/ = Fu, 
Stress mde — Fu, 
Stress in d/ = Fw, 
Stress in c/ = Fn. 



For convenience these forces, ajs well as the magnitudes and directions of 
the supporting forces, found in Problem 12, should be indicated on a sketch 
of the frame. The conditions of equilibrium (Art. 59) will apply to the 
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systems of forces acting at each joint of the frame. An inspection of the 
frame, however, shows that there are four unknown forces acting at every 
joint, and therefore a solution cannot be made by applying the conditions of 
equilibrium to the forces acting at any one joint alone. But, since the forces 
exerted by each member on the two joints it connects are the same, it will 
be found that, when the conditions of equilibriimi are applied to the forces 
acting at the six joints of the frame, we have conditions enough to enable us 
to determine all the unknown forces. 

As in Problem 12, it is not necessary to resolve the forces acting at the 
different joints into components in three fixed directions, but the directions 
of the axes may be changed to simplify the solution. In the following solu- 
tion, the directions assumed for the X axis only will be indicated in each case, 
the Z axis being always vertical, and the Y axis perpendicular to Z and X. 
The directions of the unknown forces are assumed, and the kind of stress 
determined in the usual way. 

Joint h : X axis along be, 

sy - i?e = 0. 
Joint a : X axis along a&. 

27 = 300cos30° - FgcosSO** » 0, 
Fg = 300 (Compression), 
2X = Fe - 0.6 Fh + 300sm30° - FgsmSO** = 0, 

F,2 = 0, 
XZ = - 600 - O.8F1, + F9 = 0, 
F9 = 600 (Ck)mpression). 
Joint c : X axis along ac. 

ZY = 500sin30*' - FysmeO^ = 0, 
Fj = 289 (Compression), 
SX = 500 cos 30° + Fjcoseo** + Fg - 0.6 Fi, « 0, 

Fi, = 1462 (Tension), 
2Z =» - 400 - 1462 X 0.8 + Fu = 0, 
Fii = 1570 (Compression). 
Joint h : X axis along he. 

Since Fg = 0, 
SX = F7-0.6F,4 = 0, 

Fi4 = 481 (Tension). 
Joint e : X axis along ef, 
Smce Fu = 0, 
2Z = 1184 - Fio = 0, 

Fio = 1184 (Compression), 
2F = 282 - F,bCos30** = 0, 

F18 = 325 (Compression), 
2X = Fusin30°-F,r = 0, 
Fi7 = 162 (Tension). 
Joint / : X axis along ef. 

2F = - 391 cos60° + F,gcos30** =» 0, 
Fi« = 226 (Compression). 
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§ 4. Distributed Forces. 

74. Types of Distributed Forces. — As stated in Art. 20, the 
place of application of a force is always a surface or a volume. 

In the propositions taken up thus far, we have, for convenience, 
considered different systems of forces as acting at, or through, 
points. It will appear presently that these propositions will apply 
to the resultants of forces, which are distributed over surfaces 
or through volumes; and that in the solution of problems, where 
we have considered forces, which were distributed through volumes 
or over surfaces, as acting at points, we have really been dealing 
with the resultants of those forces. 

In certain cases, it is convenient to assume that a force is dis- 
tributed along a line, in the same way that we assume that a 
force is concentrated at a point, it being evidently impossible for 
a force to have for its place of application a single line. The force 
exerted by gravity on a slender rod, or the force exerted on a very 
narrow surface could be treated in this way. If the rod, or the 
surface, were divided up into very small lengths, the vectors 
representing the resultant forces, acting on these elementary 
lengths, would all pass through the same line. 

We will now take up the discussion of the maimer in which the 
propositions in regard to concentrated forces may be applied to 
distributed forces. In the cases to be considered, the elements 
of the distributed forces will be parallel to each other, and hence 
the forces may be treated as being made up of a very large 
number of very small parallel forces. 

Three kinds, or types, of distributed forces will be considered, 
namely: 

(1) Force distributed along a line. 

(2) Force distributed over an area. 

(3) Force distributed through a volimie. 

In discussing type (1), we shall confine ourselves to the straight 
line and in discussing type (2), to the plane area. 

76. Intensity of a Distributed Force. — When a force is dis- 
tributed over an area, its intensity at any point will be the number 
of units of force per unit of area at that point. If the force is 
uniformly distributed, the intensity, p, will be equal to the force, 
P, acting on the entire area, divided by the area. A, or 

P 
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If the force is not uniformly distributed, the intensity at any 

point will be equal to 

dP 

where -ji^ is the limit of the ratio of the force, acting on a very 
aA 

small element of the area, to that element as it approaches zero 

as a limit. 

In a similar manner if a force, P, is distributed through a 

volume, Vy its intensity at any point will be the nimiber of units 

of force acting per unit of volume at that point. If uniformly 

distributed, the intensity will be equal to 

P 

and if not imiformly distributed, 

dP 

In case a force is assumed to be distributed along a line, the 

intensity at any point will be the number of units of force acting 

per unit of length at that point. If uniformly distributed, the 

intensity will be equal to 

P 

and if not uniformly distributed, 

dP 



P = 



dL 



The unit of intensity will be a unit force acting through unit vol- 
ume, or on a unit surface, or along a unit length, as, for example, 
the poimd per cubic inch, the pound per square inch, the pound 
per inch, etc. 

76. Resultant of a Distributed Force. — Case I. Force Dis- 
tributed along a Straight Line. 

Assiune that the force is perpendicular to the line AB (Fig. 89) 
and is distributed along the line in such a manner that its inten- 
sity p, at any i)oint e, is represented by the ordinate ef, between 
AB and the line Cd. Assume the axes of X and Y as indicated. 
Then the force acting at the p6int e, on a length dx of the line, 
win be pdx, and the entire distributed force will consist of a very 
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large number of such elementary forces which will be parallel to 
each other and situated in the same plane. 




Fig. 89. 

The resultant can therefore be determined by the method in 
Art. 48. 

Hence ft = SF = / pctc, 

and, if 2r equals the distance of the line of action of the resultant 
from A, its moment about A will be 



:ind 



/2av= SFx = / pxdx, 
/ pxdx 



Xr^ 



p 



dx 



If p = (x), 72 and x can be foimd by integration; if not, a 
solution can be made by dividing the line into small finite lengths 




Fig. 90. 



and finding the resultant of the parallel forces acting on these 
lengths by the method of Art. 48. Such a solution will be approx- 
imate, but can always be made exact enough for the solution of 
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engineering problems. It is evident that, if plotted to the right 
scale, the area. AC dB would equal the magnitude of the resultant. 

CasE II. Force Distributed over a Plane Surface. 

Assume that the force is perpendicular to the area abc and is 
distributed over the surface in such a manner that its intensity 
p, at any point e, is represented by the length of the perpendicular 
between the surface abc and the surface /g/t (Fig. 90). 

Refer the surface to the coordinate axes OX and OY, in the 
plane of the area, and let the coordinates of the point e be (x, y). 
The force acting on an elementary area dA, at the point e, will be 
p dA and the entire distributed force will consist of a very large 
number of such elementary forces, parallel to each other, but not 
in the same plane. 

The resultant can therefore be determined by the method in 
Art. 69. 

• Hence B = SF = / pdA, 

and, if Xr and y, are the coordinates of its line of action, the moment 
of the resultant about OY will be 



and about OX, 



Rxr= j pxdA, 

Ryr= I pydA, 



I pxdA I pydA 

and Xr = —7i , Vr = -p • 

I pdA I pdA 

If p = <^ (x, J/), B, Xr and yr can be found by integration; if 
not, an approximate solution can be made by dividing the area 
into small finite areas and finding the resultant of the parallel 
forces acting on these areas by the method of Art. 69. It is 
evident that if the prism abcfgh is plotted to the right scale, its 
volume will be equal to the magnitude of R. 

Case III. Force Distributed through a Volume. 

Refer the volume to three coordinate axes, OX", OF, OZ, and 
let the force acting be parallel to OZ. If we let p equal the inten- 
sity of the force at any point in the volume whose coordinates are 
(x, y, z), the force acting on an elementary volmne dV, at this 
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point, will be p dV. Considering the entire volume, we have a 
system of elementary forces, similar to that in Case II, and by 

the same method of analysis we have R — I p dF, 

I pxdF. j pydV 

jpdV jpdV 

Xr and yr being the coordinates of any point on the line of action 
of the resultant, R. 

If p = ^ (x, y, z), fi, Xr and yr can be foxmd by integration; 
if not, an approximate method similar to that stated under 
Case II can be employed. 

As in the case of the line and area, the force could evidently 
be represented graphically. 

77. Stress. — In Art. 40, the stress in a straight rod was de- 
fined as the force exerted at any cross section by the part of the 
rod on one side of the section on that on the other side. 

A broader definition of the term will be the. following: A stress is 
a force exerted at a surface of contact of two contiguous bodies or 
at a section between two parts of the same body. While the term 
is sometimes used in other ways in Mechanics it is customary in 
Engineering to restrict it to a force acting on a surface as defiiied 
above. Unless otherwise stated, a plane surface is always meant. 

For example, if a cylinder of iron weighing 600 lbs. rests in a 
vertical position on a stone foundation, a stress of 600 lbs. will be 
exerted on the bearing surface, between the iron and the stone; 
likewise the stress on a horizontal cross section, half way between 
the top and bottom of the cylinder, will be equal to 300 lbs. 

78. Components of Stress. — In case the stress acting on an 
element of an. area is not perpendicular to the surface, it can be 
resolved into components perpendicular to and along the surface. 
The first is called the normal component and will be either tension 
or compression. The second is called the tangential or shearing 
component. The resultant of these components is called the 
resultant stress on the element. 

In case the shearing components of the stress at different points 
in the surface are not parallel, they can be resolved into two sets 
of tangential components at right angles to each other. In this 
way, any stress may be resolved into three sets of components at 
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right angles; and its resultant determined by the method of 

Art. 71. 

If a stress has no shearing component, or if it is a shearing 
stress with no normal component, it ia called a simple stress. Any 
other stress may be called a complex stress. 

All stresses can therefore be resolved into simple stresses which 
may be summarized as follows: 



Components 
of Stress 



XT 1 f Tension, 
Normal \ ^ 

[ or Comprea 



Shear 



Unless otherwise stated, when we speak of the stress on any surface 
we mean the resultant of the entire stress. 

If the direction of a complex stress at every point in a surface 
is the same, the resultant may be found without resolving the 
stress into components, the deductions in the following articles 
being applicable directly to the resultant stresses on the elements, 
into which the area is divided, as well as to the components of 
the stresses on those elements. 

79. Intensity of Stress. — The intensity of a stress, at any 
point in a surface, may be defined as the stress per xmit of area at 
that point. Since a stress is a force distributed over an area, the 
method of determining its intensity is the same as that for the 
plane surface (Art. 75). 

The units in which the intensity of stress, or unit stress, as it is 
frequently called, will be expressed are poimds per square inch, 
poxmds per square foot, kilograms per square centimeter, etc. 
When the intensity of stress is the same at every point we call it 
a uniform stress. When the intensity is not the same at every 
point we call it a varying stress, 

80. Center of Stress. — The point through which the result- 
ant of a stress passes is called the center of stress. If p equals the 
intensity of a simple stress at any point in a plane surface, R, the 
resultant stress and Xi and yi, the coordinates of the center of 
stress, we have, by adapting the formulas in Art. 76, 



/j pxdA I pydA 
pdA, xi^^-j, , yi = ^ 
/ pdA j pdA 
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If p =s ^ (x, y), the resultant stress and the coordinates of the 
center of stress can be found by integration. If not, they can 
be found approximately by the method stated in Art. 76. 

In some cases, p may be positive for certain points in a surface 
and negative for others. For example, a simple normal stress 
may be tension over part of a surface and compression over the 
remainder. In certain cases of this kind the resultant of the 
stress will be a couple, instead of a single force, in which case 



R 



= I pdA = 0, 



and, if the Y axis is perpendicular to the plane of the couple, the 
moments of the stress will be 

jpxdAxO, jpydA^O. 

81. Uniform Stress. — In this case p = a constant and, if we 
let A = the area over which the stress is distributed, the formulas 
(Art. 80) become 



JxdA Jy 



dA 



R^pA, xi = '^ ^ > 2/1= ^ 

82. Uniformly Varying Stress. — A imiformly varying stress 
is one whose intensity at any point is proportional to the distance 
of that point from a straight line, in the plane of the area over 
which the stress is distributed. This line, at every point on which 
the intensity of stress will be zero, is called the neiUral axis, or 
zero line. If we refer the area to the coordinate axes OX and OY, 
so chosen that OY coincides with the neutral axis, the intensity 
of stress at any point whose coordinates are (x, y) will be p = ax, 
where a is a constant, which is equal to the intensity at a distance 
unity from the neutral axis. 

Hence for this case the equations (Art. 80) become 

// x^dA j xydA 
xdA, Xi = ~i I j/i = •^t; 

I xdA I xdA 

A famihar example of this kind of stress is the case of water 
pressure on a vertical, or inclined, plane surface; the neutral axis 
being the line of intersection of the surface with the surface of the 
water. 
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83. Problems. — Distributed Forces. — 

Problem 1. 

The force acting along a straight rod, AB, is distributed in such a way that 
the intensity at any point may be represented by the ordinate to the straight 
line, AC (Fig. 91). If the intensity at B is equal to 10 lbs. per inch, find the 
resultant force. 




FiQ. 91. 

Solution. — If we take an origin at A and the X axis coinciding with AB, 
the intensity, p, at any point in the rod, at a distance x from A will be 



^"60^" 6* 



Then 

and 
Hence 



10 
60 

w xdx 
6 



R ^Jpdx = J*' :^ = 300 lbs. (Art. 76), 
Rxr ^Jpxdx =/*°^ = 12,000 in.-lb8. 



Xr ™ 40 ins. 



Problem 2. 

Prove that, whenever a force is distributed along a line in the manner 
indicated in Problem 1, the resultant will be equal to the product of the length 
of the line and the average intensity of the force; and the distance of the 
line of action of the resultant, from the point of zero intensity, will be two- 
thirds of the length of the line. 

Such a force is called a uniformly varying force. 

Problem 3. 

A force is distributed along the line ABm the manner indicated (Fig. 92), 
the intensities in pounds per foot at the points A, C, D, E and B being 100, 
100, 300, and .150 as indicated. Find the resultant. 

Solution. — The force acting on the part AD may be divided into a uni- 
formly distributed force of 100 lbs. per ft., the resultant of which will be 1000 
lbs., acting at a distance of 5 ft. from A : and a uniformly varying force, whose 
resultant (Prob. 2) will be 600 lbs., acting at a distance of 8 ft. from A ; the 
resultant of the force acting along the portion DE will be 900 lbs., acting at 
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a distance of 12 ft. from A; And the resultant of the force acting along EB 
wiU be 225 Ibe., acting at a distance of 18 ft. from A in the upward direction; 



■*-- a! e» ^ *«-8 



Fm. 92. 

all the other forces acting downward. The resultant of the system can now 
be found b; tTeating these compoaenta as a system of parallel forces (Art. 48). 
Hence fi - ZF = 1000 + 600 + 900-225 

~ 2275 lbs. (acting downward), 
&, = 1000 X5+600X8 + 900X12-225X18 
- 16,550 ft.-lbs., 
Xr - 7.27 ft. 
Problem 4. 

Assuming that the system of forces in Problem 3 is balanced by two parallel 
forces applied at the points A and E, find the unknown forces. 

Problem 6. 

A force is distributed along a line AB in such a 
at any point, at a distance x from A, is equal to 



ir that i(« intensity 



and is balanced by a uniformly varyii^ force, acting along AC, and a. uniform 
force, acting aloi^ DB. Find the intensities of the balancing forces at the 
points A. C.DmdB {Fig. 93). 



Fio. 93. 

Problem 6. 

Find the resultant of a force, distributed along a line 4 ft. long, the intensity 
c^ which in pounds per foot at any point, whose distance from the end of the 
line is z, is equal to 

P - 5 sin I. 
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Problem 7. 

A force is distributed along a line, 10 ft. long, in such a manner that its 
intensity in pounds per foot, at a distance x from one end of the line, is equal 

to p » 80 Vx, and is balanced by two parallel forces, acting at the ends of 
the line. Find the unknown forces. 

Problem 8. 

The stress on a rectangular surface (Fig. 94) varies uniformly in such a 
manner that the intensity at any point is equal to p » 40 x lbs. per sq. ft., 
X being the distance of the point from the line OF, 4 ft. from and parallel to 
the side of the rectangle. Find the resultant stress and the coordinates of 
the center of stress. 



-X- 



I 



i 



J ^ , __ Q r 
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Sclulion. — Refer the area to OF and OX as coordinate axes. In the 
formulas (Art. 76), 

R^CpdAf Rxr ^ CpxdA, 

we may substitute for dA the area of a strip of width dx, parallel to OF. 
Hence dA — 6 dx. 

Since the intensity will be the same at every point on the strip, 

pdA=40x6dx = 240a; da?, 

R = 240^^3: dx = 15,360 lbs., 

Rxr = 240 J"x*dx = 133,120 ft.-lbs., 

and av = 8.67 ft. 

Since the resultant stress on each strip will act through its middle point the 
other coordinate of the center of stress will be 

yr=3ft. 

Problem 9. 

Find the resultant stress on the rectangular surface (Fig. 94), if the in- 
tensity at any point is equal to 

p = 10 X*, 

referring to the same coordinate axes. Also find the codrdinates of the center 
of stress. 
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Problem 10. 

Find the resultant stress on the rectangular surface (Fig. 94), if the in- 
tensity of stress at any point, referring to the axes OX and OF, is equal to 

also find the coordinates of the center of stress. 

In the solution of this problem we may let dA ^dx dy, whence the formulas 
(Art. 76) become 

R ^j jpdxdy, 

Rxr —fjpxdxdy, 

Ryr =jjpydxdy, 
which can be solved by double integration. 

84. Gravity. — In the attraction of the Earth on any mass 
we have an example of a force distributed through a voliune. 
Without appreciable error we can assume that the forces exerted 
on the different particles are all parallel to each other. If we let 
w equal the weight per unit of volume, at any point in a given 
mass, W, its entire weight, and Xi and yi, the coordinates of the 
line of action of the resultant force exerted by gravity on the mass, 
the equations (Case III, Art. 76) become 

CwzdV (wydV 



wdV fwdV 



If the mass is homogeneous, w = constant, and, if we let V — its 
volume, the equations reduce to 

fx dV fy dV 

W = wV, xi = — y- , yi = — y — 

86. Attraction. — Gravitation and Other Forces. — According 
to the law of inertia, matter in itself has no power to change its 
state. Matter does act on other matter, however, with forces of 
attraction, or repulsion, in accordance with certain laws which 
have been amply verified by experiment. 

According to Newton's Law of Universal, or Cosmical, Gravi- 
tation, every particle of matter attracts every other such particle 
with a force, directly proportional to the product of the masses, and 
inversely proportional to the square of the distance of the particles. 
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If the masses of the particles are m and mi and the distance be- 
tween them is c, the law may be expressed algebraically as follows: 

F = Kr^ (1) 

where F is the attractive force between the particles and X is a 
constant, determined by experiment; its nimierical value depend- 
ing on the imits in which F, m, mi and e are expressed. In the 
application of this law the attraction of one particle on another 
may be regarded as acting at a point. In interpreting formula 
(1), however, it must be remembered that, since the particles 
have finite masses, they must have finite dimensions and hence, 
as the distance between them is diminished, c cannot be less than 
a certain finite quantity and the maximum value of F, which 
will occur when the particles are in contact, will be a finite quan- 
tity. If c were assimied to equal zero in any case, F, for finite 
values of m and wi, would equal oo , which would be impossible. 

While formula (1) expresses the law of gravitation, the general 
algebraic expression for the law of attraction would be 

where <l> (c) is some fimction of the distance between the particles, 
depending on the nature of the attractive force, K is a constant, 
and m and Wi other quantities than the masses of particles. 
The foUowihg discussion will apply to the law as expressed by 
formula (1). 

It is evident that K is equal to the force with which two particles 
of unit mass at a unit distance apart attract each other. If we 
divide equation (1) by Wi we have 

IL = a = K^, (3) 

where a is the acceleration which would be produced in the mass 

mi by the attraction of the mass m at a distance c. 

m 
The quantity K-^ would also equal the force of attraction 

c* 

exerted by the mass m on a mass unity at a distance c. For 

brevity this is called the aUradion at the pointy at which the xmit 

mass is situated, exerted by the mass m. 
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In determining the aUrcLctian at a point exerted by any mass 
the attractions of the separate particles may be resolved into com- 
ponents, parallel to coordinate axes, and the resultants of these 
components fomid by the methods given in Art. 76. 

The attraction at a point exerted by any mass may also be called 
the strength of field. The last word is an abbreviation for the fisld 
of force, by which is meant the space through which the attraction 
of the mass is exerted. 

Electrostatic and magnetic attraction and repulsion are other 
examples of attractive forces, which are governed by laws similar 
to that of gravitation. Thus, if in formula (1) we let m and mi 
equal the quantities of electricity, or magnetism, contained by 
two particles at a distance c from each other, the formula would 
give the force due to the electric, or magnetic, attraction or re- 
pulsion exerted between the particles, depending on whether the 
particles were dissimilarly or similarly electrified, or magnetized. 

Hence, by changing the system of units, the formulas deduced 
by the application of the law of gravitation may be used to deter- 
mine electric and magnetic attractions wherever the distribution 
of electricity. Or magnetism, is the same as the distribution of mass 
in the bodies considered; and the same would apply to any other 
attractive forces governed by similar laws. 

86. Problems. — Attraction at a Point. — The solution of all 
of the following problems is based on the law of attraction of a 
particle 

the body in every case being assumed to be homogeneous. 

Since in each case the elementary forces all pass through the 
same point, the resultant attraction may be determined by the 
method of resolution of forces (Art. 58). 

Problem 1. — Slender Straight Rod of Uniform Section. 

Find the attraction at of the rod AB (Fig. 95). Let M = the mass of 
the rod and x » OD be the perpendicular distance from to the line AB, 

Solution. — Assume the axes OX and OK, as indicated, and let a, Oi and Bt 
equal the angles between OX and the straight lines OE, OA and OB^ respec- 
tively. Let m = the mass per unit length of the rod. Then the attraction 
at of a particle of length dy, situated at any point E, whose coordinates are 

(Xt y) will be 

j„ Km J Km COB* a J ,^. 

^"m?^^ — 5*"'^'' ^^^ 
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Sinoe 
and 



dP 



y ^ X tan a, 
Km 



da. 



dy — 



zda 
COB* a 



(2) 



y \dn^* 









-|?v 



lo 






Fig. 95. 

Resolve dF into comp>onents parallel to OX and OY and treat all the 
particles of the rod in the same way. 



Then 



_-, Km, c^\ . 

XX — I cos a da, 

2F = r sin ada. 

X Jb* 



Integrating, 



X JB^ 

XX — (sin tf 1 — sin ft), 

X 

XY = (cos ft — cos ft). 

X ' 

Then R = V(xX)* + (XYy - — V2}1 - cos (ft - ft) j 

X * 

2 Km . ft — ft 
« sin — 7z — 



(3) 



and 
and 



XY cos ft — cos ft . ft + ft 

tan Or = =rv — : — a = — Z" ~ "^^ — o — i 

2a sin tf I — sin ft 2 



ar 



ft+ft 



(4) 



Therefore, the line of action of R bisects the angle AOB, subtended by AB 
atO. 

When X » and the point coincides with Z>, on the axis of the rod pro- 
duced, equation (3) becomes indeterminate and fails to give a solution. 

In this case let DA - yi and DB = ys. 

Then equation (1) becomes 



dF=Km% 



and 



R^Kmr.^^KmU-1) 

Km (yi - yt) KM 



where M ™ the entire mass of the rod. 



yivt 



VHh 



(5) 
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If the point is taken at the end of the rod, ^ » and equation (5) gives 
R = CO. This is impossible, however, and in interpreting the equation it 
must be remembered that by the attraction at a point we mean the attraction 
on a unit mass at that point and that it would be impossible to have yt, the 
distance between the end of the rod and the center of any finite particle, equal 
to zero. On the other hand if ^i = oo , 

R^^ (6) 

Hence in this case, R would alwasrs be a finite quantity, no matter what the 
length of the rod might be. If the point were taken on the rod between 
the points A and B we would have, by substituting the negative limit — y2, 

R^-Km(--+-\ (7) 

\yt 2/1/ 

and, if were taken at the middle point of the rod, it is evident that 

R = 0, 

Problem 2. — Slender Rod of Uniform Section in the Form of a Circular Arc. 
Find the attraction of a slender rod, in the form of a circular arc, at the 
center of the circle; the rod being of imiform cross section (Fig. 96). 




Fig. 96. 



Solution. — Let r « the radius of the rod, $ » the angle which it subtends 

at the center and m — the mass of a unit length of the rod. Assume the axis 

OX J bisecting the angle 6, and let a — the angle which the radius to any point, 

Ef makes with OX. The attraction at O of a particle at E, whose length is 

ds will be equal to 

jE, Kmds Km da 

^^'—^ — a) 

To find the resultant attraction, R^ resolve the forces exerted by all the 
particles into components parallel to OX and OY. 

9 

Then 2a = I „ cos a da — — 

r J_^ r 

2 
6 

and 2F = J ^sin ada =0, 



sin^, 
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Henoe 
When 



R 

e 

R 



2 Km . e 

sinx 

r 2 

2 Km 



(2) 



(3) 



If 9 >■ 2 X, or the rod forms a complete circle, the attraction at the center 
will equal zero. 

Problem 8. — Another Solution for Problem 1. 

With O as a center (Pig. 95), describe an arc DQHy tangent to AD at D, 
Then a comparison of equation (2) (Prob. 1) and equation (1) (Prob. 2) shows 
that if GH is assumed to be a rod of the same mass per unit length as AB, 
the resultant attraction of AB at is the same as the attraction of GH at 0: 
since the attraction of any elementary mass, mdy, of AB is the same as that 
of a corresponding element, m da, of GH, included between any two radii 
subtending an angle da at 0. 



1 


1 
1 


Y 

P 
■\ 


V 


/' 


5 



da ^ 



Fig. 97. 

Problem 4. — Attraction of Certain Systems of Straight Rods of Equal Mass 
per Unit of Length. 

By the analysis in Problem 3 it can easily be proved that if any three rods, 
of uniform mass per imit length, are placed to form a triangle, or if any number 
of such rods, of uniform length, are placed to form a regular polygon, their 
combined attraction at a point which is the center of the inscribed circle will 
be zero. 

Problem 6. — Attraction of a Thin Circular Ring at a Point on its Axis. 

Find the attraction of a thin circular ring at a point on an axis FF, per- 
pendicular to the ring at its center, the ring being of uniform cross section 
(Fig. 97). 

Solution. — Let a = the distance from the plane of the ring to any point 

on the axis 7 F, r = the radius of the ring and m » the mass per unit of length. 

The attraction of a length da at the point will be 

,„ Km cos* B J 
dF — 5 dSf 
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where d is the angle between YY and a straight line from to a point on the 
ring. 

Resolve dF into components parallel and perpendicular to YY, and treat 
all the particles of the ring in the same way. 

The resultant of the components acting perpendicular to YY will equal 
zero (Prob. 2) and the resultant attraction at will be equal to 



/2 = 2F = 



Kmoos^e r^^ 



f 

J ( 



(28 



a- ^ 
Km 2 wr cos* B K2'wTma 



KMa 



(1) 



where M = the entire mass of the ring. 

Problem 6. — Attraction of a Thin Circular Plate at a Point on its Axis. 

Find the attraction of a thin circular 
plate, of uniform thickness, at a point on 
the axis YY, perpendicular to the plate 
at its center (Ilg. 98). 

Sohdion, — Let a = the distance from 
the plate to the point on an axis YY 
and r = the radius of the plate. 

Let d ^ the mass per unit of vol- 
ume; that is, the density of the plate, 
and let t — its thickness, which is very 
small. Divide the plate into a series of 
elementary rings of radius z and width 
dx and let a » the angle between YY 
and a straight line from O to a point on 
one of the elementary rings. 
From equation (1) (Prob. 5) we find the attraction at of one of these 

elementary rings to be 

Kd 2 irt cos* ax dx 




dF 



(1) 



But 
and hence 



dx ^i a 



a tan a, 
da 



cos^a 



Substituting these values in equation (1) and integrating we find the re- 
sultant attraction at of the entire plate to be 



If 



R = Kd2TtC sanada-^ Kd2rt{l -Qoee), 

^ 

M — the entire mass of the plate, 
P ^ 2 KM (I -cosg) 



(2) 



(3) 



Problem 7. — Attraction of a Right Circular Cone at a Point at its Apex. 

Find the attraction of a right circular cone at a point at its apex. 

Solution. — It is evident from equation (2) (Prob. 6) that the attraction 
at of all homogeneous thin circular plates of equal density and thickness, 
which are similarly situated with respect to 0, will be the same, provided the 
angles 9 subtended at are the same. 
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Hence it follows that the attraction at a point on the apex of a right cir- 
cular cone^ if we let d = the density, will be equal to 

R ^Kd2Tr(l -cos^) f dy 

= Kd2irh(l-co3e) (1) 

where h » the altitude of the cone and d = the half angle subtended at the 
vertex. 

Problem 8. — Attraction of a Right Circular Cylinder at a Point on its Axis. 

Find the attraction of a right circular cylinder at a point on its axis. 

SoltUion. — Let r = the radius of the cylinder and xi and xt the distances 
of the point from the ends of the cylinder and let xi > xt. Let d — the den- 
sity. Then- from equation (2) (Prob. 6), we get for the attraction of a thin 
slice of thickness dx, perpendicular to the axis of the cylinder at a distance 
X from 0, 

dF'^Kd2ir(l-coB0)dx, (1) 

where cos 6 = —===- 

Vr^ + x^ 

Hence R^Kd2xCU\ - , ^ \dx 

^2Kdir [x - Vr« -h x»J'* ^2Kd7r [xi - x, - Vr«- xi' + Vr« + x,»J. (2) 

If the point is at the center of one end of the cylinder, X2 — 0, and equa- 
tion (2) becomes 

i^ = 2XdT(xi + r-\/r«n7y. (3) 

If the point is taken on the axis between the ends of the cylinder, the attrac- 
tion may be found by substituting a negative limit ( — x^^ when integrating 
equation (2), which would give 

R^2 Kdir[xi +xt- Vr« + xi» + Vr« + x^^\ (4) 

If O were taken at the middle point of the axis of the cylinder, it is evident 
that equation (4) would give /2 » 0. 

Problem 9. — Attraction of a Hollow Circular Cylinder at a Point on Its Axis. 

Find the attraction of a hollow right circular cylinder at a point on its axis. 

SdvJtion. — In this case the attraction may be determined by finding the 
difference of the attractions of the two solid cylinders, of radii equal to the 
outside and inside radii of the hollow cylinder, by means of the formulas 
(Prob. 8). 

If the thickness is very small another method of determining the attraction 
would be the following: 

Divide the cylinder into thin rings by taking sections perpendicular to its 
axis. Let r ~ the radius and i » the thickness of the cylinder, dx = the width 
of one of the elementary rings and x = its distance from the point 0, on the 
axis of the cylinder. 

Then from equation (1) (Prob. 5) the attraction of the elementary ring 

at will be equal to 

,„ Kd 2 irTtx dx 
dF = =r» 

(r« + x«)* 
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and, if we let x\ and o^ be the distanoes of the ends of the cylinder from 0, 
the attraction of the entire cylinder will be 



Kd 2wh\ , y = , ^ 1 



Problem 10. — Attraction of a Sphere at a Point 

Find the attraction of a sphere at any point 0: (a) outside of the sphere, 
(b) on its surface, (c) inside of the sphere (Fig. 99). 

Solution. — (a) Point Outside of Sphere. — Assume the axis OX through 
the point and the center of the sphere and let a = the distance OA. Let 
r — the radius of the sphere and d = its density. Consider the sphere to be 
made up of thin slices of thickness dx, perpendicular to OX, Let y — the 
radius of one of these slices, whose distance from is equal to x. From equa- 
tion (2) (Prob. 6), we find the attraction of this shce at to be 

<iP-Xd2T(l -'Coee)dx 



= Xd2T| 



\dx. 



But 

« 

hence 



r* — (a; — o)* and x* + y* = r* — a* + 2 ax; 

X 



dF~Kd2ir\l'' 



[' 



(r« - a« H- 2 ox)* 



J 



dx. 




Fig. 99. 



The resultant attraction of the entire sphere at will be equal to 

R'^Kd2TC'^[l rl 

J„L (r«-a« + 2ax)U 
Integrating, 



dx. 



R = lfd2Trx - ^ (r* - a« + 2 ax)* + ^ (r* - a« + 2ax)»l 



a+r 



»£d2T 



r2r- 



(a + r)^ ^ (a - r)« , (a + r)» (a - r> 



which readily reduces to 



+ 



R = 



+ 



3a» 



3a» J 



4Jgdir7* 

3a« 



(1) 



(2) 



(3) 



(4) 
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It M » the maas of the entire sphere, 

B'^ (6) 

which shows that the attraction of the sphere on a particle, at a point outside 
the sphere, is the same as if the entire mass of the sphere were concentrated 
at its center. 

(b) Poird on the Surface of ihe Sphere, — In this case a '^ r and equation 
(1) becomes 

B.Kd2.j^'[l-{0]dx (6) 

Integrating, 

L 3(2r)Uo 
which reduces to 

«-^^. (7) 

which could have been obtained by substituting a = r in equation (4). It is 
evident that the attraction in this case varies directly as the radius of the 
sphere. 

(c) Point Inside of the Surface of the Sphere. — Let Oi (Fig. 99) be any 
point within the sphere and RS a plane perpendicular to OX through Oi, and 
let a « OiAf the distance of Oi from the center of the sphere. 

The attraction at Oi of an elementary slice of the larger segment, per- 
pendicular to OXf whose distance from Oi equals x and radius equals ^, wiU 
evidently be given by equation (1), and the resultant attraction of the seg- 
ment will be 

ft= Kd2ir r^[l rldx. 

Hence, substituting the limits in equation (3), we have 

which reduces to 

Bi'^^[r* + of-(r»-a*)i] (8) 

Calling X positive to the left, the attraction at Oi of an elementary slice of 
the smaller segment, whose distance from Oi equals x and radius equals y, 
will be equal to 

dF^K2ird[l~~=^dx = Kd2frll ---n i^-o-nl^- 

L Vx« + y«J L (r»-a«-2ax)»J 

Integrating, the resultant attraction of the smaller segment will be 

R,^Kd2irr'^\\^—^ ^-——-^dx 

Jq L (r^ — a* — 2 ax) J 

= X<i2irrar-f ^(r«-a«-2ax)* -g^ (H- a«- 2aa;)»"l 
-'^^[^'^'^^^-^')^'\ . (9) 
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The resultant attraction of the two segments at Oi will evidently be equal 
to the algebraic sum of Ri and i2t, and will be equal to 

fi-i^ (10) 

Therefore, the attraction varies as the distance of the point from the center 
of the sphere and, at any point within the sphere, is the same as would be 
exerted by a sphere of equal density whose radius is equal to a; becoming zero 
at the center of the sphere. The shell of thickness (r — a) exerts no attrac- 
tion at the point and therefore the attraction of any hollow sphere at a point 
on its inside surface equals zero. 

Problem 11. — Attraction of a Hollow Sphere at a Point. 

Find the attraction of a thin hollow sphere at any point 0: (a) outside of 
the sphere, (b) on its surface, (c) inside of the sphere. 

Solution. — The attraction of a hollow sphere at any point will evidently 
be equal to the difference of the attractions of two concentric, solid spheres 
of the same density, whose radii are equal to the outside and inside radii of 
the hollow sphere. 

(a) Point Outside of the Sphere, — Let n = the outside radius and rt = 
the inside radius of the sphere. From equation (4) (Prob. 10), using the same 
notation as before, we find that the resultant attraction 

^ - 3^5 (^' 

If we let t => the thickness of the sphere and r — n, we shall have ft « r — t, 
and (ri>-r,»)=(3r»^-3rt« + <») =^(3r«-3rt + i«). . . . (2) 

For a sphere of very small thickness we may write equation (2), without an 

appreciable error, 

(ri» - r,») - 3 rH. 

Substituting this value in (1), 

-, KdiirrH KM 

tC = ; = —y {6) 

where M equals the entire mass of the sphere. Hence, as in the case of the 
solid sphere, the attraction is the same as though the mass of the sphere were 
concentrated at its center. 

(b) Point on the Surface. — Substituting a = r in equation (3) we have 

R--Kd^irt=^ (4) 

(c) Point vrithin the Sphere. — Since the attraction of a soUd sphere, at a 
point inside the sphere, depends only on the distance of the point from the 
center and is independent of the radius of the sphere (Prob. 10), the attraction 
of any hollow sphere, at a point within its inside surface, will be equal to zero; 
for it will be equal to the difference of the attractions of two solid spheres, 
of radii equal respectively to the outside and inside radii of the hollow sphere, 
and these attractions will be the same for any point, whose distance from 
their center is less than the inside radius of the hollow sphere. 
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A simple geometrical proof in the case of a thin hollow sphere is the following: 

Let O be any point inside of the sphere and let BE be any line through 0, 

cutting the surface at the points B and E, which are at the respective distances 

h and e from (Fig. 100). With BE as an axis, describe a cone with a very 
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small angle at the vertex. The parts of the cone, BO and OE, between the 
surface of the sphere and the vertex, are evidently similar and hence the areas, 
cut from the surface at B and E^ will be proportional to the squares of their 
distances from 0. Let mi » mass of the element, cut from the shell at B, and 
9712, that at E, 

Then ^ - ^. 

Hence K^=K^:, 

and the attractions of the masses mi and ms are equal and opposite. Since 
the whole surface can be divided in the same way, by a series of elementary 
cones with vertices at 0, the resultant attraction of the entire sphere at will 
be equal to zero. 

Note. — If a system of lines is constructed in a field of force, in such a 
manner that the tangent at any point in any one of them is in the direction 
of the attraction at that point, the lines are called lines of force. Thus in 
Prob. 1 (Fig. 95), the attraction at any point bisects the angle AOB and 
hence is tangent to the hyperbola passing through and having A and B for 
its fod. Therefore, the lines of force, for the attraction of the rod AB, will 
be a system of hyperbolas with A and B as foci. In the case of the sphere, 
the lines of force will evidently be straight lines radiating from the center of 
the sphere. 

87. Determinatioii of the Constant K. — In Problem 10 
(Art. 86), we proved that the attraction of a sphere is the same 
as if its mass were concentrated at its center, the attraction of a 
sphere on a unit mass at a distance a from its center being equal 
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to — =- , for both the solid and the hollow sphere. Hence the 
a* 

formula for the attraction of two particles, 

ii-=^(Art.86). 
c 

will apply in the case of two spheres, which are homogeneous 
throughout, or made up of a series of homogeneous shells; m and 
mi being the masses of the spheres and c the distance between 
their centers. 

By physical experiment the force of attraction between two 
spheres has been measured directly and the value of iC, in the 
C.G.S. system of units, found to be equal to 0.00000006658, which 
is the force in dynes with which two homogeneous spheres, whose 
masses are 1 gram each, attract each other when the distance 
between their centers is 1 centimeter. 

It is evident that the formula for acceleration, 

1-=^ (Art. 85), 

will also apply in the case of two spheres of masses m and mi. 

The attraction exerted by the Earth on a unit mass at its surface 

4 
will be fi = ^ Kdrr (Prob. 10, Art. 86), very nearly, and hence 

the acceleration produced by this attraction on a freely falling 
weight will be 

g = 5 Kdwr. 

When g, K and r, the radius of the Earth, are known, this formula 
will give the value of the mean density of the Earth 

3(7 



d = 



^Krr 



Substituting values for latitude 45°, g = 980.63 cm., r = 
636,700,000 cm., and for K, the value given above, we find 

d = 5.52. 



CHAPTER III. 



CENTER OF GRAVITY.* 

88. Center of a System of Parallel Forces. — The center of 
a system of parallel forces is the point through which- the line of 
action of the resultant always passes, no matter how the forces are 
turned, provided only: — 

(1) Their points of application remain unchanged. 

(2) Their relative magnitudes remain unchanged. 

(3) They remain parallel to each other. 

Let F, Fi and F2 represent any system of parallel forces (Fig. 
101). Refer the system to rectangular coordinate axes, OX, OY 
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and OZ, choosing the axes so that the forces are parallel to the 
axis OZ, Let the coordinates of the points of application of the 
forces be (x, y, 2), (xi, 2/1, Zi) and (xi, yt, 22). 

Then, if R equals the resultant of the system of forces and (xo, yo) 
the coordinates of its point of application with respect to the X 
and Y planes, we have (Art. 69) 



R = 2F, Xo = 



SFa: 



yo = 



_^Fy 



XF "" 2F 

Imagine the forces turned parallel to the axis OX, the points 

of application remaining unchanged. Then, if (yo, Zo) are the 

* Frequently designated by the tenn oeniroid, when applied to lines, areas 
and volumes. 
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coordinates of the point of application of R with respect to the 
Y and Z planes, we have 

and if the forces are turned parallel to OF, the points of appli- 
cation remaining unchanged, we have 

Therefore there is one point, called the center of the system, whose 

coordinates are 

XFx XFy l^Fz 

^« = -2F' ^'^~XF' ^'^'W' 

and through which the resultant always passes, provided the three 
conditions stated above are satisfied. 

When SF = 0; Xo, j/o and Zo become infinite and therefore such 
a system of forces has no center. In other words, if SF = 0, the 
resultant is a couple. 

89. Center of Gravity of a Body. — Any body may be con- 
ceived to be divided into parts, or particles, of greater or less extent, 
on each one of which gravity exerts a force equal to its weight; the 
forces exerted on the separate parts being practically parallel to 
each other. The center of gravity of the body is the center of this 
system of parallel forces. Hence, if w is the weight per unit 
volume of a body, and dV is the volume of any elementary par- 
ticle, the force exerted by gravity on the particle will be wdV. 
Substituting in the formulas (Art. 88), we have 



// wxdV j wydV 1 1 

w dV, Xo = — f yo = — > Zo = 



wzdV 



fwdV fwdV f 



wdV 



where W denotes the entire weight of the body, and (xo, yo, Zo), 
the coordinates of its center of gravity. 
By transposing we obtain the quantities 

jwxdV = XoW, jwydV = yoW, JwzdV = ZoW 

which are called the moments of the weight of the body with re- 
spect to the X, Y and Z planes, respectively. 
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In computing the moment of a v>eight with respect to a plane we will 
caU the moment positive, if the weight is situated on the positive side of 
(he plane, and negative if on the other side. 

90. Center of Gravity of a Homogeneous Body. — If a body 
is homogeneous, it; = a constant and the equations (Art. 89) 
reduce to 



W 



r fxdV fydV r 

= wJdV, xo==^ , yo='-^ , zo^^ 



zdV 



dV fdV J 



dV 



If we let V = the total volume of the body, the quantities 

JxdV^xoV, JydV-=^yoV, JzdV^z^V 

will equal the moments of the volume with respect to the X, Y 
and Z planes, respectively. 

91. Center of Gravity of a System of Bodies. — If, instead of 
a single body, we have a system of bodies whose weights are TFi, 
W2y Wz, etc., the coordinates of their centers of gravity being 
respectively (xi, yi, zi), (x2, 2/2, ^), (^s; I/s, 2s), etc. : and, if we denote 
by (a^o, yo, Zq) the coordinates of the center of gravity of the 
system and by W its total weight, we have 

W = Wi + Wi-\-Wz + etc. 

The algebraic sum of the moments of the weights with respect 
to the X plane will be 

WiXi + Tf 2X2 + WzP^z + etc. = STTx (Art. 89). 
But STfx = Wxq (Art. 88). 

Similarly, the algebraic sum of the moments of the weights with 
respect to the Y and Z planes will be 

^Wy = WyQ and ZWz = Wzq, 

„ i:Wx -LWy XWz 

Hence Xo = -^y yo = -^> Zo = -^' 

92. Center of Mass. — Since the masses of the particles of a 
body are directly proportional to their weights, the center of m^iss 
will be the same as the center of gravity. 
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If we let M denote the entire mass of a body and dM the mass 
of a particle whose volmne is dV, then, 

WdV 



dM^ 



9 



Substituting this value in the equations (Art. 89) we have 



M 



-Cm. 



a?o = 



/ 



xdM 



fm 



yo = 



f' 



dM 



jm 



f 

20= -^ 



zdM 



J6M 







93. Center of Gravity of a Slender Rod of Uniform Section 
and Material. — If the rod is straight it is evident that its center 

of gravity will be at the middle 
point of its center line. If the 
center line of the rod is a plane 
curve the center of gravity may 
be foimd as follows: 

Let AB (Fig. 102) be the 
center line of a slender rod of 
imiform section and material, 

^ whose weight per imit of length 

is equal to w. Refer the rod 
to any pair of rectangular co- 
ordinate axes, OX and 07, in the plane of AB, The weight of an 
elementary length ds will he w ds and by substituting this value 
for w dV in the equations for the coordinates of the center of 
gravity (Art. 89), we have 

/ wxds 

Xo = 



Fig. 102. 



yo = 



j xds 
I wds' I ds 

jvryds J yds 



s 



wds 



S" 



«o= 0. 



If we let L equal the length of the center line of the rod, it is evident 
that 

XoL = I xds and yoL =^ j y ds. 
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These quantities are called the moments of the line, with respect 
to the axes OY and OX, respectively. If the center line of the 
rod is not a plane curve it is necessary to find three coordinates 
of the center of gravity. By substituting in the formulas (Art. 89) 
as before, these will evidently be equal to 

j xds j yds j zds 

aJo = -7; 9 Vo = —pi » ^0 = —^ — » 

ds 



I^ /* / 



The 'moments of the line with respect to the X, Y and Z planes 
will be respectively 

xjj = I xds, yoL = J yds, ZoL = j zds. 

94. Center of Gravity of a Line. — By the expression, center of 
gravity of a line, we mean the point which is the center of gravity 
of a slender rod of uniform section and material, of which the line 
is the center line. The methods for determining the coordinates 
of the center of gravity are, therefore, those given in Art. 93. 

Hence, to find the coordinates of the center of gravity of a line 
consider it to be divided into small elementary lengths and divide 
the algebraic sums of the moments of these lengths about the 
coordinate axes by the length of the line. 

The moment of a line with respect to an axis or plane vnll he posi- 
tive if the line is on the positive side of the aods or plane; and negative, 
if otherwise. 

It is evident that the moment of a line about an axis passing 
through its center of gravity will be equal to zero. 

96. Center of Gravity of a System of Lines. — Any system of 
lines may be treated in the same manner as a system of weights 
and the coordinates of the center of gravity foimd by the method 
stated in Art. 91. If the lines are all in the same plane and we let 
Li, La, Ls, etc., equal their lengths and (xi, yi), (x^, 2/2), {xt, yi), etc., 
the coordinates of their respective centers of gravity, we have, for 
the algebraic sum of their moments about OY, 

LiXi + L2X2 + LjXg + etc. = SLx, 

and about OX, 

Liyx + Liy^ + U^yi + etc. = SLy. 
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If we let the sum of the lengths equal L, 

Xo = —J — and 2/0 = — f- • * 

If the lines are not all in the same plane, the three coordinates of 
the center of gravity of the system, 



Xo = 



2Lx 



2/0 = 



SLi/ 



20 = 



ZLz 



can be found in a similar manner. 

Hence the coordinates of the center of gravity of any line, which 
can be divided into parts whose centers of gramty are known, may be 
found by dividing the algebraic sums of the moments of the parts, 
with respect to any convenient set of coordinate axes, by the total 
length of the line. 

96. Problems. — Centers of Gravity of Lines. — The follow- 
ing problems can be solved by the methods given in Arts. 94 
and 95. 

The lines may be taken to represent slender rods of uniform 
section and material, or very narrow areas of uniform width. 

Problem 1. — Circular Arc. 

Let AB be a circular arc, whose radius = r, and let OX and OF be two 

coordinate axes with an origin at 0, the center of curvature (Fig. 103). Let 

$1 and $2 be the angles between OX and 
the radii OA and OB to the ends of the 
arc. Find the coordinates of the center 
of gravity with respect to OX and OY. 

Solution, — The coordinates of the cen- 
ter of gravity can be found from the equa- 
tions, 



o«^ 



Ar--*^ ■♦ V J» ■ 



JLJLjL 



Xo = 



ixds iyds 

- and yo - -^ (Art. 93). 



Fig. 103. 



/ 



ds 



/ 



dA 



Using polar ooordinateSi x = rcos^, 2/ = rsind and ds — rdB, 



Hence 



Xo = 



X9\ 
r^cosdde 
-a 



rsine 



Oi r (sin ^i — sin ei) 



e 



Ox 
9i 



ei-di 



and 



1/0 = 



rr^si 



sin^d^ —rcoaO 



By 



e. r (cos dt — cos $i) 



e 



Bi 
Bt 



Si -St 
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When ^ s 0, the equations reduce to 

randi r(l — oos^O 

"• = -»;-' »•- — ft — 

Problem 2. 

Find the coordinates Xo and yo (Prob. 1), 
(a) when ^i = ^i, $j = — ^i. 
(bj, when Bi « 90^ ^ = 0. 

Problem 8. — Semicircular Arc 

Show that the center of gravity of the semicircular arc of radius r is on 

2r 
a radius bisecting the arc, and that its distance from the center is equal to — 

Problem 4. — Sections Represented by Lines. 

Find the codrdinates of the center of gravity of the sections shown in 
Figs. 104ay b, c, d. 



|Y (a) 



2L. 



I 



»/ 



le — *] 



1 



lY 



k-H 



k-42. 



— H 



(fi) 






t>f 



!<..8i'J^.»r'^ 



Ab) 




I I I 



|y 



Fig. 104. 

Problem 6. 

find the coordinates of the center of gravity of the section lying on the 
right of the axis YY (Fig. 104d). 



97. Center of Gravity of a Thin Flat Plate of Uniform Thick- 
ness and Material. — Let abc (Fig. 105) represent a homo- 
geneous thin flat plate of uniform thickness, t Refer the plate 
to the coordinate axes OX and OF, in the plane of its middle layer. 
If we let dA equal the area of the base of a prismatic particle, 
whose coordinates are (x, y), the volume dV, of the elementary 
particle, will be equal to ^ dA and the formulas for the coordinates 
of the center of gravity of a homogeneous body (Art. 90) will 
reduce to 
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>^-^ 


N 


^0.-1 #<tA 


) 




^^ 


1 




o i 


X 



Xo = 



/x*d^ / 



xdA 



dA 



and yo = 



j ytdA I ydA 

JtdA JdA 

^°- ^^- the coordinate Zo being zero. 

If we let A equal the area of the middle layer it is evident that 

XoA = j xdA and yoA = I ydA. 

These quantities are called the moments of the area, A, with 
respect to the axes OY and OX. 

98. Center of Gravity of a Plane Surface. — By the center of 
gravity of a plane surface we mean that point which is the center 
of gravity of a thin flat plate of uniform thickness and material, 
whose middle layer is the surface in question. The formulas for 
its coordinates are, therefore, those in Art. 97. 

j xdA I y dA 
^0='—-^ — and yo = ^^-^j 

Hence, to find the coordinates of the center of gravity of a plane 
surface, consider it to be divided into small elementary areas and 
divide the algebraic sums of the moments of the areas, about 
the coordinate axes, by the total area of the surface. 

As in the case of the line, the moment of an area with respect 
to an axis will be positive if the area is on the positive side of the 
axis and negative if otherwise. It is evident that the moment of an 
area about an axis passing through its center of gravity will be equal 
to zero. 

99. Center of Gravity of a Group of Plane Surfaces. — Like 
the system of lines (Art. 95) any group of plane surfaces may 
be treated in the same manner as a system of weights and the 
coordinates of the center of gravity foimd by the method in 
Art. 91. 

Let Ai, Aj, A3, etc., be the areas of any group of surfaces in the 



CENTERS OF GRAVITY OF PLANE SURFACES 115 

same plane and let the coordinates of their centers of gravity be 
(a?i, 2/1), (Xi, j/2), (xs, 2/8), etc. 
The algebraic sum of their moments with respect to OF will* be 

AiXi + AjXj + AiXt + etc. = 2ilx, 
and with respect to OX 

Aiyi + A^yt + Aiyi + etc. = XAy. 

If we let the smn of the areas equal A, 

liAx , ILAy 

xo = -j^ and 2/0 = —^ • 

Hence the coordinates of the center of gramty of any plane surface 
which can be divided into parts, whose centers of gravity are known, 
can be found by dividing the algebraic sum of the moments of the 
parts about any convenient set of coordinate axes by the total area of 
the surface, 

100. Centers of Gravity of Surfaces not in the Same Plane. — 
By a method similar to that in Arts. 97-99 we can show that 
the coordinates of the center of gravity of any surface not neces- 
sarily plane, with respect to any three rectangular axes, will be 

j xdA I ydA j zdA 

Xq = — -T — , 2/0 = — -7 — and zo = — -r — > 

and for any group of surfaces, the coordinates of whose centers of 
gravity are known, 

2 Ax XAy , SAz 

Xo = "T~"> 2/0 = —J- and Zq = — j- • 

101. Problems. — Centers of Gravity of Plane Surfaces. — 

The following problems are given to illustrate the methods of 
finding the centers of gravity of plane surfaces. In cases where the 
methods of calculus are used, the areas may be considered to be 
divided into elementary strips, parallel to one of the coordinate 
axes; the moment of any strip about either axis being equal to the 
product of its area and the distance of its center from the axis. 

Problem 1. — Rectangle and Parallelogram. 

Prove that the perpendicular distance of the center of gravity of a rec- 
tangle, or parallelogram^ from its base is equal to one half its altitude. 

SclvJtion. — Let h and h equal the base and altitude of the rectangle, or 
parallelogram (^g. 106). Let the axis OX coincide with the base. Take 



116 



APPLIED MECHANICS 



for the elementary area a strip parallel to OX whose width is dy, Thea 
dA^bdy and (Art. 98) 

jydA h j ydy , 
^' " ~~A IT" " 2' 

which is true for either the rectangle or the parallelogram. 

Y 



<—b — 



!<-- *-— H 




FiQ. 106. 

Problem 2. — Triangle. 

Find the perpendicular distance of the center of gravity of a triang}e from 
its base. 

Let h and h equal the base and altitude, respectively, and assume an axis OX 
through the vertex, parallel to the base (Fig. 107) 




Fig. 107. 



Sclviion, — Let L — the length of an elementary strip, parallel to and at a 
distance y from OX, Then dA — L dy. But L : y ^ b :h] hence 

dA = -j^ydy. 



Therefore, 



1/0 = 



fydA ICl/^dy 



A 



bh 
2 



"§*• 
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Hence the perpendicular distance of the center of gravity from the base will 

be equal to ^ and, since the center of gravity of each elementary strip will be 

its middle point, the center of gravity of the triangle will be on the median 
line, ac. 

Problem 3. — Parabolic Half Segment 

find the coordinates of the center of gravity of the parabolic half segment, 
bounded by the axis of the parabola and the ordinate to the point on the curve 
whose coordinates are (xi, yi) (Fig. 108). 




Fig. 108. 

SobiHon. — The equation of the parabola referred to its axis OX and the 
axis OY, through the vertex, will be y* « ex. Take for dA an elementary 
strip, parallel to 07, whose width is dx and distance from OF is equal to x. 



Then 



dA '^ ydx and Xo » 



fxdA J ^xydx 
CdA jydx 



In a similar manner, yo "» 



c* J *x* dx 

fydA f^%ydx 
CdA J ^ydx 

c /**i 

2 Jo 



= ¥ Xl. 



xdx ^ o 

*^ I i ^ 



.* 



i ^x dx 



8 



C'Xl' 



8 



Vi- 



The problem might have been solved by taking strips parallel to OX, in which 
case dA = (xi — x) dy and 



Vo 






Vi' 
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The coordinate xo might also be found by dividing the area into strips parallel 
to OX. 

Problem 4. — Circular Sector. 

Find the coordinates of the center of gravity of the circular sector, sub- 
tending the angle 9i, with respect to the axes OX and OY (fig. 109). 




Fig. 109. 

SoLvJtUm. — In this problem, instead of dividing the area into strips parallel 
to OX or OF, it will be found more convenient to consider it as made up of 
circular strips, with centers at 0. If we let p « the radius, and dp » the 
width of one of these strips, its area dA «■ Bip dp and the distances of its center 
of gravity from OY and OX will be 

p sin 01 , p(l--co89i) .. , /Tx_u t\ 

^-—1 — and ^-^ — r , respectively (Prob. 1). 



Then 



Xo = 



2 singt 

a*" "ST' 



and 



2/0 = 



CzdA an 01 f p*dp 

I dA Oi i pdp 

fydA p (1 - cos^i) J* p*dp 

CdA 01 f pdp 



^2 1 - costfi 
S** 01 



Another method of solving this problem would be to consider the area to be 
made up of elementary sectors, subtending the angle dB at 0. Let ^ the 



r*d$ 



and 



angle between OX and one of these sectors. Its area will be dA = ^ 

2 2 

the coordinates of its center of gravity will be x » ^r cos and y » ^r sin 9 

(Prob. 2). 
Then 



Xo 



and 



yo 



^ J COB0d0 

■= r *mi0 dB 



2 singi 



_2 1 -cosgi 
""3^ 01 
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Problem 5. — QuAdrant and Semidrde. 

Quadrant. 

If 01 » 90^ deduce the values of xo and yo. 

Semicircle. 

If $1 - 180**, prove that 

aJo = 0, yo =- 1^ • 

Problem 6. — Quadrant of the Ellipse. 

Let AOB be the quadrant of an ellipse (Fig. 110), whose semi-major and 
semi-minor axes are OA « a and OB » 6. 




FiQ. 110. 



SoluHon, — The equation of the ellipse referred to the axes OX and OY 

x^ 1/' 

will be — , + r, "" 1* Consider the area to be made up of elementary stripe, 
psurallel to Oy, of width dx. The area of one of these strips will be 



Hence 



Xq = 



/xdA ~ \ X Va* — x*dx 
aJo 

CdA - CVa^-x*dx 
J a Jo 



4a 



« 3x 





[ix(o»-x')»+|a«sin->j] 

In a mmilar way we may prove 

4b 

Problem 7. — Semi-ellipse. 

Prove that for the semi-ellipse, bounded by the axis YY, 
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Problem 8. — PUme Areas, which can be divided into Rectangles, or Tri- 
angles. 

In these cases the codrdinates of the centers of gravity may be found by 
the method stated in Art. 99. For example, let us find the co6rdinate8 of the 
center of gravity of the area (Fig. 111). 



± 



t* -4- 



*d> 



I 



. // 



B 



Fig. 111. 



I 



I 
I 

f 

I 
^ X 



Solution, — Divide the section into areas the centers of gravity of which 
are known; in this case, three rectangles A, B and C. Take moments about 
OX and we have 



yo 



XAy ^ 8X^+6X4 + 4X7^ =??=??- 3.22 ins. 



8 + 6 + 4 



18 9 



As the center of gravity will be on the axis of symmetry, it is evident that 



TEE 



CHANNEL 



ANGLE 



P 



Fig. 112. 



This method may be applied in finding the centers of gravity of struc- 
tural shapes, or built-up sections, as suggested by the above sketches 
(Pig. 112). 
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Problem 9. — Trapezoid. 

Rnd the perpendicular distance of the center of gravity of the trapezoid 
from the larger base. 

SduHon. — Let the bases of the trapezoid be equal to B and h and its 
altitude — h (Fig. 113). Divide the area into two triangles, A and C, the 

distances of whose centers of gravity from OX will be equal to » and-»-t 



respectively. 



Then 



Bh h bh 2h 
XAy ^ 2 ^3"*" 2^3 _h B + 2h 







t 




-B 



FiQ. 113. 



By considering the area to be divided into strips parallel to the base B we 
can show that, since the center of gravity of each strip is its middle point, the 
center of gravity of the whole area is on the median line de of the trapezoid. 

Problem 10. — Circular Half Segment 

By the method of Art. 99 we may deduce the formulas for the center of 
gravity of the half segment ABC of the circle (Fig. 109). In this case the 
area of the half segment will be equal to the difference of the areas of the 
sector AOB and the triangle BOCf the coordinates of the centers of gravity of 
which have been determined (Probs. 4 and 2). The moment of the sector 
about OY will be equal to 

2 sin^i ^r^i r» . ^ 

and the moment of the triangle will be 

1 2 r* 

2 r sin ^1 r cos tfi X 5 r cos ^1 = -= sin 5i cos* ^1. 



Therefore 



Xo 



r* r* 

ZAx 3 ^^ ^' " 3 ^^ ** ^^^* ^' 

"2 2"®^^»^'^^» 



sin'^i 



2 

— r — 

3 9i — sin 01 cos $1 
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In a aimilftr manner we may find 



yo 



-y-^Sm^l 008^1 



-a 1 2 — 3co8gi + cos'gj 
3 ^1 — sin tf 1 COS ^1 

It is evident that the x codrdinate of the center of gravity of the complete 
segment would be the same as for the half segment. 

Problem 11. 

Find the coordinates of the center of gravity of each of the following 
sections (Figs. 114ay b, c, d, e, f, g, h). 



i' 



L!«" 



> 



I o 



ANGLE 



lec 



Fio. 114a. 




rf 






CHANNEL 



14. 



.« 



12- 

Y 

Pig. 114b. 



PBOBLBMS 



123 



^ ( 



,V 



.%^ 



i. 



.ft 



•9/fti 



disr 



TEE 



Y 

Fio. 114c. 



I*- 




FiQ. 114d. 






1 i—k 



/ 
/ 

V 



HALF 
/ CIRCULAR 
SEGMENT 



[A/ 



/ 



Fio. 114e. 



124 



APPLIED MECHANICS 




Fia. 114f. 



K- 



tf 



■12- 



—a^ — >iT 



^1 

^ > 



% 

I 



1- 



DetaU: 

Area of Angle 

■4.618q.lDcbes 

Center of GrsTity 

of Angle from Back 

of Long Lega.^^ 



I 
I 



Fig. 114g. 



-i« 



// 



-H 



i X 



Detail: 

Area of Ohannel « 9.90 Sq.Inchea „ 

Center of Oravity of Channel "JO from Back of Channel 



Fig. 114h. 



PAPPUS'S THBOBEMS 125 

102. Pafipos's Theorems. — Theorem I. — // a plane curve lies 
wholly on one side of a straighi line in its own plane^ and, revoUnng 
about thai line, generates thereby a surface of revolution^ the area of 
the surface is equal to the product of the length of the revolving line, 
and of the path described by its center of gravity. 

Proof. — Let the curve lie in the Z plane, and let L = its length 
and Xo == the distance of its center of gravity from OY. 

Then, if the curve is revolved about the axis OK, any elementary 
length cb, whose distance from OY is equal to x, will describe a 
surface whose area will be equal to 

2irxds, 

and the area generated by the entire line will be equal to 



= 2 T / x ds. 



But Cxds^xoL (Art. 93). 

Therefore A = 2txoL Q.E.D. 

It is evident that, if only part of a revolution is made, the area 
generated will be equal to 

ill = dxoL, 

where $ equals the angle through which the plane containing the 
line is turned. 

Theorem II. — If a plane surface, lying wholly on the same side of 
a straight line in its own plane, revolves abovi thai line, and thereby 
generates a solid of revohUion, the volume of the solid, thus gen- 
erated, is equal to the product of the revolving area, and of the path 
described by its center of gravity. 

Proof. — Let the surface lie in the Z plane, let A = its area and 
Xo = the distance of its center of gravity from OY. Then, if the 
surface is revolved about the axis OY, any elementary area dA 
will generate a volume which will be equal to 

2irxdA 

and the volume generated by the whole surface will be equal to 

But JxdA = XoA (Art. 97). 

Therefore V = 2irXoA Q.E.D. 



F=2t IxdA. 
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It is evident that if only part of a revolution is made, the angle 
turned through by the plane of the surface being equal to 6^ the 
volume generated will be equal to Fi = 9xoA. 

103. Centers of Gravity of Homogeneous Solids and Systems 
of Solids. — The general formulas for the coordinates of the 
center of gravity of the homogeneous solid have been deduced in 
Art. 90. If the solid can be divided into elementary slices so that 
the center of gravity of each slice will be on the same straight line, 
the center of gravity of the entire volume will be somewhere on 
that line, and it will evidently be necessary to find only one other 
coordinate. 

When a homogeneous solid or system of solids is made up of 
parts whose centers of gravity and volumes are known, the center 
of gravity of the whole can evidently be determined by the same 
method as that given in Art. 91. Thus, if Fi, V^, F», etc., represent 
the diflferent volumes and (xi, j/i, 2i), (xj, j/j, zj), (xa, ?/», z%), etc., 
their respective centers of gravity, and we let F equal the total 
volmne, 



and 
Hence 



F = Fi + F2 + F, + etc., 
XoF = FiXi + F2X2 + FjXa + etc. = SFx. 

2F« 



2Fx , . ., , SFy 

Xo = ^FT" *"^d sunilarly y© = — y^ 



Zo = 



104. Problems. — Centers of Gravity of Homogeneous Solids. 

Problem 1. — Cylinder, or Prism, with Bases Parallel. 

Find the perpendicular distance from the center of gravity to the plane of 

the base of a cylinder, or prism. Let h ^ the altitude and A » the area of 

the base of the cylinder, or prism 
(Fig. 115). 

SoliUion. — Assume the coordi- 
nate axis OXf perpendicular to the 
base at its center of gravity, 0. 
Consider the volume to be divided 
into elementary slices perpendicular 
to OX and of thickness dx. Then 
dV =^ Adx and the coordinate of 
the center of gravity (Art. 90), 




Xq = 



fxdV AJ^dx 

fdv" 



dx 





h 
2 



The center of gravity of each slice will be on the axis OC of the cylinder, or 
prism, and hence the center of gravity of the entire volume will be on that 
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axis. If 9 18 the angle which the axis makes with the base, the distance of the 
center of gravity from will evidently be equal to 

Xo h 

Bind 2sind 

Problem 8. — Cone, or Pyramid. 

Find the perpendicular distance of the center of gravity of a cone, or 
pyramid, from its base. Let c be the center of gravity of the base, A » the 
area of the base and h > the altitude. (Fig. 116.) 




Fig. 116. 

Solidion, — Refer the cone, or pyramid, to three co5rdinate axes through 
the vertex, OX being perpendicular to the base. Consider the voliune to be 
divided into elementary slices perpendicular to OX and of thickness dx. 

Then, if a => the area of one of these slices, its volume will be equal to 

dV — adx) 
■J « p» hence dV — r-^s^dx, 

Xq = 



but 



and 



/ 



dV 



T- i x*dx 
A r^ ^, Ah 

X*dX = -TT' 



^h 



1 f 



Since the center of gravity of each slice will be on the line OC, the center of 
gravity of the entire volume will be on that line and its perpendictilar distance 

from the base will be j- li equals the angle which OC makes with the base, 
the distance of the center of gravity from C will evidently be equl&l to . . . 

4 SlU V 

By changing the limits of integration we might deduce the formulas for the 
coordinate of the center of gravity and the volume of the truncated cone. 
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Problem 3. — Semi-ellipsoid. 

The equation of the ellipsoid referred to three coordinate axes through its 
center is 

where 2 a, 2 b, 2 c are the major, minor and intermediate axes, respectively. 
Find the coordinates of the center of gravity of the semi-ellipsoid to the right 
of the X plane through (Fig. 117). 




FiQ. 117. 

SoltUion, — Consider the volimie to be divided into elementary slices 
perpendicular to OX, 

Let GEHF be one of these slices, whose thickness is dx and distance from 
is equal to x. The area of this slice will be that of an ellipse, whose semi- 
major and semi-minor axes, EK and GKf can be found by substituting y » 
and z s in the equation for the ellipsoid. 



When 



and when 



I/-0, 



z«0. 



a 



a 



Hence the area of GEHF will be equal to 



T{GKxEK)^^ia^-x% 



and the voliune of the elementary slice 

a* 
fxdV '^f(si^x-7?)dx 



Then 



Xq = 



/ ^^ ^r^"' - *'^ ^ 



3 

--a. 



irbc 



a*Jo^ 3 



(1) 



(2) 
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Sinoe the center of gravity of each slice is on OX^ the center of gravity of the 

entire voliune will be on OX, and 

I/O ==0, «o = 0. 
Problem 4. — Hemisphere. 

Find the distance of the center of gravity of the hemisphere from the center 

of the sphere, the radius of the sphere being equal to r. 

Sdviion, — If, in the case of the ellipsoid (Prob. 3), we let a »> 5 s c — r 

we have 

3 



and 






The problem might be solved by integration, directly, without the formulas 
for the eUipsoid. 

Problem 5. 

Find the center of gravity of the volume (Fig. 118). 




CYLINDER 



Fig. 118. 

This problem may be solved by the method given in Art. 103. Without 
appreciable error, the rod connecting the cylinder and the sphere may be con- 
sidered as a cylinder, the curvature of the surface between the rod and the 
sphere being neglected. 

Problem 6. ' - ' ^ 

Find the center 
of gravity of the 
volume of revolu- 
tion (Fig. 119). n 
the weight of the 
material per cubic 
inch is ti7 = ^ pound, 
find the total 
weight. 

Consider the 2- 
inch rod as a cylin- 
der, neglecting the 
curvature of the ends. 




ivfi^^^z: V. - -1. 4° J-it. 



Fig. 119. 
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Problem 7. 

Find the volume and the center of gravity of a truncated right circular 
cone, whose altitude > 12 inches, diameter of larger base ■■ 10 inches and 
diameter of smaUer base « 6 inches. 



V »* 



Problem 8. 

The weight (Fig. 120) is made up of a pyramid with a base 16 inches square, 
surmounting a truncated pyramid with bases 16 inches square and 20 inches 

1^ 




Fia. 120. 

square, and has a cylindrical cavity in the center, 15 inches in diameter and 
12 inches high. If the weight of the material is 0.26 pound per cubic inch, 
find the total weight and the center of gravity. 



106. Experimental Methods of Determining Centers of 
Gravity. — Some bodies are of such irregular form that it is 
impracticable to find their centers of gravity by the methods 
already explained. It is possible in many of these cases* to deter- 
mine the position of the center of gravity by experiment. 

The three following methods are suggested: 

(a) Method of Suspension. — Suspend the body from some point 
and in some way mark on the body the position of the vertical line 
through the point of suspension. Repeat the operation for one 
or more additional points. Since the center of gravity is on each 
of the lines so determined, it will be at their point of intersection. 

(b) Method of Balancing. — Balance the body on a straightedge 
and in some way mark the position of the vertical plane contain- 
ing the straightedge; repeat this operation twice, using different 
balancing positions. Since the center of gravity is in each of these 
planes it must be at their intersection. 
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(c) Method of Weighing. — Support the body at three points 
and weigh the supporting forces. The sum of these will equal the 
entire weight. The moment of any one of the supporting forces, 
about an axis through the points of application of the other two, 
will be equal to the moment of the entire body about the axis, 
and thus the distance from that axis to the vertical through the 
center of gravity may be computed. By repeating the computa- 
tion for one of the other supporting forces the vertical through the 
center of gravity can be located. 

By repeating this operation for three other supports, the posi- 
tion of the center of gravity can be foimd. 

If the body is in the form of a straight rod whose center of 
gravity is on its axis, it is necessary to determine only one co- 
ordinate and two supports only will be required, the moment of 
one supporting force about an axis through the other being equal 
to the moment of the entire weight about that axb. 



CHAPTER IV. 

MOMENT OF INERTIA. 

106. Moment of Inertia. — The term moment of inertia is 
applied in Engineering to a nimiber of mathematical expressions 
which represent second moments of areas, weights and masses, 
with respect to different axes, such as, 

Cx^dA, jr^dAy Jr^dw, jr^dM, etc. 

At present no physical conception of moment of inertia can be 
given although later it will be shown that the term, as apphed to 
solids, represents a quantity which is proportional to the velocity 
of rotation produced imder certain conditions. 

As applied to the area, the moment of inertia is a numerical 
quantity only, entering into a large number of engineering com- 
putations, and takes its name from the analogy between the 
mathematical expression for it and that for the moment of inertia 
of a solid. 

For the sake of brevity the moments of inertia, j x^dA, j r^ dw, 

etc., will be represented by the symbols /, /i, h, /,, 7^, etc., the 
subscripts, where used, indicating the axes with respect to which 
the moments of inertia are computed. 

It is evident from the form of the above expressions that the 
moment of inertia will always be a positive quantity, differing 
therein from the moment, which may be either positive or 
^ negative. 

107. Moment of Inertia of an Area. — The term m^nnent 
of inertia when appUed to a plane area may be defined as fol- 
lows: 

The moment of inertia of an area about an axis is the limit of the 

sum of the products of the elementary areas, into which it may be 

conceived to be divided, and the squares of their distances from the 

axis. The axis is called the inertia axis. 
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Let ahc (Fig. 121) represent any plane area and refer it to three 
coordinate axes, OX, OY and 0Z\ OX and OY being in the plane of 




Fig. 121. 

the area. Let dA represent an elementary area, whose coordinates 
are (a:, y) and distance from the origin is r; we then shall have 

Iz=(y^dA, Iy=-fx^dA, I.^fr^dA, 

where Ig, ly and /« are the moments of inertia of the area about 
the axes OX, OY and OZ, respectively. 

The moment of inertia, /,= jr^dA, about the axis OZ^ is 

caUed the polar moment of inertia about that axis. The polar 
moment of inertia may also be defined as the moment of inertia 
of an area with respect to a point in its surface. 

108. Units of Moments of Inertia of Areas. — Since the 
moment of inertia of an area is the sum of the products of the 
elementary areas and the squares of their distances from the in- 
ertia axis, it is evident the result will be expressed in the linear 
unit to the fourth power. Thus, if the inch, or foot, is used as the 
linear unit, the moment of inertia will be expressed in (inchesY, 
or (Jeety, which would be read "inches to the fourth power," or 
"feet to the fourth power," respectively. No shorter names have 
ever been definitely given to these units, but for the sake of 
brevity we designate them by such expressions as "inches fourth," 
"inch units," or simply, "inches," and similar expressions when 
the dimensions are in feet. The moment of inertia expressed in 
(ins.)* will evidently be equal to the moment of inertia expressed 
in (ft.)* multiplied by (12)*. 
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109. Radius of Gyration. — The radius of gyration of a solid 
is the distance from the inertia axis to that point in the solid at 
which, if its entire mass could be concentrated, its moment of 
inertia would remain michanged. Thus if the entire mass of a 
body, Mj is considered to be concentrated at a single point, and 
p is equal to the distance of that point from the inertia axis, the 

expression for moment of inertia, I r* dM, will be equal to p^M. 

Therefore / = p*Af , 

and the radius of gyration. 



-v'i- 



I 

In the case of the plane area the moment of inertia may, by 
analogy, be expressed as 

I =^ Cx^dA=-f>^A 

where A is equal to the entire area and p is its radius of gyration 
with respect to the inertia axis. 



Hence 



'S/I- 



The radius of gyration of both the solid and the plane area will 
evidently be expressed in linear units. 

110. Polar Moment of Inertia. — Proposition: — The polar 
moment of inertia of an area, with respect to any point in its plane, 
is equal to the sum of the mxmients of inertia with respect to any two 
axes, in the plane of the area and at right angles to each other, passing 
through thai point. 

Proof, — The polar moment of inertia of the area abc with 
respect to the point (Fig. 121) is equal to 

I, = Jr^dA(ATt. 107). 

But since r^ — x^ + y^, 

I,=J{y^ + x^)dA=I, + Iy . . (1)Q.E.D. 

111. Relations between Moments of Inertia of Areas about 
Parallel Axes. — Proposition : — The moment of inertia of an area 
about an axis in its plane, not passing through its center of gravity, 
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is equal to its moment of inertia about a parallel axis, passing 
through its center of gramty, increased by the product obtained by 
multiplying the area by the square of the distance between the two axes. 
Proof. — Let abc be any plane surface whose area is equal to A 
and let YY be any axis in its plane (Fig. 122). Through Oi, the 
center of gravity, assume the axis YiYi parallel and the axis 
OOiX perpendicular to YY. 




Fig. 122. 

Let dA be any elementary area whose coordinates are (x, y) 
with respect to the axes OY and OX and (xi, y) with respect to 
the axes OiYi and OiX and let the distance between the axes be 

equal to Xq. Let / = j x^dA equal the moment of inertia of the 

area about the axis FF and /o = jxi^dA equal the moment of 

inertia about the axis F]Fi. 
Since a; = xi + xo, we have 

/ =fx^dA = Axi* + 2xiXo + Xb*) dA 



= jxi^dA+Xo^jdA+2xojXidA 
= Io + 3Co^A+2xo j XidA. , . . 



(1) 



The quantity I XidA, the moment of the area about the asds 

FiFi (Art. 98), is evidently equal to zero, since FiFi passes 
through the center of gravity. 

Therefore, / = /o + Xo*A (2) Q.E.D. 
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It is evident that equation (1) gives the relation between the 
moments of inertia with respect to any two parallel axes in the 
plane of the area which may be expressed as follows: The moment 
of inertia of a plane area about an axis in its plane is equal to its 
moment of inertia about any parallel axis plus twice the product 
of its moment about that axis and the distance between the axes 
plus the product of the area and the square of the distance between 
the axes. 

In a similar manner it can be proved that the polar moment of 
inertia of the area, with respect to any point 0, is equal to its polar 
moment of inertia with respect to its center of gravity plus the 
product of the area and the square of the distance between the 
points (see Art. 133). 

Since / = p^A (Art. 109), if we let po equal the radius of gyra- 
tion about the axis FiFi, through the center of gravity, and p 
equal that about the parallel axis FF, we shall have by sub- 
stituting in equation (2) 

p^A = po*A + Xo*A, 
and hence p^ = po^ + Xo^, (3) 

which gives us the relation between the radii of gyration of an 
area about two parallel axes, one of which passes through the 
center of gravity. 

112. Problems. — Deduction of Formulas for Moments of 
Inertia of Plane Areas. 

In deducing the formula for the moment of inertia of a plane 
area, about an axis in its plane, we may consider the area to be 
divided into strips of infinitesimal width parallel to the inertia axis. 
Since every point in one of the strips will be at the same distance 
from the axis, the moment of inertia of a given strip will be equal 
to the product of its area and the square of its distance from the 

axis. Hence, in the formula /= j x^dA, dA may be taken equal 

to the area of a strip of width dx parallel to and at a distance x 
from the inertia axis. 

Problem 1. — Rectangle or Parallelogram. 

Deduce the formulas for the moment of inertia of the rectangle, or parallelo- 
gram, about an axis through its base and also about an axis through its center 
of gravity, parallel to the base (Fig. 123) : also for the moment of inertia of 
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the rectangle about an axis through the center of gravity, perpendicular to the 
base, and for the polar moment of inertia about its center of gravity. 




Fig. 123. 

SdutUm, — The following solution will evidently apply to the rectangle 
or parallelogram. Let h — the base, and h » the altitude, and let / — the 
moment of inertia about the axis YY through the base, and /o ~ the moment 
of inertia about the parallel axis YiYi through the center of gravity. Ck>n- 
sider the rectangle, or parallelogram, to be divided into strips of width dx^ 
parallel to FF. Then dA ==hdx and the moment of inertia (Art. 107) will 
equal 

/ = Jx^dA = 6j*x*da;=: ^' (1) 

The moment of inertia about the axis through the center of gravity may be 

K h 

found by integration of equation (1) between the limits ^ and — 5 , or, by the 

equation / ^^ lo + Xo^ A (Art. 111). Using the latter method, 



Therefore, 



/o = 



12 



(2) 



In a similar manner we may show that the moment of inertia of the rectangle 
about a vertical axis through its center of gravity is equal to 

s «) 

The polar moment of inertia of the rectangle with respect to its center of 
gravity will be equal to 

^' = S+S-r2(^'+*') w 

Problem 2. — Triangle. 

Deduce the formulas for the moment of inertia of a triangle (Fig. 124) 
about the axes: 

(a) Through the apex parallel to the base. 

(b) Through the center of gravity parallel to the base. 

(c) Through the base. 
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Solution. — Refer the triangle to the rectangular oodrdinate axes, OX 
and OY, with the origin at the apex of the triangle and OX perpendicular to 
the base. Let YiYi be the axis through the center of gravity, parallel to the 
base. 




Let h B the base, h = the altitude and let / = the moment of inertia about 
the axis YY, h » the moment of inertia about the axis YiYi and It = the 
moment of inertia about the axis through the base. 

(a) Axis through the apex. 

Consider the triangle to be divided into elementary strips of width dx, 

parallel to the base. Then dA — L dx — j'X dx and the moment of inertia 
about the axis YY will be equal to 



'-/""-JJT-^-r 



(1) 



(b) Axis through the center of gravity. 
Substituting in the formula / — /o + xq^A (Art. Ill) we have 



Therefore 



, bh* 



(2) 



(c) Axis through the base. 

Substituting in the formula / » /o + xo^A, 

' *" 36 "*■ 9 ^ 2 12 



(3) 



Problem 8. — Circle. 

Deduce the formulas for: 

(a) The polar moment of inertia of the circle with respect to its center. 

(b) The moment of inertia of the circle about a diameter. 
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SdliUion. — Let r » the radius of the circle and XX and YY any two diam- 
eters at right angles. 




(a) Ck>nsider the area to be divided into concentric rings, of width dp, and 
let the radius of any one of these rings equal p. Its area will equal 

dA ~ 2'rpdp 

and, since every point in the ring is at the same distance from the center, it is 
evident that its moment of inertia with respect to will equal 

r^dA =2xp»dp. 
Hence the polar moment of inertia of the circle will equal 



/, - fr^dA = J'2Tp»dp - y 



(1) 



It is evident that the polar moment of inertia of a sector, subtending an 
angle at the center, will be equal to 



If 
K 



/.«/;vdp»5. 

4 



(2) 
(3) 
(4) 



(b) The moment of inertia about a diameter may be determined from the 
polar moment of inertia by the formula (Art. 110), 

Since for the circle the moments of inertia about all diameters are equal, 



7 m, T as If. — 11- 



(6) 
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By similar reasomDg the moment of inertia of the circular quadrant about 
either of the diameters bounding its surface will be equal to 

^ (6) 



/. = /» = 



16 



Since tlie moment of inertia is always positive (Art. 106), the moments of 
inertia of the semicircle about its diameter and the diameter at right angles 
will evidently each be equal to the sum of the moments of inertia of two quad- 
rants. Hence -^ 

/.-/. = ^ (7) 

Problem 4. — Ellipse. 

Deduce the formulas for the moments of inertia of the ellipse about its 
major and minor axes (Fig. 126), also the formula for the polar moment of 
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inertia with respect to the center. Given the equation of the ellipse, referred 
to the axes OX and OF, coinciding with the major and ndnor axes 2 a and 2 6, 

respectively, -j + « ~ ^• 

Solution, — If we consider the area to be divided into strips parallel to OF, 
th.e area of one of these strips will equal 

dA =2yda:- — (a»-x«)*<ia:, 

a 

and the moment of inertia of the ellipse about the axis YY will be 
ly = CxUA = ^fx* (<»'- x«)*da; 

»2^[|(2x-a«)(a-x»)»+|sin-g;;^ 



ira*6 



In a similar manner by taking strips parallel to OX we may obtain 

4 



/. 



(1) 



(2) 
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When a s & both Iz and /y reduce to the form for the moment of inertia of 
the circle (Prob. 3). 

The polar moment of inertia of the ellipse with respect to its center will 
be equal to ^^ 

/.-/,+/y=^(a« + 6«) (3) 



113. Summary of Formulas for Moments of Inertia of Areas. — 

It will be found desirable to memorize the following formulas 
for moments of inertia of areas which have been deduced in the 
preceding problems. 

The formulas are expressed m terms of the dimensions, as 
determined in the problems (Art. 112), and also m terms of A, 
the total area in each case. Since/ ^AfP- (Art. 109) the value 
of pj the radius of gyration, may be easily determined for each 
area. 

l9 ^ ~^¥ (^^^^^^^y ^^^ through center of gravity). 

-«- = -^ (Rectangle, axis through base). 

6 A* Ah^ 
^ — = (Triangle, axis through center of gravity). 



36 18 

&/i» ^ Ah^ 
12 6 



(Triangle, axis through base). 



-J- = —^ (Triangle, axis through apex). 
•^ -J- = —^ (Circle, diameter as axis). 

(Ellipse, about axis 2 6). 



4 4 

Tcai^ AV 



(Ellipse, about axis 2 a). 



4 4 

Polar moments of inertia with respect to centers of gravity. 

XT* Ar^ f^, , . 
"2 = "2- (Circle). 

^ (a^ + 6») = ~ (a* + V) (Ellipse). 

§ (6« + A») = A (62 + yf) (Rectangle). 
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114. Method of Determimng the Moments of Inertia of Areas 
by Dividing into Finite Parts. — Since the moment of inertia is 
always positive, the moment of inertia of an area about any axis 
is equal to the sum of the moments of inertia, about that axis, of 
the parts into which the area may be divided. 

In order to use this method the area should be divided into 
parts, whose moments of inertia about the axis in question can 
be calculated by using the formulas already deduced. Then, by 
adding together these values, the moment of inertia of the entire 
area may be obtained. In certain cases the area may be considered 
to be the difference of two areas, whence its moment of inertia 
will be equal to the difference of the moments of inertia of the 
areas in question. 

115. Ftoblems. — Moments of Inertia of Plane Areas. — The 
following problems may be solved by the method stated in 
Art. 114, using the formulas given in Art. 113. 



Problem 1. 

Find the moment of inertia of the section (Fig. 127) about the axis YY, 
passing through the top of the section, also about axis YiYi, parallel to FF, 
through center of gravity. 
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Fig. 127. 



Solution. — First find the moment of inertia about the axis YY. 
Divide the section into rectangles A, B and C. The moment of inertia of 
A and B combined will equal 

W 5 X P _ 5 
3 " 3 3' 

The moment of inertia of C will equal 

hh* ^ 1X7* 343 
3 3 "" 3 ' 



i' 
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Hence for the entire area 

- 5 . 343 348 --^ .. .. 
/y = 3 + -3- «» -3- = 116 (ins.)*. 

The distance of the center of gravity from YY will be equal to 

TiAx 5X0 .5 + 7 X 3.5 ^ ^- . 
^'=T"" 5+7 ^'^"^ 

Substituting in the fonnula / » /o + Xo^A 

116 = Jo + 12 . (2.25)», 

and the moment of inertia about the axis YiYi will be equal to 

/o = 55.25 (ins.)*. 
Problem 2. 

Find the moment of inertia of the trapezoid (Fig. 128) about its base. 



Fig. 128. 

SokUion. — Divide the area into two triangles, A and B, The moment of 
inertia of A about the axis YY will equal 

^^•„4X6»^ 
T"-i-"216, 

and the moment of inertia of B about the axis YY will equal 

^»8X6^«144 
12 12 

Hence ly = 216 + 144 = 360 (ins.)*. 

Problem 8. 

Find the moment of inertia of the trapezoid (Fig. 128) about an axis through 
its center of gravity parallel to its base. 

Problem 4. 

X Find the moment of inertia of the cross section of a hollow circular cylinder 

about its diameter; outside diameter of cylinder » 12 inches and inside 
diameter = 8 inches. 

Find the polar moment of inertia of the section with respect to its center. 

/ Problem 5. 

Find the moments of inertia of the section (Fig. 129) about the axes 1-1 
and 2-2 through its center of gravity. 
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116. HomentB of loertia of Structural Shapes. — The mo- 
ments of inertia of aome of the structural shapes can be found 
by dividii^ the areas into rectangles and triangles, neglecting the 
rounds, or fillets, at the comers. 
ProblemB. 

Find the moments of inertU of the sections (Pigp. 130a, b, c, d, e) about the 
axee l-I and 2-2 paaaing throi^ their centers of gravity. 
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117. Moments of Inertia of Built-up Sections. — In various 
types of structures (bridges, buildingSy etc.)i it is frequently neces- 
sary to combine structural forms in making up the different parts 
and, in determining the stresses in these parts, it may be necessary 
to know the moments of inertia of their cross sections about cer- 
tain axes passing through their centers of gravity. In the manu- 
facturers' handbooks there are tables in which may be found the 
distances of the centers of gravity of the sections from the outside 
surfaces; also, values for the moments of inertia of the sections, 
about two axes at right angles passing through the center of 
gravity, similar to the axes 1-1 and 2-2 of forms shown in Fig. 130. 

The following problems illustrate the methods of determining 
moments of inertia of these sections. 

Problem 1. 

Find the moment of inertia of the section (Fig. 131) about the axis 1-1 
through its center of gravity. 
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Fig. 131. 



The section shown is that of a standard plate girder, made up of a web 
plate, 30" X i", two flange plates, 12" X f ", and four angles, 5"X 3j"X J", 
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with the 5" leg placed horizontally. The area and moments of inertia of the 
angle are shown in the detail sketch. 

Sclulion, — To determine the moment of inertia /i, find the difference of 
the moment of inertia of a rectangle 12" X 30.75", including the whole area, 
and that of a rectangle, 11.5" X 30", and add the sum of the moments of 
inertia of the four angle sections about the axis 1-1. Thus, by use of the 
formulas (Arts. Ill and 113), we have 

12 X (30.75)» 11.5 X (30)» 



/i = 



+ 4 [4.05 + 4.00 X (14.09)«] = 6392 (ins.)*. 



12 12 

Problem 2. 

Find the moment of inertia of the section (Fig. 131) about the vertical 
axis 2-2. 

Problem 3. 

Find the moment of inertia of the section (Fig. 131) if two additional flange 
plates 12" X %" are added to each of the flanges. 

Problem 4. 

Find the moments of inertia and the radii of g3rration of the built-up sections 
(Figs. 132a, 132b, 132c), about the axes 1-1 and 2-2, passing through their 
centers of gravity. Moments of inertia are given in (ins.)^ and areas in (ins.)*. 
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118, Product of Inertia. — There are certain quantities which 
will occur in the further discussion of moments of inertia, which 
are second moments, represented by such mathematical expres- 
sions as 

jxydM, JxydW, jxydA, etc. 

These quantities are called 'products of inertia, or, sometimes, 
moments of deviation. They are numerical quantities which will 
be of value only as they will be found to enter into the determi- 
nation of the relations between moments of inertia of solids and 
areas with respect to different axes. 

We shall use the symbols K, Ki, Kgy, etc., to denote products 
of inertia, the subscripts, when used, indicating the axes, or 
planes, with respect to which the products are taken. 

Unlike the moment of inertia, the product of inertia may evi- 
dently be either positive or negative. 

119. Product of Inertia of an Area. — The product of inertia 
of an area with respect to two coordinate axes may he defined as 
the limit of the sum of the products of the elementary areas into 
which it m>ay be conceived to be divided and the product of their 
distances from the two codrdinaie axes. 

Referring to Fig. 121, the product of inertia of the area with 
respect to the axes OX and OY will be 



K 



= / xydA, 



RELATION BETWEEN PRODUCTS OF INERTIA 



149 



For that part of the area lying in the first and third quadrants 

j xydA will be positive, and for that part in the second and 

fourth quadrants it will be negative. Whether the product of 
inertia of the whole area is positive, or negative, will depend 
on its distribution in the different quadrants; and it is evident 
that the area might be so located that its product of inertia 
would be zero. 

The units in which the ^product of inertia of an area is expressed 
are evidently the same as the units of moments of inertia, the 
linear dimension entering into the expression for the product of 
inertia as the fourth power. Hence we may use the symbol 
(inches)*, (feet)*, etc., to denote the units of products of inertia. 
The product of inertia expressed in (inches)* will evidently be 
(12)* times its value expressed in (feet)*. 

120. Relation between Products of Inertia of Areas with 
Respect to Parallel Axes. — Proposition: — The product of in- 
ertia of an area vrith respect to a pair of rectangular coordiruUe axes 
is equal to its product of inertia with respect to a pair of parallel 
axeSj passing through its center of gramty^ increased by the area 
multiplied by the product of the coordinates of its center of gravity 
with respect to the first pair of axes. 




Fig. 133 



Proof. — Let A = the area of mnq (Fig. 133) and let OX and 
OF be any pair of rectangular axes in its plane and OiXi and OiY\ 
a pair of parallel axes through its center of gravity, Oi. 
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Let K = j xydA equal the product of inertia with respect to 

OX and OY and Ko = Cxiyi dA, that for OiXi and OiYi. 

Since x = a;o + Xi and y = yo + y\, 

X = j xydA ^ I (xiyi + Xiyo + Xoyi + Xoyo) dA 

= I XiyidA + yo I XidA+xo j yidA+xoyo I dA. 

Since OiXi and OiFipass through the center of gravity the statical 
moments j XidA and f yi dA are evidently equal to zero (Art. 98). 

Hence K^Ko + XoyoA- . . . (1) Q.E.D. 

121. Problems. — Products of Inertia. To deduce the value 
of. the product of inertia of a plane area with respect to two 
rectangular coordinate axes in its plane, we may let dA =^ dxdy 
and determine K from the formula 

^«ir= \xydA=^ I jxydxdy, 

by double int^ration. 

The expression j xydA may also be interpreted in the following 

manner: 

If the area is divided into strips parallel to one of the coordi- 
nate axes we may let dA equal the area of one of the strips and 
xydA its product of inertia; in which case x and y will be the 
coordinates of the center of the strip with respect to the axes. 
Thus, if the strip is parallel to the X-axis, y will be constant for 
all points in the strip, and x will be the distance of its center from 
the F-axis. Hence we may say that xdA is the moment of the 
area of the strip about the F-axis and xydA is its product of in- 
ertia with respect to the X- and F-axes. The product of inertia 
of the entire area will then be equal to 



/ 



xydA. 



This method will be used in the following problems. 
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ProUem 1. — Rectaofle. 

Find the product of inertia of the rectangle with reepect to a pair of axes, 
OX and OK, coinciding with two of its sides, whose lengths are equal to h and 
h (Fig. 134). 

Y 




Fig, 134. 

Solution. — Consider the area to be divided into elementary strips parallel 
to OX, Then, for one of these strips, the area dA -> & dy; the moment 

xdA = o^^y ^ "o^y ^^^' ^S) » *^^ ^^® product of inertia xydA^ 2 ^^ 
(Art. 119). Therefore, the product of inertia of the entire area with re^)ect 
to the axes OX and OY will be equal to 

It is evident that if either one, or both, of the axes had been taken through 
the center of gravity of the rectangle and parallel to the axes given, the value 
of K would have been zero. 

Problem 2. — Triangle. 

Find the product of inertia of the right triangle about a pair of axes, OX 
and OYf coinciding with the sides of the right angle (Fig. 135); also, about 
a pair of axes through the center of gravity, parallel to OX and OY. 




Fig. 135. 
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SduHon. — Let h » the base and h = the altitude of the triangle. Con- 
sider the area to be divided into elementary strips parallel to OX, 
For one of these strips, the area 

dA = Ldy = T (A - y) dy, 

6* 
the moment zdA ^ ^^ (A — y)* dy (Art. 98), 

and the product of inertia 

xydA=j^(h-y)*ydy (Art. 119). 

Therefore the product of inertia of the entire triangle with respect to the axes 
OX and OY will be equal to 

K^fxydA^^,f\h^-2hy* + y*)dy=^., . . (1) 

By substituting in formula (1) (Art. 120) we may determine the product of 
inertia of the triangle with respect to a pair of axes parallel to OX and OY 
through its center of gravity, as follows: 

"2? "^""^3^3^T 



and 



iJCo=- 



72 



(2) 



Problem 8. — Circular Quadrant 

Find the product of inertia of the circular quadrant with respect to the 
radii bounding its area. 




Fig. 136. 



SoLvJbion. — Let r — the radius of the circle (Fig. 136). Ck)nsider the 
quadrant to be divided into elementary strips parallel to OX, For one of 
these strips, the area 

dA = (r« - y«)* dy, 



the moment 

and the product of inertia 



xdA --:^(r*'-y*)dy, 



xydA = 2 fr' "~ y*) y^V' 
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Therefore for the entire area 

K^ fxydA^\f^{r^^V^)dy^'!^ (1) 

To determme the product of inertia with respect to a pidr of parallel axes 
through the center of gravity we have 



a;© = 2/0 = 



4r 



(Prob. 6, Art. 201). 



Hence 



and 



8-*' + 






0165r* (2) 



122. Product of Inertia of an Area with Respect to a Pair of 
Azesy one of which is an Axis of Symmetry. — 

Proposition: — The prodiLCt of 
inertia of an area with reaped to a 
pair of axes J one of which is an axis 
of symmetry, is equal to zero. 

Proof, — Let abc (Fig. 137) rep- 
resent any area that is symmet- 
rical with respect to the axis OY, 
Consider the area to be divided 
into elementary strips, parallel 
to the axis OX, 

Following the method of Art. 
121, the area of any one of these 
strips will be equal to dA = Ldy 
and, since its center is on OF, 

its moment x dA = (Art. 98). Hence its product of inertia 
xydA^'O and therefore the product of inertia of the entire area 




Fig. 137. 



K= jxydA =0. 



123. Problems. — Illustrating the Method of Detemuning 
the Products of Inertia of Areas by Dividing into Finite Parts. — 

The product of inertia of an area with respect to a pair of 
rectangular coordinate axes will evidently be equal to the alge- 
braic sum of the products of inertia of the parts, into which it 
may be divided, with respect to the axes. 

Problem 1. 

Find the product of inertia of the angle section (Pig. 138) with respect 
to the axes OiXi and OiFi, through its center of gravity, the oodrdlnates of 
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which with respect to the center lines, OX and OY^ of the legs are shown in the 
figure. 

SoLvJUon, — Divide the section into the rectangles M and N as shown. 
The values of K for both of these rectangles with respect to the axes OX and 
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Fig. 138. 
OY will equal sero (Art. 122). The combined area of M and N will equal 

^ + o ^ ^ square inches. Then, by substituting in the formula, 

K^Kq + XoVoA (Art. 120), 



Xo = - 3.69 (ins.)<. 



we have 

and 

Problem 2. 

Find the product of inertia of the trapezoid (Fig. 139) with respect to the 
parallel sets of co5rdinate axes, OX and OY; OtX and OtYi\ OiXi and OxYi 




Fig. 139. 

through the center of gravity; the co5rdinates of the center of gravity being 
shown in the figure. 

SahUion, — We wiU first compute Kt, the product of inertia with respect 
to OiX and OiFt. 
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Divide the area into the triangle A and the rectangle B. From formula (2) 
(Art. 121) we have for the triangle 

b«A« ^ 36 X 144 
24 24 

and from formula (1) (Art. 121} we have 

__6^^ 100X144 
4 4 



216, 



-3600, 



the product of inertia being negative since the area is in the second quadrant. 

Therefore Kt - 216 - 3600 = - 3384 (ins.)*. 

The product of inertia Ko, with respect to the axes through the center of 
gravity, can next be found by substituting in formula (1) (Art. 120), notiog 
that xo = - 3.38, ^d yo » 5.54. 

Then - 3384 = Ko - 3.38 X 5.54 X 156, 

and Xo = - 463 (ms.)^ 

By substituting agidn in formula (1) (Art. 120) we may find the value of K, 
the product of inertia with respect to OX and OY. In this case both Xo and 
yo are positive and 

Z = - 463 + 6.62 X 5.54 X 156 - 5258 (ins.)*. 

124. Relations between the Moments and Products of Inertia 
of an Area about Different Pairs of Coordinate Azesi Pas^sing 
through the Same Point — Let J« and /y equal the moments 
of inertia and K equal the product of inertia of the area abc (Fig. 
140) with respect to the rectangular coordinate axes, OX and 




Fig. 140. 



OY, through any point in its surface; and let /xi, ly^ and Ki equal 
the moments and product of inertia with respect to any other 
pair of rectangular axes, OXi and OYi, passing through this point 
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Let dA be any elementary area whose coordinates with respect 
to OX and OF are (x, y) and with respect to OXi and OFi are 

Let a = the angle between the axes OX and OXi, and hence 
between OY and OYi. 
By definition we have 

Is=Jy^dA, Iy=fx^dA, K=fan^dA, 

Ix,='Jyi^dA, Iy^=Jxi^dA, Ki=J XiyidA. 

But Xi = X cos a + y sin a and yi = y cos a — x sin a, 

and hence 

Xi^ = x' cos* a + y^ sin* a + 2 xy cos a sin a, 
2/1* = X* sin* a + y* cos* a — 2 xy cos a sin a, 
Xiyi = xy (cos* a — sin* a) — (x* — y*) cos a sin a. 

Substituting these values in the equations for Ix^, /y, and Ki, 
we have 

Ixi= sin*a / x*dA+ cos*a I 2/*dA— 2cosasina I xydA, 



/«. = cos' 



Vi 



a I x*dA+ sin*a I 2/*dil+ 2cosasina / xydA, 



Ki = cos a sin a j y^dA— j x^dA\ + \ cos* a — sin* a\ I xydA. 

Therefore Ixi = /» sin* a+ Ig cos* a — 2K cos a sin a, . . (1) 

/y, = ly cos* a + /, sin* a + 2K cos a sin a, . . (2) 
Ki = cos a sin a (/, — /y) + (cos* a — sin* a) K. . (3) 

Equations (1), (2) and (3) express the relations between the 
moments and products of inertia of a plane area with respect to 
any two pairs of rectangular axes, passing through any point in its 
surface. 

126. Principal Moments of Inertia of Areas and Principal 
Axes. — Proposition: — In every area, a given point being assumed 
as origin, there is ai least one pair of rectangular axes, about one 
of vjhich the moment of inertia is a maximum, and the other a mini- 
mum; these momerds of inertia being called principal moments 
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of inertia, and the axes abovi which they are taken being called 
principal axes. 

Proof. — By diflferentiating the value of Is^ (equation 1, 
Art. 124) and placing the derivative equal to zero we have 

-pi =2cosasina/»— 2cosasina/,— 2jRL(cos*a— sin*a)=0. (1) 

Solving this equation, 

2 cos a sin a 2K 



cos* a — sin* a Iv — I 



y -»« 



2 K 
and tan 2 a = t _ j (2) 

Hence, for the value of a given by equation (2), Ix^ will be a 
maximum, or minimum; and, as there are two values of 2 a cor- 
responding to the same value of tan 2 a, these two values differ- 
ing by 180*^, the equation will give two values of a, differing by 
90°. For one of these values, Ix^ will be a maximum and the other 
a minimum. Q.E.D. 

Comparing equation (1) with equation (3) (Art. 124) we have 

?^=2Xi, 
da 

and hence the product of inertia of an area with respect to a pair 
of principal axes is equal. to zero. 

It should be noted that by differentiating the value of /y, (equa- 
tion 2, Art. 124) and placing the derivative equal to zero we 
would obtain the same results. 

126. Axes of Symmetry of Areas are Principal Axes. — Since 
for any pair of axes in the plane of an area, one of which is an axis 
of symmetry, K = (Art. 122), it follows that an axis of sym- 
metry is a principal axis (Art. 125). The second principal axis 
may be any line in the plane of the area perpendicular to the axis 
of symmetry. Whether the moment of inertia of an area about 
an axis of symmetry is a maximum or a minimum will depend on 
the shape of the area and also upon the position of the second 
principal axis. 

When the moments of inertia abovi both principal axes are equaly 
it follows thai the momerds of inertia abovi all axes, passing through 
their poini of iviersedion, are equal. Examples of such areas 
would be the square, circle, regular polygons, certain built-up 
sections of columns, etc. 
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127. Ellipse of Inertia. — If OX and OY are principal axes 
for any plane area (Fig. 141), the value of the moment of inertia 
about any axis OXi^ making an angle a with OX, may be found 
by substituting J? — in equation (1) (Art. 124), which will give 

/x,= /ysin^a + /,cos*a (1) 

In a similar manner the moment of inertia about the axis OFi, 
perpendicular to OXi, will be equal to 



/yj= /yCOS^a + /,sin*a. 



(2) 




Fig. 141. 



If we construct an ellipse with the semi-axes, a and 6, coinciding 
with OX and OY and let r = the length of the semi-diameter OC^ 
the coordinates of C being (x, y), we will have 

X = r cos a, y = r sin a. 
Substituting these values in the equation for the ellipse, 

„% "T" 1,2 ^> 



a' 



will give the polar equation 



a* sin* a + 6* cos* a = — r-, 



(3) 



Comparing equations (3) and (1); if we let 

/,= 6* and /,= o*, we will have 

a«6» IJy 



/..= 



(4) 
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In a similar manner we can prove that 

/w = ^', • . . (5) 

where n equals the semi-diameter 0C\. 

Therefore, if for any area an ellipse is constructed with its semi- 
major and semi-minor axes equal to the square roots of the princi- 
pal moments of inertia, the axes of the ellipse being laid off per- 
pendicular to the principal axes, the moment of inertia about any 
other axis passing through the origin will be equal to the product 
of the principal moments of inertia, divided by the square of the 
semi-diameter intercepted on that axis by the ellipse. 

The ellipse so constructed is called an ellipse of inertia, or 
momerUal ellipse. 

The proposition shows that the moments of inertia of a plane 
area about a system of axes passing through any point in its surface 
are inversely proportional to the squares of the distances inter- 
cepted on those axes by the ellipse of inertia, and hence we may 
draw the following conclusions: 

(a) // the principal moments of inertia are equals the ellipse of 
inertia becomes a circle and the momerds of inertia about all axes 
passing through the origin are equal, 

(b) // the mom£rds of inertia ab&ul more than two axes, not rec- 
tangular, passing through a given point are equal, the ellipse of inertia 
must he a drde and the moment of inertia aboiU aU axes passing 
through that point will be the same. 

(c) For every axis of inertia passing through a given point 0, 
there is another axis, making an equal and opposite angle with the 
principal axis, about which the moment of inertia is the same. 

By adding equations (1) and (2) we get 

I^+Iy, = h+Iy; (6) 

that is, ffie sum of the moments of inertia about any pair of rectangular 
axes passing through a point is equal to the sum of the moments of 
inertia about the principal axes passing through that point. This 
relation would follow directly from the proposition in Art. 110. 
It win also be evident that the following relation will exist between 
the radii of gyration 

P..' + P..' = P.' + Py' (7) 
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Another way of stating the proposition in regard to the ellipse 
of inertia is the following: 
Equation (1) may be written 

P«i* = Pv^ 81^* « + p,* cos* a (8) 

If ED is the tangent to the ellipse, parallel to OYi, we have for one 
of the properties of the ellipse 



OD' = a* cos* a + 6* sin* a. 



(9) 



Comparing equations (8) and (9); if we let Px = a and py = 6, 
we shall have px^ = OD: which shows that if the principal radii of 
gyration are laid off along the principal axes, OX and OY, and 
an ellipse is constructed with these as semi-major and semi-minor 
axes, the radius of gyration about any other axis, OXi, will be 
equal to the distance intercepted on that axis between the origin 
and the tangent to the ellipse which is perpendicular to OXi, 

128. Problems. — Moments of Inertia about Inclined Axes. 

Problem 1. 

Find the moment of inertia of the triangle (Fig. 142) about the axis XtXt, 
making an angle of 60^ with the principal axis OX through its center of gravity, 
and intersecting OX at the distance of 10' from the center of gravity. 




Fia. 142. 



SoluHon. — The moment of inertia about the axis XiXi passing through 
the center of gravity, parallel to XtXt, may be found from the equation 

Ixi = /y sin"a + /xCOS*a (Art. 127). 
In this case a = 60% /, = 162, ly = 96. 



SubetitutJog ihem values we have 

/z, = 96 X I + 162 X ^ - U2.5 (ina.)*. 
Then /„ = /„ + xo'A (Art. Ill) 

and /„ = 112.5 + 38 X (5 V3)" - 2812.5 (ma.)*. 

Problem 3. 

Find the principal axes and principal moments of inertia ot the eectJon 
(tig. 143), the foUowing values being given: 



I = 10.00 (in 
■ 4.05 (in 



na.)'< (Prob. 1, Art. 123). 



Tia. 143. 
SolvtioTt. — Substituting in equation (2) (Ait. 125) we have 

2o=51°7', or 231° 7'. 
a =-25° 34', or US" 34'. 
Then, from the equation, 

Ji, =/v8in'o + /,co8>a-2Kcoeasina(Art.l24), 
we have It, = 4.06 sin' (25° 34') + 10.00 coe' (26'" 34') 

+ 7.38 (cm 25° 34') (sin 25° 34') 
= 11.77 (ins.)* (Maximum), 
and /», = 7,coB»« + /ifdn'a + 2ffcoHa3ina 

= 4.05 cos' (25° 34') + 10.00 sin' (25* 34') 

- 7.38 (ooa 25° 34') (am 25° 34') 
-2.29 (ins.)* (Minimum). 
Note. — If the functions of 115*34' were aubetituted in above equationa 
III would be the moment of inertia about the axia marked OYi and ly^ would 
be the moment of inertia about the axia marked OXi. 

An inapection of the equations will show that it is immaterial which one 
of the angles is used. 
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129. Moment of Inertia of a Solid. — The moment of inertia 
of a solid body with respect to a given axis may be defined as the 
limit of the sum of the products of the weights of the elementary 
particles, which make up the body, and the squares of their dis- 
tances from the axis. If dW denotes the weight of an elementary 
particle and r its distance from the axis, the moment of inertia 
with respect to the axis may be expressed as 



=/ 



r^dW. 



The moment of inertia may be similarly defined in terms of the 
mass of the body, in which case 



'■=/ 



r^dM 



where dM represents the mass of an elementary particle and r its 
distance from the axis. 



Since 



dW 
dM = — it follows that 

g 



I.-'- 

9 
Since we are using the gravitation system of units, we shall 
always calculate moments of inertia in terms of units of weight, 
unless otherwise designated. 




FiQ. 144. 

In the discussion of moments of inertia of solids we have to 
deal with the second moments given by the expressions: 

Jx^dW, Jy^dW, and fz^dW, 
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which may be defined as the moments of inertia with respect to 
the X, Y and Z planes, respectively, dw being the weight of an 
elementary particle whose coordioates are {z, y, z) (Fig. 144). 

We may also define the quantity / e^ dW as the moment of 

inertia of the solid with respect to the points. 

An inspection of Fig. 144 will show that the moments of inertia 
of the solid about the axes OX, OY and OZ may be expressed in 
terms of the moments of inertia with respect to the planes as 
follows: 

/, ^Jr2dW=-f(x^ + y^)dW=Jx^dW+fy^dW, 

I* = jy^ dW+Jz^ dWj 

Iy= fx^dW+fz^dW. 

The moment of inertia with respect to the origin, 0, will be equal to 
fe^dW = Jix^ + y^ + z^) dW = Jx^ dW+fyH W+Jz^ dW. 

In engineering computations involving moments of inertia of 
solids, the only values used are those of the moments of inertia 
with respect to the axes. 

. 130. Units of Moments of Inertia of Solids. — In computing 
moments of inertia of solids, if we use pounds for imits of weight 
and feet for units of distance, the quantity, 



-/ 



r^dW, 

will evidently be expressed as the product of pounds and (feet)* 
and we may designate the units as pounds (feet)*. In a similar 
manner, if inches and pounds are used in the computation, the 
units will be pounds (inches)*. Other units might be tons (feet)*, 
kilograms (centimeters)*, etc. No simple names have been de- 
vised for these units, which would be read as "pounds feet 
squared," "pounds inches squared," etc. We frequently designate 
them, however, by such terms as foot-pound units, inch-pound 
imits, etc. The moment of inertia expressed in pounds (feet)* will 
evidently be equal to the moment of inertia expressed in pounds 
(inches)* divided by (12)*. 
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131. Radius of Gyration of a Solid. — The radius of gyration 
in terms of the mass of a solid has already been defined (Art. 109) 
as being equal to 

where Im is the moment of inertia in terms of the mass and M is 
the entire mass of the solid. 

Multiplying and dividing by V^, we have 



-sfl- 



W 

where / equals the moment of inertia in terms of the weight and 
W equals the entire weight of the solid. 

Hence / = TTp*, 

that is, the moment of inertia of a solid in terms of units of weight 
is equal to the product of the weight of the solid and the square of 
its radius of gyration. 

132. Relation between the Moment of Inertia of a Thin Flat 
Plate and that of an Area. — Let abc (Fig. 145) be a homogeneous 




Fig. 145. 

thin flat plate of imiform thickness, t, and uniform weight per 

unit volume, w. Let 7 = / r* dW equal the moment of inertia 

about the axis YY in the middle layer of the plate. Let the 
thickness be so small that we may take for the elementary particle 
a prism, the area of whose base equals dA, whose height equals 
(0, and perpendicular distance from YY equals x. Then the 
weight of the particle dW = vjt dA, and its moment of inertia about 
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YY will equal wtx^ dA. Hence the moment of inertia of the entire 
plate about YY will be equal to 



x^dA. 



I =Jr^dW = wl j:i 

But j z^dA IB the moment of inertia of the area of the plate 

about YY. 

Therefore, tiie moment of inertia of a thin flat plate, of uniform 
thickness and material, ab&ui an axis in its plane is equal to the 
moment of inertia of the area of the plate about that axis multiplied 
by the weight per unit volume tim^ the thickness of the plate. 

It is evident thai the same relation vnll exist for an axis perpendicu- 
lar to the plate. 

133. Relations between Moments of Inertia of Solids about 
Parallel Axes. — Proposition: — The moment of inertia of a solid 
about any axis is equal to its nunnent of inertia about a parallel axis, 
passing through its center of gravity ^ plus the prodxACt of the weight of 
the solid and the square of the perpendicular distance between the 
axes. 

Proof. — Let abc be any solid, whose weight is equal to W, and 
let / equal its moment of inertia about any axis ZZ (Fig. 146). 




FiQ. 146. 

Let ZiZi be an axis parallel to ZZ passing through Oi, the center 
of gravity of the solid. Let dW be the weight of any elementary 
particle, the perpendicular distances of which from ZZ and ZiZi 
are r and n, respectively, and let r© be the perpendicular distance 
between the axes. Let 6 equal the angle between n and ro. 



/ 
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The moment of inertia of the solid about the axis ZZ will be 
equal to 

and that about ZiZi will equal 

= fri^dW. 

From the triangle in the figure we have 

r* — fi* + To* — 2 nro cos 6. 

Hence / = j(ri^ + ro^ - 2 nro cos 6) dW 

=Jri^dW+ro^JdW-2rojriCoaedW. . . (1) 

Through the center of gravity Oi assume an axis OiXi, in the 
plane of ZZ and ZiZi. Then, if Zi is the coordinate of the particle 
dW with respect to the Xi plane through Oi, it is evident that 

Xi = — ri cos 6, 

and from equation (1) we have 

I-= Io + roW+2rofzidW (2) 

But, since ZiZi passes through the center of gravity, the quantity 
/ Xi dWy the moment of the weight with respect to the X\ plane, 
will equal zero (Art. 89). 
Therefore / = /o + roW (3) Q.E.D. 

It is evident that equation (2) will give the relation between the 
moments of inertia of a solid with respect to any two parallel axes. 
Since for the solid, / = Wp^ (Art. 131), if we let p = the radius 
of gyration about the axis OZ and po = that about OiZi we shall 
have by substituting in equation (3) 

Wp^ = TFpo* + TTro^, 
and hence 

P^ = Po*+ro* (4) 

If the solid is m the form of a thin flat plate, perpendicular to 
ZZ, it is evident that this proposition gives the relation between 
the polar moments of inertia of the area of the plate about parallel 
axes. For, by dividing each term by the product of the weight 
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per unit volume and the thickness of the plate (Art. 132), equations 
(2) and (3) reduce to 

/. = /«,+ rM +2ro jXidAf .... (5) 

and /. = /^ + roU, (6) 

where /« and I,^ are the polar moments of inertia of the area of 
the plate about the axes ZZ and ZiZi, respectively, and A equals 
its area. 

134. Problems. — Deduction of Formulas for Moments of 
Inertia of Homogeneous Solids. — In the solution of the follow- 
ing problems the solid in each case will be considered as made up 
of elementary slices. The moments of inertia of these slices about 
different axes through their centers of gravity may be determined 
from the formulas for moments of inertia of areas (Art. 113) by 
the method given in Art. 132. When necessary, the moment of 
inertia of a slice about an axis, parallel to the axis through its 
center of gravity, may be found by use of the formula 

7 = /o + roW (Art. 133). 

In this manner the expressions for the moments of inertia of 
the elementary sUces of a solid about different axes can be derived, 
the integration of which will give the formulas for the moments 
of inertia of the entire solid. References to the above-mentioned 
articles will be omitted. 

Problem l.~T1iin Straight Rod of Unifonn 
Section. 

Deduce the formula for the moment of inertia 
of a thin straight rod about an axis through one 
end. 

Solution. — If the cross section is so small that 
we can, without appreciable error, consider the 
mass of the rod as though it were concentrated o< 
along its center line, we may determine the for- 
mulas as follows: 

Let L — the length of the rod and = the 
angle it makes with the inertia axis OA (Fig. 
147). Let w « the weight per unit length of the rod and W = the entire 
weight. Then W = wL, 

If dx equals the length of an elementary particle, whose distance from 
equals x, we have 

dW ^wdx, 
and r^dW = x« an^Owdx. 




Fia. 147. 
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Hence the moment of inertia about OA will be equal to 



/-Jr. 



dW ^WBin^e 



Jx 




*«te 



sm*^ (1) 



3 3 

When the rod is perpendicular to OA, 9 = 90 degrees, 

wL* WL* 



and 



/« 



3 



(2) 



WL* 



Substituting in equation (6), Art. 133, we obtain /o= -ry for the moment 

of inertia of the rod about an axis through its center of gravity and perpen- 
dicular to its length. 

Problem 2. — Rectangular Prism. 

Deduce the formula for the moment of inertia of the rectangular prism 
(Fig. 148) about the axis OZ, through the center of gravity perpendicular to 
the face. 




Fig. 148. 



Solution. — Three solutions, illustrating three different methods of deter- 
mining moments of inertia of sohds, will be given. 

Let the dimensions of the prism be a, 6, c, and let t^ = its weight per unit 
volume and TF = its entire weight. Then W — wabc. 

Refer the prism to the three coordinate axes OX, OY, OZy through its center 
of gravity, perpendicular to its faces. 

(a) Consider the prism to be made up of elementary slices, of thickness dz, 
perpendicular to OZ. The moment of inertia of one of these slices about the 
axis OZ will be equal to 

and the moment of inertia of the prism about OZ will be 



(b) Consider the prism to be made up of elementary slices, of thickness 
dXf perpendicular to OX (Fig. 148). The moment of inertia of one of these 
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alioes about an axis OiZi, through its center of gravity parallel to OZ, will be 
equal to -^ dx, and its moment of inertia about the axis OZ will be equal to 

-r^- dx + vjbca? dx. 



Then 



/.= 



a 

12 



/dx -Ywbc i * oi?dx 
a J a 



^(a'+6«)-g(a'+6'). 



t s 

(c) Consider the area to be divided into strips parallel to the X plane and 

determine the value of ix*dW (Art. 129); in a sindlar manner determine the 

» 

value of Jy* dW; thus, 

b 

i s 

Having found the moments of inertia with respect to the X and Y planes we 
can determine /« by finding their sum as follows: 



a 

Cs^dW ^wbcC* 2?dx = 



Problem 8. — Right Circular Cylinder. 

Deduce the formula for the moment of inertia of the right circular cylinder 
(Fig. 149): (a) about its axis XX \ (b) about an axis YY^ perpendicular to 




Fig. 149. 

XX at the end of the cylinder; (c) about an axis perpendicular to XX , through 
the center of gravity. 

Solution, — Let r = the radius, L = the length, to = the weight per unit 
volume and W = the entire weight. Then W = tovr^L, 

(a) Moment of inertia about the axis XX, 

The moment of inertia of a slice of thickness dx, perpendicular to XX, will 
be equal to 

w-^dx. 



• i 
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Hence the moment of inertia of the cylinder will be equal to 

(b) Moment of inertia about the axis YY. 

The moment of inertia of the elementary slice about a diameter parallel 

to YY will be equal to -j- dx, 

and its moment of inertia about YY, 

—J- dx + wrrhi^dx. 
4 

Hence ly = —j- \ dx-\- vDirr* f x^dx 

-'(^f) » 

It is evident if r is so small compared with L that the term j may be omitted 

from equation (2) without introducing a serious error, the formula will reduce 
to that for the straight rod (Prob. 1). 

(c) Moment of inertia about an axis through the center of gravity of the 
cylinder, perpendicular to XX. 

Substituting in the equation / = /o + n^W 

•-(M')-'-+-(l)- 

Hence /, = ^^r» + y) (3) 

Problem 4. — Right Elliptic Cylinder. 

(a) Prove that the moment of inertia of the right elliptic cylinder about its 
axis XX will equal 

/. = ^!^(a'+6')-^(a« + 6«). (1) 

where a and b are the semi-major and semi-minor axes of the ellipse; L, the 
length of the cylinder; w, its weight per unit volume; and W, its entire weight. 

(b) Prove that the moment of inertia of the right elliptic cylinder about an 
axis through its center of gravity, coinciding with the minor axis 2 & of its 
cross section, will be equal to 



J. uorabL 

Jo = -2 



(-+¥)-?(•• ^f) »' 



Problem 5. — Thin Hollow Circular Cylinder. 

(a) Prove that the moment of inertia of the thin hollow cylinder about 

its axis XX is equal to 

/x = Trr», (1) 

where W equals the total weight of the cylinder and r equals its radius. 
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(b) Prove that the moment of inertia of the thin hollow cylinder about an 
axis through its center of gravity, perpendicular to the axis of the cylinder, 
will be equal to 

'.-!('•+?) «) 

where L equals the length of the cylinder. 

Problem 6. — Ellipsoid. 

Deduce the formula for the moment of inertia of an ellipsoid about its 
major axis 2 a (Fig. 150) : given the equation of the ellipsoid, referred to the 
axes, OXf OY and OZ^ coinciding respectively with its major, minor and 
intermediate axes, 2 a, 2 6 and 2 c, 

a« ^ 6» ^ c« ^' 

SoltUum, — Let w >- the weight per unit of volume and W » the entire 

weight of the dlipsoid. • 

4 
Then W = -^wirabc (Prob. 3, Art. 104). 




Fig. 150. 



Consider the ellipsoid to be divided into thin slices, of the thickness dx, 
perpendicular to OX. The semi-diameters EK and GK of one of these slices, 
whose distance from O is equal to x, wiU be 

EK^-Va^-x^ and GX = - Va* - xK 
a a 

Its moment of inertia with respect to OX will be equal to 

^(a«-x«)g(a«-x«) + g(a«-x«)]dx 
wwbc (6* + c*) 



4a* 



(a« - x«)«. 
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Hence the moment of inertia of the ellipsoid about OX will be 

j^ =» ^— ^ -J (a* — 2 a*x^ + 7^)dx 

= ^uhmbc {b* + c*) = j(6« + c«). 

Problem 7. — Sphere. 

Deduce the formula for the moment of inertia of the sphere about its 
diameter. 

SoltUion. — By substituting a — b^c^r'm the formula for the ellipsoid 
we obtain for the moment of inertia of the sphere, about its diameter, 

Problem 8. 

Deduce the formula for the moment of inertia of the sphere directly by the 
method of integration. 

Problem 9. — Thin Hollow Sphere. 

Prove that the moment of inertia of the thin hollow sphere about its diam- 
eter is equal to 

where W » the total weight of the sphere and r = its radius. 

Find its moment of inertia with respect to its center and note that the 
moments of inertia with respect to the three coordinate planes through 
must be equal (Art. 129). 

Problem 10. — Right Circular Cone. 

(a) Prove that the moment of inertia of a right circular cone about its 
axis is equal to 

i=^w^'> (1) 

where W = its total weight and r = the radius of the base. 

(b) Prove that the moment of inertia about an axis through the apex, 
perpendicular to the axis of the cone, is equal to 

^"1^1+*') <2) 

where h = the altitude of the cone. 

136. Sumxnary of Formulas for Moments of Inertia of Solids. 

— For purposes of reference the following list of the fonnulas 
deduced in Art. 134 for the moments of inertia, in terms of the 
total weights, W, is given. 

— -^— sin* 6. (Thin straight rod, axis through one end making 
%j 

angle 6 with rod.) 

—5— • (Thin straight rod, axis perpendicular to rod at one end.) 
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-r^. (Thin straight rod, axis perpendicular to rod at center.) 

W 

-r^ (a^ + 6*). (Rectangular prism, axis through center of gravity 

perpendicular to face.) 

-s — (Circular cylinder, about its axis.) 

V- ^(t^'t)* (Circular cylinder, axis perpendicular to axis 

of cylinder at one end.) , 

W t L^ 

-J- ( r* + -^ j. (Circular cylinder, axis through center of gravity, 

perpendicular to axis of cylinder.) 

W 

-J- (a* + 6*). (Elliptical cylinder, about axis of cylinder.) 

W / LA 

-j-f a* + "yJ- (Elliptical cylinder, axis through center of grav- 
ity coinciding with minor axis, 2 b, of cross section.) 

Wr^. (Thin hollow circular cylinder, about axis of cylinder.) 

W/ LA 

-^(r^ + -^1. (Thin hollow circular cylinder, axis through 

center of gravity perpendicular to axis of cylinder.) 

W 

-=- (6* + c^). (Ellipsoid, about major axis, 2 a.) 
o 

2 

. -= WrK (Sphere, about diameter.) 

^ •' 

Wr\ (Thin hollow sphere, about diameter.) 



v' 3 



\ 



- 3 
' 10 ^^^'' (Rigli^ circular cone, about its axis.) 

^TFfj + A*j. (Right circular cone, about axis through its 
apex, perpendicular to axis of cone.) 

136. Method of Determining Moments of Inertia of Solids 
by Dividing into Finite Parts. — As in the case of plane areas 
(Art. 114) the moments of inertia of solids may in some cases be 
conveniently determined by dividing into parts and adding to- 
gether the moments of Inertia of the parts. 

In other cases the moments of inertia may be determined by 
finding the difference of the moments of inertia of two solids. 
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137. Problems. — Moments of Inertia of Solids. 

Problem 1. 

Find the moment of inertia of a homogeneous rod, 5' long and of rectanga- 
lar cross section (2" X 3")i about its axis XX (Fig. 151). 

Find its moment of inertia about an axis ZZ^ perpendicular to XX at the 
end of the rod; also about an axis parallel to ZZ, through the center of 
gravity. Weight of rod - 180 lbs. 




Fig. 151. 

Problem 2. 

(a) Find the moment of inertia of the solid (Fig. 118) about the axis YY 
through the center of the sphere; also about the axis XX, 

(b) Find the moment of inertia about the axis perpendicular to XX through 
the center of gravity. Weight of material » ^i lb. per cu. in. 

Problem 8. 

Find the moment of inertia of the flywheel (Fig. 152) about its axis. Weight 
of material — 450 lbs. per cu. ft. 




Fia. 152. 
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^idth of hub and rim - 20". 

Area of croes sectioQ of each arm » 40 (sq. Ids.)- 

Give results in lbs. (ft.)* and also in lbs. (ins.)** 

In this problem the moments of inertia of the rim and hub may be found 
by using the formula for the cylinder (Art. 135). The moment of inertia of 
the arms may be found with a small approximation by treating each arm as 
a rod of uniform cross section. 

Problem 4. 

Find the moment of inertia of the solid (Fig. 153) about its axis XX; also 
about the axis YYy perpendicular to XX through the end of the solid. Weight 
of material » 0.3 lb. per cu. in. 

This problem should be solved by integration. 




Fig. 153. 

Problem 6. 

Find the moment of inertia of a wedge 6" wide, 12" long and 4" thick at 
the large end, about an axis through its cutting edge. Weight of material 
B 0.3 lb. per cu. in. 

Problem 6. 

Find the moment of inertia of a solid of revolution, of the cross section 
shown in Fig. 114f, about its axis YY; also about the axis XX perpendicular 
to YY. Weight of material »> 0.3 lb. per cu. in. 

Problem 7. 

Find the moment of inertia of a cube about a diagonal. Length of side 
» c. Weight of material per unit volume ^ w, (See Art. 139.) 



138. Product of Inertia of a Solid. — The product of inertia 
of a solid is the sum of the products obtained by multiplying the 
weight of each of the elementary particles, into which it may be 
conceived to be divided, by the product of its distances from two 
of the three coordinate planes through a given point. 
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Referring to Fig. 144 the products of inertia of the solid with 
respect to the X and Y planes will be 

with respect to the Y and Z planes will be 

Ky.= fyzdW; 

and with respect to the X and Z planes will be 

JC«= fxzdW. 

The products of inertia may also be expressed in terms of the 
mass as follows: 

Ksy^^ jzydM, KyM^— jyzdM, -K««= j xzdM. 

IT 

It is evident that K^y^^ — ^ , etc. 

g 

By a method, similar to that used in the case of the moment of 
inertia (Art. 132), it may be shown that the product of inertia of 
a thin flat plate, of uniform thickness and material, with respect 
to a pair of rectangular coordinate axes, OX and OF, in the plane 
of the plate will be equal to 



Ksy = j xydw =^ wt j xy dA, 



that is: the product of inertia of the plate is equal to the product 
of inertia of its area multiplied by the product of the weight per 
unit of volume and the thickness. Hence the product of inertia 
of any solid may be found by dividing it into slices of infinitesimal 
thickness and obtaining the sum of the products of inertia of the 
slices by integration. 

By a method similar to that employed in the case of the plane 
area (Art. 123), we may determine the product of inertia of any 
solid by finding the algebraic sum of the products of inertia of 
the finite parts into which it may be conveniently divided. 

The units in which the products of inertia of a solid body are 
expressed will evidently be the same as the units of moments of 
inertia. 
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139. Product of Inertia of a Solid when one of the Coordi- 
nate Planes is a Plane of Symmetry. — Proposition: — The prod- 
ud of inertia of a homogeneous solid vrith respect to two planes at 
right angles to each other, one of which is a plane of symmetry , is 
equal to zero. 

Let abc be any solid, which is symmetrical with respect to the 
X plane, the axis OZ being perpendicular to the plane of the 
paper (Fig. 154). 

Any section of the solid, parallel to the Z plane, will be sym- 
metrical with respect to its line of intersection with the X plane. 

Let def represent such a section. The product of inertia of the 
area def with respect to its lines of intersection with the X and Y 
planes will be equal to 



/ 



xydA =0. (Art. 122.) 




Hence the product of inertia of a thin slice def of the thickness 
dZf with respect to the X and Y planes, will be equal to 



wdz \ xydA^ 0. 



Since the product of inertia of each slice is equal to zero, the 
product of inertia of the whole body with respect to the X and 
Y planes will be equal to zero, or 

K:^ = 0. Q.ED. 
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By similar reasoning we may show that the product of inertia 
of the solid with respect to the X and Z planes will also be equal 
to zero, or 

K„ = 0. 

Hence, if one of three planes at right angles to each other, 
passing through a given point, is a plane of symmetry for a 
given body, the product of inertia of the body with respect to the 
plane of symmetry and- each of the other coordinate planes will be 
equal to zero. 

It is evident if two of the coordinate planes are planes of sym- 
metry the three products of inertia are equal to zero. 

140. Principal Moments of Inertia of Solids. — By methods 
similar to those used in the case of the plane area, the following 
propositions may be deduced: 

(a) The moment of inertia of a solid about any axis passing 
through a given point can be obtained in terms of the moments of 
inertia and products of inertia for three rectangular axes passing 
through that point, when the angles which the given axis makes 
with the three rectangular axes are known. 

Thus, if /,, lyj Ig, Kxyj Kxa and Ky^ are the moments of inertia 
and products of inertia with respect to three rectangular axes OX, 
OY and OZ, it can be proved that the moment of inertia / about 
an axis through making angles a, j8 and y with OX, OY and OZy 
respectively, will be equal to 

I = Ix cos* a+ ly cos* fi + Is cos* 7 
—2 Kgy cos a cos ft — 2 K„ cos a cos 7 
— 2 Xy, cos ft cos 7 (1) 

(b) There are three rectangular axes passing through any 
given point, called the principal axes, about one of which the 
moment of inertia of the solid is a maximum and about another 
a minimimi, the moment of inertia about the third axis being 
intermediate in value between the other two, or equal to either 
one of them. 

The planes perpendicular to these axes are called principal 
planes. 

(c) The products of inertia of the solid with respect to the prin- 
cipal planes are equal to zero. 

Hence the moment of inertia of the solid about any axis, making 
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angles a, fi and y, respectively, with the principal axes OX, OY and 
OZ through any point; will be given by the expression 

/ =;= /, C08« a + /, C0S«/3 + J, cos* 7 . . . (2) 

The axes at the intersections of three planes at right angles to 
each other, two of which are planes of symmetry, will be principal 
axes (Art. 139). 

(d) The relations between the moments of inertia of a solid 
about different axes passing through any point may be expressed 
geometrically by means of an ellipsoid of inertia, or momental 
ellipsoid, corresponding to the ellipse of inertia for the plane area 
(Art. 127). 

(e) When the moments of inertia of a solid about the three 
principal axes, passing through a given point, are equal, the 
moments of inertia about all axes, passing through that point, 
are equal. 

(f) When the moments of inertia of a solid about two of the 
principal axes are equal, the moments of inertia about all axes, in 
the plane of those two and passing through the origin, are equal. 



CHAPTER V. 
KINETICS. 

§1. Kinematics: Kinetics of the Particle. 

141. Effect of Forces in Producing or Modifying Motion. -^ 

In determining the ejffect of a force, or system of forces, in pro- 
ducing or modifying motion, we may consider the body, on which 
the forces act, as being made up of a system of particles, so small 
that each one of them may be treated as though its mass were 
concentrated at a point. Any one of these particles will be sub- 
jected to the action of a system of forces, exerted upon it by the 
other particles in the body and also by outside bodies. 

In accordance with the Laws of Motion (Art. 11) we may state 
the following: 

(a) If the particle is at rest, or moving uniformly in a straight 
line, the resultant of the forces acting upon it will be equal to zero. 

(&) If it moves with an accelerated motion in a straight line, 
the resultant will act in the line of motion and be equal to the 
product of the mass of the particle and its acceleration. 

(c) If it moves in a curve, the resultant will act so as to produce 
the necessary deviation of the path from a straight line, as well as 
the acceleration, if any, of the particle in its path. 

Hence, if we know the acceleration of a particle, we can determine 
its accelerating force, which will be equal to the resultant of all 
the forces exerted upon it. Since the "action" and "reaction" 
between any two particles in a body must balance, the resultant 
of the forces acting on all the particles of a body must be equal 
to the resultant of the external forces (Art. 12) acting on the body. 

Therefore we may determine the resultant of the external forces 
necessary to impart a given acceleration to any body by finding the 
resultant of the accelerating forces necessary to impart the required 
motion to each of the particles, of which the body is composed. 

This may be regarded as a somewhat modified statement of 

D'Alembert's "Principle," which may be given in the following 

form: If forces, equal and opposite to the changes in their mo- 
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menta; per unit of time, are applied to the elementary particles into 
which any mass may be conceived to be divided, these, together 
with the external forces acting on the body, will form a balanced 
system. 

Before proceeding with the discussion of the eflfects of forces on 
the motion of a rigid body, we will consider certain fundamental 
principles governing the motion of the particle, when the path in 
which it moves lies in a single plane; in other words, a particle 
having plane motion only. 

142. Linear Velocity. — The general expression for the linear 
velocity of a particle is 

""^rt.?) (1) 

If the particle moves in a straight line its motion is rectilinear , 
and its velocity at every instant is the same in direction. If the 
path in which the particle moves is a curve its motion is curvilinear, 
and its velocity changes in direction at every instant. 

A distinction should be made between velocity and speed, the 
velocity at any instant being a vector quantity indicating the 
rate and direction of the motion, while the speed is a scalar 
quantity indicating the rate of motion of the particle in its path 
without regard to the direction. In other words, the speed is 
the magnitude of the velocity. Since the velocity of a particle is 
a vector quantity, it follows that it may be resolved into com- 
ponents by the methods of resolving vectors (Art. 146): and, 
conversely, when the components of the velocity are known, the 
resultant velocity of the particle may be obtained by finding their 
vector sum. 

It follows from the definition that the resultant velocity of a particle 
at any instant will be in the direction of its motion ai that instant. 

When the speed is constant, the motion of the particle is said 
to be uniform and the space s, passed over in the time t, will be 
e^^alto 3^^^ (2) 

When the speed is not constant, the motion is said to be variable 
and the formula for the space passed over in the time t becomes 

s = jvdt (3) 

In the British system of units, linear velocity is usually expressed 
in feet per second, which may be abbreviated, ft. per sec. 
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If a diagrain is made by plotting the displacement at the end 
of any given time as an ordinate and the corresponding time as 
an abscissa, the resulting graph will show the relation between the 
space and time at any instant, and the slope of the graph at any 
point will represent the velocity at that point, the actual velocity 
being equal to the slope multiplied by a constant depending on 
the scale of the plot. 




Fig. 155. 



Fig. 155a. 



A diagram for uniform motion is shown in Fig. 155, and for 
variable motion in Fig. 155a. 

The foregoing will evidently apply to the motion of a par- 
ticle with respect to a moving point as well as to its motion 
with respect to a so-called "fixed point" on the Earth's surface 
(Art. 6). 

143. Linear Acceleration. — Rectilinear Motion. — When the 
motion of a particle is rectilinear, the general expression for its 
acceleration is 






(1) 



\ 



When the acceleration is constant the motion of the particle is 
said to be uniformly varying. By integrating equation (1) and 
letting vo = the initial velocity, when i = 0, we obtain 



» = ^ =Vo + at. 
By integrating equation (2) we obtain 



(2) 



where 8 = the space passed over in the time L 



(3) 



y 
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Eliminating t between equations (2) and (3) we have 

V = Vvo^ + 2 as (4) 

When the acceleration is not constant, the motion of the particle 
may be said to be nort-uniformly varying^ in which case we obtain 
by integrating equation (1) 

" == ^ ° "° + X'"""' ^^) 

where a = <l> (0, and 

8 = j vdt (6) 

Also from equation (5) 

' — I ^. • • • \* ) 

In the British system of units, linear acceleration is usually ex- 
pressed in feet per second per secondy which may be abbreviated, 
ft. per sec*. 

If a diagram is made by plotting the velocity at any time as 
an ordinate and the time as an abscissa, the resulting graph will 
show the relation between the velocity and time at any instant, 
and the slope of the graph at any point will represent the acceler- 
ation at that point, the actual acceleration being equal to the 
slope multiplied by a constant depending on the scale of the 
plot. 

A diagram for imiformly varying motion is shown in Fig. 156 
and for non-uniformly varying motion m Fig. 156a. 

The space-time curve (Art. 142) may be determined from the 
velocity-time curve in the following manner. When the distances 
are measured from the starting point, that is, where t = 0, the 
ordinate to the former curve at the end of any time t will be equal 
to the area under the latter curve between the ordinates t = 
and t = t, plotted to a convenient scale. Hence, if the area under 
the velocity-time curve is divided into narrow strips and the area 
of each strip calculated by multiplying its mean ordinate by its 
width, the successive ordinates of the space-time curve will be 
equal to the partial sums obtained by adding the areas of the 
strips under the velocity-time curve between the ordinate when 
t = and the ordinates at the successive values of t. 

If distances are measured from some other point than the one 
indicated above, the ordinates of the space-time diagram will be 
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equal to the ordinates obtained in the preceding manner plus, 
or minus, a constant, the constant being equal to the space passed 
over when t = 0; that is, when the body has reached the point 
from which the time is measured. 

If a diagram is made in which the acceleration at any instant is 
plotted as an ordinate and the corresponding time as an abscissa, 




Fig. 156. 



Fio. 156a. 



the velocity-time plot may be obtained from the acceleration-time 
plot in the same manner as the space-time plot is obtained from 
the velocity-time plot. 

Since the acceleration of a particle is a quantity having both 
magnitude and direction, it may be represented by a vector, and 
accelerations may be resolved into components and combined in 
the same manner as velocities (Art. 146). 

Curvilinear Motion. — ^When a particle moves in a curved path 
with a constant or varying speed, the direction of its motion is 
constantly changing. Since acceleration is the rate of change of 
velocity, the motion of such a particle is always accelerated, 
whether its speed is uniform or varying. 

Let Vf Vi, Vi, Vz be the linear velocities at the points 6, c, d, e 
(Fig. 156b) of a particle moving in a curved path. From some 
point lay ofif the vectors OF, OFi, OV2, OVz, representing the 
velocities v, Vi, V2, v», respectively, and draw the curve FF1F2F8. 
Then, if we let be represent an element As of the path described 
in the time Af, the velocity Vi will be the resultant of the velocity 
V and the velocity VVi, acquired during the time At; and the 
acceleration of the particle at the point b will be equal to 



a» limit of 



At 



(8) 
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The curve VViV%Vz is called the hodograph of the motion and 
it is evident that if the curve is described by a point V, moving so 
as to be always at the end of the vector representing the velocity 
of the particle in its path, the velocity of V will always be equal 
to the acceleration of the particle. If we represent the accelerar 





Fig. 156b. 

tion at b by the vector a and let 4> = the angle between a and 

the tangent to the path, we may resolve the acceleration into a 

component 

On = a sin 0, 

in the direction of the normal to the path, and a component 

at = CL cos 0, 

in the direction of the tangent. 

If we let vi — V — Av, r = the radius of curvature at 6, A^ = the 
angle VOVi between the tangents at 6 and c, and resolve the incre- 
ment VVi into components parallel to at and a^ we shall have for 
the component parallel to at, 

VVi cos = At; (very nearly), (9) 

and for the component parallel to an. 



As 
Wi sin0 = vAO =v — (very nearly). 



.(10) 



Dividing equations (9) and (10) by At and passing to the limit we 
have the tangential component of the acceleration, 



dv d^8 



(11) 
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and 

asm* =-Tj =-- = a» (12) 

r at r 

the normal component of the acceleration. Hence the expression 
for the resultant acceleration of a particle moving in any curve 
will be 

..v5rr5-.-v/(|)'+^ 03) 

As in the case of velocities, the foregoing will evidently apply 
to the motion of a particle relatively to a moving point as well 
as to its motion in relation to a ^' fixed point/' 

144. Angular Velocity. — If the motion of a particle be re- 
ferred to some point 0, not in its path, then a straight line, 
joining and the particle, will have an angular displacement B 
during a given displacement of the particle. The amount of the 
angular motion d will in general be diflFerent for diflferent points of 
reference. 

The rate at which the angular displacement occurs at any instant 

is the angular velocity of the particle with respect to the point 

at that instant. Hence the magnitude of the angular velocity 

will be equal to 

de ... 

^^di^ (1^ 

where dd = the angular displacement during the time di. 

A distinction should be made between the quantity w, repre- 
senting the magnitude, or scalar part, of the angular velocity, 
which we may call angular speedj and the angular velocity, which 
may be represented by a vector, laid oflF along an axis perpendicu- 
lar to the plane of the path of the particle, the direction of the 
motion being indicated in a manner similar to that in the case 
of the couple (Art. 64). 

When the angular velocity' is constant, the angular motion of 
the particle, during the time t, will be equal to 

e==o)t (2) 

When the angular velocity is variable 

6 = fcocK, (3) 

where « = (t). 
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If the particle moves in a plane curve and v equals its linear 
velocity at any point and r = the radius of curvature of the path 
at that point, its angular velocity about the center of curvature 
will be equal to 

at rat r ^ ' 

Transposing we obtain the expression for its linear velocity, 

ds do ,-. 

''^Tt^'''^^''di ^^^ 

If the motion is referred to a point in the plane of the path, 
which is not the center of curvature, the resultant velocity v may 
be resolved into a component, 

dr 

along the radius vector r, between the point and the particle; and 
a component 

de 
''^'di' 

perpendicular to r. In this case the expression for the resultant 
linear velocity of the particle may be written 



-^vW^^ <« 

Where the quantity ^ may be called the angular velocity of 

the particle in respect to 0. 

It is evident from the above that, when the second is the unit 
of time, angular velocity will be expressed in radians per second, 
which may be abbreviated, rads. per sec. 

A diagram may be made showing the relation between the 
angular motion and the time t, in the same manner as the dia- 
grams for linear motion (Art. 142). 

145. Angular Acceleration. — The rate of change of the angu- 
lar velocity of a particle is its angular acceleration. Denoting 
this quantity by a, we have 

dco d^e ,, . 
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When the angvlar acceleration is constanty we obtam by inte- 
grating equation (1), and letting cuo = the initial angular velocity 
when < == 0, 

de 

« = ^=«o + a<, (2) 

and, by integrating equation (2), 

^=a)rf + ^a<«, (3) 

where 6 = the angular motion during the time t 

Eliminating t between equations (2) and (3) we have 

w = Vwo* + 2 a^ (4) 

When the angular acceleraiion is varying, we obtain by inte- 
grating equation (1) 

«=wo+ / adt, (5) 

where a = (t), and 

e = f <adt (6) 

Substituting in equation (1) the value of u) (equation 4, Art. 
144) we obtain the expression for the angular acceleration of the 
particle with respect to the center of curvature of its path, 

d(jj d /lds\ 

When the path is circular, r = a constant and 

_ dco _ 1 d*s ^at 
"" dr~rd^~7' (^) 

that is, the angular acceleration is equal to the quotient obtained 
by dividing the tangential acceleration (Art. 143) by the radius 
of the circle, and conversely, 

dxa 

a,=ra = r-^ (9) 

It is evident from the preceding that the angular acceleration 
of a particle is a quantity which may be represented by a vector 
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in a maimer similar to angular velocity, and that a diagram 
might be made showing the relation between the angular velocity 
and the tune, in the same manner as in the case of linear motion 
(Art. 143). 

It is evident from equation (1) that in any S3rstem of units in 
which the second is the unit of time the angular acceleration wUl 
be expressed in radians per second per second, which may be 
abbreviated, rads. per sec.*. 

146. Resolution and Composition of Velocities. — If the path 

' of a particle be referred to any two rectangular axes, OX and 

OY, in the plane of its motion, the resultant velocity v at any 

point A (Fig. 157) may be resolved into components w, and v^ 

parallel to OX and OY, respectively, (Art. 142). 




— >itb 



Fig. 157. 



If = the angle between the vector v and the axis OX, 



and 



But 



ds 
dt' 



and therefore 



and 






V COS <t>, 
t;sin0. 

dx 



i; = j7, cos^=-t-, sm0 



dx 



dy 



"^'^H^ 



^"^ dt 



(1) 



(2) 



Hence if the codrdinates x and y of any point A in the path are 
expressed in terms of t, the components of the velocity may be found 
by differentiation. 
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Conversely, if Vx and v^ are known, the resultant velocity will 
be equal to 



.-v.7Tv-v/{t)*+(|)'. • • • 



(3) 



If the particle has imparted to it any number of velocities 
simultaneously, we may resolve each velocity into components 
parallel to two axes OX and OF, as indicated above. The result- 
ant velocity will then be equal to 

where Sv, and Svy are the vector sums of the components parallel 
to OX and OY respectively. 

If OX and OY w^re taken parallel to the tangent and normal to 
the path at A, respectively, it is evident that Sr^ would be equal 
to zero. 

The following proposition concerning the relative velocities of 
two particles is important. 

If at any instant the velocity % of a particle B, relatively to a 
particle A, is known and at the same time the velocity Va of A, rda-- 
tively to an origin 0; the resultant velocity of fi, relatively to 0, wiU 
he equal to the vector sum of the velocities Vh and Va> 

The following is the proof of the above when the particles move 
in the same plane. Assume the rectangular coordinate axes OX 




8 





¥iQ. 157a. 



Fig. 157b. 



and OF in the plane of motion (Fig. 157a) and resolve Vt into 
components t^, and Vh^ parallel to OX and OY, Then Vh, and t^^ 
would be the components of the velocity of B if the point A were 
"fixed.'' Since A is moving relatively to with a velocity v^ 
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in the direction shown, the components of the velocity of B 
relatively to in the directions of the axes OX and OY will be 
equal to 

and 

where Va, and Va^ are the components parallel to OX and OF of 
the velocity of A relatively to 0. 

Hence the resultant velocity of B relatively to will be equal 
to 

and it is evident from the figure that v is the vector sum of Va 
and Vb. 

A special case arises when the distance between A and B is 
invariable; in which case the velocity of B relatively to A at any 
instant must be perpendicular in direction to the straight line AB 
joining the particles (Fig. 157b) ; that is, the path of B relatively 
to A must be a circle. If we let AB = r, 

%^ijsfr, (5) 

where « = the angular velocity of B with respect to A (Art. 144). 

Conversely, if in this case the resultant velocities of B and A 
relatively to a fixed point are known, the velocity of B rela- 
tively to A may be determined as indicated in Fig. 157b. 

147. Resolution and Composition of Accelerations. — In 
Art. 143 it was shown that the resultant acceleration of a particle 
moving in a curved path may always be represented by a vector 
lying on the concave side of the curve and that this acceleration, 
expressed in terms of the normal and tangential components, will 
be equal to 

.-VS?T^ = v/(7T+(^)"-V^i^- 0) 

When the motion is rectilinear, equation (1) reduces to 

The acceleration of the particle may be resolved into compo- 
nents parallel to the coordinate axes OX and OF in the same 
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manner as the velocity (Art. 146). Thus, if the resultant accel- 
eration of the particle at A (Fig. 158) is represented by the 
vector a, it may be resolved into components a, and ay parallel 
to OX and OY respectively, and, if /3 = the angle which the 
vector a makes with OX, 

a^^ a cos /3, and Oy = a sin /3. 

But Ox will be equal to the rate of change of the component of 
the velocity of -4 in the direction of OX (Art. 146), and hence, 






(3) 



In a similar manner Oy will be equal to the rate of change of the 
component of the velocity in the direction OY^ and hence, 






(^) 




FiQ. 158. 



Conversely, the resultant acceleration expressed in terms of its 
components in any two directions at right angles will be equal to 



Equating (1) and (5) we have for curvilinear motion 
and equating (2) and (5) we have for rectilinear motion 



(5) 



(6) 



-£-vW^ ^ 
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When the path is a circle 

Qi = ra and On = r«*. 
and hence for this case equation (1) may be written 



a = Va^'+ai* = r Va* + «^ 



(8) 



The following proposition concerning the relative accelerations 
of two particles is important. 

If at any instant the acceleration Ot of a particle B, rdativdy to a 
particle A, is known and at the same time the acceleration a^ of A, 
relatively to an origin 0, then the resultant acceleration of B relatively 
to wiU be equal to the vector sum of the acceleration at and Oa* 






J- /\ \ />«*. 



Fig. 158a. 



Fio. 168b. 



When the particles move in the same plane the proof of this 
proposition is similar to that for velocities (Art. 146). 

Resolving the accelerations a^ and Oa (Fig. 158a) into compo- 
nents parallel to OX and Oy, in the same manner as the veloci- 
ties Vb and Va (Art 146) we determine that the magnitude of the 
resultant acceleration of B relatively to is equal to 



a = \/(a6, + aaj^ + {a^^ + aa^)^ 



(«) 



and that a is the vector sum of 06 and a^. 

As in the case of velocities, when the distance AB is invariable^ 
the motion of B relatively to il is circular and the acceleration 05 
(Fig. 158b) may be resolved into a tangential component 



06, = ar, 



(10) 
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and a normal component 

06, = cuV, (11) 

where r = AB, a = the angular acceleration and « = the angular 
velocity of B with respect to A. 

Conversely, if in this case the resultant accelerations of B and 
A relatively to are known, the normal and tangential com- 
ponents of the acceleration of B relatively to A may be deter- 
mined by resolution as indicated in Fig. 158b. 

148. Momentum. — The momentum of a particle of mass m, 
moving with a velocity y, is equal to mv (Art. 10). 

According to Newton's Second Law of Motion ^.Art. 13) the 
force required to impart an acceleration a to a particle in the 
direction of its motion will be equal to 

r = ^'wi = m -1^ = m -iTj (1) 

Integrating equation (1) we obtain 

XFdt == m I dv = mivi" Vo)^ .... (2) 

where Vo = the initial velocity and vi = the velocity at the end of 
the time t. 
If F is a constant, equation (2) becomes 

Ft = m (vi - Vo) (3) 

Hence the change in the momentum of a particle, produced by 
a constant force, is equal to the product of the force and the time. 

The quantity / Fdt is called the impvlse of the farce. 

If the force acting on the particle is variable, the expression 
for the impulse during the time t will be 

Fdt. 

Hence the impulse communicated to a particle during an inter- 
val of time is equal to its change of momentum during that 
interval. 

Equations (2) and (3) may also be said to represent the time 
effect of a force. 

• It is evident that the momentum of a particle is a vector quan- 
tity having direction as well as magnitude, which may therefore 
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be resolved into components in different directions and, conversely, 
if a particle has simultaneously impressed upon it momenta in 
different directions, the resultant momentum will be equal to the 
vector simi of the components. 

Moreover, the vectors representing the different momenta will 
be in the same direction as, and proportional to, the forces required 
to produce the momenta in any given unit of time. 

By multiplying equation (3) (Art. 146) by m we obtain the 
following algebraic expression for the resultant momentum of the 
particle in terms of its components in any two directions at right 

angles to each other; 

mv = V(mv^y + (nwyy (4) 

149. Moment of Momentum. — The moment of the m^omentum 
of a particle with respect to any center, or axis, is equal to the 
product of its momentimi and the length of the perpendicular 
from the center, or axis, to the line of direction of its motion. 

If the particle of mass m moves in a circular path of radius r, 
the moment of its momentum about the center will be equal to 

mvr = WMT^j 

where w = the angular velocity of the particle about the center, 

160. Tangential and Normal Components — Deviating Forces. 
— When a particle moves in a curved path, the resultant of the 
forces acting upon it does not act in the direction of the motion, 
but must act so as to deflect the particle from a straight path 
(Art. 141). 

Ciu^ilinear motion may be produced by a constant force, or 
by a force, or system of forces, varying in any manner. The 
form of the path will depend on the variation in magnitude and 
direction of the resultant force. 

An important case is that in which the resultant force always 
acts toward a fixed point; for example, that of a body moving 
in an elliptical orbit under the influence of a force which always 
acts toward a focus. Such a force is called a central force^ and 
the fixed point the center of force. 

In any case where a particle moves in a curved path, the resultant 
force will act in the direction of the resultant acceleration. This 
force may be resolved at any instant into a component in the 
direction of the tangent, which will be equal to. 

Ft = mxity (1) 
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and a component in the direction of the normal, which will be 

equal to 

Fn^mon, (2) 

where at and an are the tangential and normal components of the 
acceleration of the particle. 
Substituting for at and an their values (Art. 143) we shall have 



and 



rt dv dH ,«v 

tt-rnat—m-^ = m-^y [p) 

Fn^man=^m'^ = ^(^^J (4) 



The component Ft will produce a change in speed only: it will 
be called for convenience the tangential force. Since the compo- 
nent Fn will produce a change in the direction of the motion only, 
it will be called the deviating force. The resultant force acting 
on the particle will be equal to 



Transposing the terms in equation (4), we obtain the expression 
for the radius of curvature of the path in terms of the deviating 
force and the velocity, 



mv^ 



'--K <«) 

If Ft= the particle will move with uniform speed in a path 
whose radius of curvature is everywhere inversely proportional 
to Fni and, if Fn = a constant also, the path will evidently be a 
circle. 

161. Centripetal and Centrifugal Forces. — When a particle 
moves in a circular path the deviating force Fn will always act 
toward the center and is commonly called the centripetal force. 
Its magnitude will evidently be that given by formula (4) (Art. 
150). 

An independent solution for the case of a particle moving with 
uniform speed in a circular path ABE (Fig. 159) is the following. 

Let V = the velocity of the particle and let r = the radius of 
the circle ABE. Let A be any point in the path and let the arc 
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AB represent the distance through which the particle will move 
in any time L The length of the arc AB will be equal to U. This 
motion may be considered as made up of two components, one 




Fig. 159. 

equal to AD, in the direction tangent to the path, and the other 
equal to DB = AC, in the direction parallel to AO, the radius 
to the point A. Let AC — «. 

The angle AOB is equal to — and 

r 

DB = « = r — rcos— • 

r 



Hence the acceleration at the point B in a direction parallel to 
AO will be equal to 

d^s V* vt 
-jT^ =— cos-- 
dt^ r r 



When 



t = Of cos - = 1 and -jj^ = — =0^. 



Therefore the centripetal force acting on the particle will be 
equal to 

(1) 



mv^ 



Fn = WIO,* = = ITlCoV, 



where <a = the angular velocity (Art. 144). 

If the speed of a particle in a circular path is not uniform, 
equation (1) will evidently give the magnitude of the centripetal 
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force in terms of the velocity at any instant, and the tangential 
component of the force acting on the particle will be equal to 

Ft = mat = mar, (2) 

where a » the angular acceleration at the given instant. Hence 
the resultant force will in this case be equal to 

F = VF,« + F»» = w Vai* + On* =?nrVa* + co^ . (3) 

According to the law of action and reaction, in every case of 
curvilinear motion there must be a force exerted through the 
center of curvature which is equal and opposite to the deviating 
force acting on the particle. 

When the particle moves in a circular path, this readion aul' 
ward, on the axis through the center of the circle, is commonly 
called the cenjtrifugal farce. 

162. Work and Energy. — Whenever a force produces motion 
in its point of application, work is performed. The work done by 
a constant force F in moving its point of application through a 
distance «, in the direction of its line of action, is equal to 

Fa. 

If the force is not constant the work done will be equal to 

Fds. 



X 



In mechanics, energy may be defined as the capacity for doing 
work which is possessed by a system of bodies, or particles, in 
virtue of their velocities, or relative positions. The energy due 
to velocity is called kinetic energy and that due to position is 
called potential energy. 

In accordance with the above definition, the kinetic enirgy of 

a body will be equal to the work necessary to produce its velocity. 

In the case of a freely moving particle of mass m, which is acted 

upon by a force F during a change in its velocity from to v, we 

have 

Fdt^mdv (Art. 146), 

which may be written 

Fvdt = mvdv (1) 
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Putting ds ^ vdt and int^rating, we have 

rPds^ Pfiw(fo = ifiw* (2) 

«/o Jo 

But j F ds ia the work done in producing the velocity v and 

hence the kinetic energy of the particle will be equal to 

E=^inw^ (3) 

By integrating equation (1) between the limits v ^^ Vi, when 
8 = 8i, and V = vof when 8 = So^we obtain 



r 



Fd8^imW-Vo% (4) 

which may be written 

Fds^Ei-EQ, (5) 



r 



where Eq and Ei are the initial and final values of the kinetic 
energy. 

Hence the change in kinetic energy during any displacement 
of the particle is equal to the work done by the impressed force. 
The above equation may be said to represent the space effect of a 
force acting on a particle. 

163. Motion of a Particle under the Action of the Force of 
Gravity. — The value of g, the downward acceleration due to 
gravity at different points on the Earth's surface, as expressed by 
the formula (Art. 18), may be considered to be constant for com- 
paratively small heights. Hence, if we neglect the resistance of 
the air, or assume that the particle falls in a vacuum, auci let h 
equal the distance through which it moves in the time t, we have, 
by substituting in equations (2) and (3) (Art. 143), 

v^'Vo+gt, (1) 

h^Vot+^gt\ (2) 

where Vo is the initial velocity downward. 

If the initial velocity is upward, we may consider the acceler- 
ation g to be a negative quantity, in which case 

» = t\) — ^, (3) 

h^vot-lgt^ : (4) 
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where v is the velocity and h the height of the particle above the 
starting point at the end of the time t. 

If the initial velocity is equal to zero, we have the case of a 
particle falling freely from rest, and 

v = gty (5) 

h = lgt' (6) 

Eliminating t between equations (5) and (6), 

V = V2^i, (7) 

^-fg> (8) 

where h is the height through which the particle, starting from 
rest, must fall to acquire the velocity v. 

If we eliminate t between equations (1) and (2) we shall obtain 

v^-Vo^=2gh, (9) 

•iS ^^ f)n 

and h = —^z ,....,. (10) 

which gives the distance through which the particle must fall to 
acquire the velocity v, when its initial velocity is Vo- 

154. Motion of a Particle on a Frictionless Inclined Plane 
under the Action of Gravity. — Let 6 equal the angle which the 
plane makes with the horizontal. The forces acting on the par- 
ticle at any instant will be the force w, exerted by gravity, and 
the normal pressure N, exerted by the plane (Fig. 160). The 
resultant force acting on the particle will be equal to 




FiQ. 160. 

w 
If the mass of the particle is equal to m » — , its acceleration 

will be equal to 

F 

a = — = a sin (>. 

m ^ 
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Substituting this value in equations (2) and (3) (Art. 143) we 
have, when the initial velocity is downward, 

V — v^+gmiBty (1) 



« = M + 2^8in^<^ 



(2) 



When the initial velocity is upward, the value of g^ in equations 
(1) and (2), may be considered to be negative. 
When the initial velocity is zero we obtain, by eliminating ty 

V = V2 gs sin 6 = V2gh, (3) 

where A = s sin 0, the vertical projection of the distance through 
which the particle moves. 

When the initial velocity is Vo, if we eliminate t between equa- 
tions (1) and (2), we shall obtain 

v^ ^ Vq* = 2g8smd = 2gh (4) 

Therefore, when a particle slides down a frictionless inclined 
plane under the action of gravity, through a vertical distance h, 
the velocity of the particle in its path will be the same as that 
which it would acquire in falling vertically through the same 
height. 

166. Motion of a Particle along a Curve under the Action of 
Gravity. — We will consider only the case where the path is a 

A 




w 
FiQ, 161. 

curve situated in a vertical plane and there is no friction between 
the particle and the surface on which it slides. Let the particle 
start from rest at A and slide down the curved surface ACD 

(Fig. 161). 
When the particle is at any point B the forces acting upon it 
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mil be Wf the force exerted by gravity, and the normal pressure 
AT, exerted by the surface. 

The resultant force R will be the vector sum of w and N. 

(a) VdocUy. — Imagine the path to consist of a large number of 
short, straight lines tangent to the curve. The velocity acquired 
by the particle in sliding down each of the straight lines is the 
same as that which it would acquire in falling through a distance 
equal to the vertical projection of that line (Art.154), and hence 
the velocity acquired in starting from rest and sliding dow n th e 
broken line through a vertical distance h will be equal to V2gh. 

Since the curve is the limiting form of the path obtained by in- 
creasing the number of the tangent lines indefinitely, it is evident 
that the velocity acquired by a particle, starting from rest at A 
and sliding down the curve through the distance AB, will also be 

equal to 

v=^V2ghf (1) 

where h is the vertical projection of AB. 

If the particle has an initial velocity vo at A and its velocity at 
B is equal to v, it may easily be shown in a manner similar to the 
above that 

v^-Vo^--2gh (2) 

(6) Normal and Tangential Components. — The resultant force R, 
acting on the particle at any point B in its path, may be resolved 
into a tangential component 



and a normal component 



v^ 



Fn = m- (Art. 160). 
r 



If Vo = 0, t; = V2 gh, 

, „ w 2gh 2wh ... 

and Fn = -= , .... (4) 

g r r 

where r = the radius of curvature of the path at B. 

An inspection of the force parallelograms drawn at the point B 
will show that, if we let ^ equal the angle between the tangent to 
the curve at B and the horizontal, 

"Fj = ly sin 0, (5) 

and 

N =^wco3<t> + Fn = wlcos<l>'i J. ... (6) 
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It is evident that at the point of inflexion C, F» » 0, and that 
at the point D, where the tangent is horizontal. Ft = 0. 

(c) Accderatian. — The tangential acceleration at any point in 
the path will be equal to 



d*« Ft . ^ 

at* m ^ 



(7) 



and the normal acceleration, 



On 



v' ^2gh 



\d) Time of Descent. — If the particle starts from rest, the time 
of descent from A to B will be equal to 

and will evidently depend on the form of the path. 
166. Simple Circular Pendulum. — Time of Oscillation. — 

Since the simple circular pendulum is a particle moving in the arc 
of a vertical circle under the action of gravity, the formulas in 
Art. 155 will apply in this case. 




Let AOB (Fig. 162) be the path, the center being at C Refer 
the motion to the vertical and horizontal axes, OX and OY, through 
the lowest point in the path. Let L = the length of the pendulum 
and h =» the distance of A, the highest point in its path from the 
axis OF. 
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Then the equation for the time of descent from A to any poiDt 
in the path whose codrdinates are (x, y) will be 

t = r"* , ^ (Art. 155). 

flxpressing da in terms of dx and dy^ we obtain for the time of 
a single oscillation from A to B 




2 



dz (1) 



From the. equation of the path, 

j/^ = 2 Lx — «*, 
we obtain 

dy _ L — X 

dx y 

and 

^■^W/ 2Lx-x* xV2L-x/ 2a;V 2l) 
Substituting this value in equation (1) and reducing, we have 

This equation can be integrated approximately by expanding 
the binomial 

which will give 

Integrating equation (3) and omitting all the terms in the series 
containing powers of x above the first we shall have 

-VK'+A) <« 

which gives an approximate value for i, the error depending upon 
the magnitude of h. 
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If h is small, compared with L, the last term may be omitted^ 
giving the fonnula _ 

t = T^ — f . . . . (5) 

which is the one most commonly used. 

The maximum allowable value of h for any given degree of 
accuracy when equation (5) is used may be very closely determined 
from equation (4). 
, ( 167. Simple Cycloidal Pendulum. — Assume that the path 
^sA.^ ilOB (Fig. 162) is the arc of a cycloid. If r equals the radius of 
the describing circle, the equation of the cycloid, referred to the 
axes OX and OF, will be 

y = r versin"^ — h v 2 rx — x^, 

T 



from which -^ = \l > 

ax ^ X 

Substituting this value in equation (1) (Art. 156) we obtain 

y^ /•* dx 

' = 2\/-J:^^rp (1) 

Integrating 

^ = 2V/J[versin-^^| = 2.V/"^ (2) 

This expression is independent of A, and therefore the time of 
oscillation is independent of the magnitude of the arc. 

158. Unresisted Projectile. — The following will apply to the 
case of a projectile which, after having been impressed with an 
initial velocity in a given direction, moves under the action of 
the force of gravity only, the resistance of the air being neglected. 

We will consider the projectile to be a particle, situated at 
(Fig. 163), to which an initial velocity is imparted in the direction 
OA. Let Vq = the initial velocity, B = angle which OA makes 
with the horizontal, w » the weight and m = the mass of the 
projectile. 

Assume the horizontal and vertical axes OX and OY through 
the point 0, and let OBC be the path followed by the projectile. 
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Let a » the resultant acceleration and v = the resultant velocity 
of the particle at any point B, whose coordinates are (x, y), and 




Fig. 163. 

resolve a and v into components Og, Oy and Vg, Vp, parallel to OX 
and OY. Since w is the only force acting on the particle. 






and 



Oy 



__(Py ___ t£ __2 



9- 



Integrating equations (1) and (2) and noting that when 

t ^Of Vg =^Vo cos 6 and t;y = vo sin 6, 
we obtain 



(1) 

(2) 



and 



dx 
», = ^ = Vo cos e, 



dy - ^ _^ 



Integrating equations (3) and (4) we obtain 

X ^ Vq cos Btj . . 



and 



y = VQsmSt — 2^'*' 



(3) 



(4) 



(5) 
(6) 



By eliminating t between equations (5) and (6) we obtain the 
equation of the path of the projectile, 

gx^ 



j/ = xtan^— ^ , 5^, 
^ 2t;o*cos*^ 

which iseyidently a parabola. 
The resultant velocity at B will be equal to 



(7) 



(8) 
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and if ^ = the angle between the tangent at B and the hori- 
zontal, 

tan <^ = ^ = 3^* (9)" 

The magnitude of the resultant acceleration at B will be equal to 

a = V(a.)» + {OyY = g, (10) 

in the direction of the resultant force w. 

Resolving a into its normal and tangential components (Art. 

143) we obtain 

ai B (7 sin ^ \ (11) 

On = flrcos0= — (12) 

T 

From equation (12) we obtain the expression 

r=-^, (13) 

g cos ^ 

which gives the length of the radius of curvature of the path at B. 
If we resolve the resultant force w into its normal and tangential 
components, Fn and F«, we shall have 

Fn=^wcos<t> = — (14) 

r 

and 

Ft -w sin <t>. . . . . . . . . (15) 

It is evident that, if we should assume a constant retarding 

force Ff acting in the horizontal direction, equations (1) and (2) 

F 
would be written a, = and Oy = — gf. From these, the 

equation of the path followed by the particle, and the components 
of its velocity and acceleration at any point, could be determined 
in the same manner as the above. 

169. Harmonic Motion. — A particle moving in a straight 
line with an acceleration which is always directed towards a point 
on the line and proportional to its distance from that point is said 
to have a simple harmonic motion. 

If we assume the line as the axis of X and the point 0, towards 
which the acceleration is directed, as the origin, the acceleration 
of the particle when at a distance x from will be equal to 
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where c is a positive constant; the negative sign indicating that 
when X is positive the acceleration is in the negative direction, 
and vice versa. 

If we let m = the mass of the particle, the force required to 
impart the acceleration at any instant will be equal to 

F = - mcx, (2) 

and its magnitude will be proportional to the distance x. 

It will be seen from the following that if a point C (Fig. 164a) 
moves with a uniform speed in a circle, the motion of a particle 
at Dy the projection of C on a diameter, will fulfill the above 
conditions. 

^-4 




Fio. 164. 



Let r = the radius of the circle, co = the angular velocity of the 
point C, and i = the time elapsing while C moves over the arc BC, 



Then 
and 
Hence, 

and 



6 = o)t 

X = r sin (d. 



dx 
V = -TT = osr cos «<...., 
at \ — ;- "* 

d^x 
a = -jj^ = — coV sin w^ = — w^x. 



(3) 



(4) 



(5) 



Therefore, the motion of the point D is harmonic and the constant 
c (equation 1) is equal to w^. Neglecting signs, the magnitude of 
the force acting on the particle will be equal to 



F = m<a% 



(6) 
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the force always acting towards and being directly proportional 
to X. Such a motion is evidently periodic, the same cycle being 
repeated for each revolution of the point C. 
When the particle is at 0, 

F = 0; (7) 

and when the particle is at Aov Ai, 

F = TWcoV, (8) 

its magnitude being the same as that of the centripetal force acting 
on a particle of equal mass m, moving with the point C. 

The time T of a complete oscillation of the point D is called 
the period of the motion. Since this will be the same as the time 
of a complete revolution of the point C, 

r = — (9) 

CO 

and, since the magnitude of the acceleration is always a = w^x, 
we may write 



r = 2ir\/- 
▼ a 



(10) 



By substituting the value of « obtained from equation (8), we 
also have 

r = 2Ty/H: (11) 

The reciprocal of the period, namely, 

is called the frequency, and is evidently equal to the number of 
oscillations per imit of time. The distance OA = r is called the 
amplityde of the motion. 

If the time is reckoned from some point other than 0, such as 
N, the projection of the point M on the diameter, 

e = (i)t + €, 

where the angle € is eqxXal to the lead, when positive, or lag, when 
negative, and is sometimes called the epoch angle, or epoch, of the 
motion. The angle cot + < is called the phase angle of the motion. 
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Substituting the above value of ^ in equation (3) and differen- 
tiating as before, we obtain 

X = r sin («< + €), (13) 

V — (or cos (coi + c), (14) 

a = — «V sin (wt + €) = — w^x (15) 

The characteristics of the motion are shown by space-time, 
velocity-time, and acceleration-time plots marked respectively 
(1), (2) and (3) (Fig. 164b). 

The space-time plot (1) may be constructed by dividing the 
base 0\T and the circumference of the circle into the same number 
of equal parts and projecting the points on the circumference on 
the ordinates erected at the corresponding points on OyT. The 
curve drawn through the extremities of the ordinates will give the 
displacement of the point D after any interval of time, and will 
evidently be a sinusoid. 

In constructing the velocity-time plot (2) it may be noted that 
equation (14) can be written 

where y = r cos {(d -(- c) is the coordinate of the point C at any 
instant. Jlence the ordinates of the curve may be determined 
by multiplying the y coordinates of the successive positions of the 
point C by the constant «. 

The ordinates of the acceleration-time plot (3) may evidently 
be determined by multipl3ang the ordinates of the space-time plot 
by — w*. 

A familiar example of a body having a simple harmonic motion 
is that of the slotted crosshead driven by a crank turning at a 
uniform speed. Another example is that of a weight on a vibra- 
ting spring, in which case the accelerating force will vary directly 
as the distance of the weight from the center of its motion. 

The motion of the simple pendulum (Art. 156) is also approxi- 
mately harmonic, for if we let B = the angle between OC and 
the radius from the center C to any point (x, y) in the path (Fig. 
162), we shall have y = L sin 9 and the tangential acceleration at 
the point will be equal to a« = g sin ^ (Art. 155). 

1/ li 
Hence — = — = a constant, and, since for small amplitudes the 
at g 

path is nearly a straight line, the motion is very nearly harmonic. 



cx 
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r I 

We may, therefore, substitute - = — in equation (10) thus obtain- 
ing the formula for the approximate period of oscillation of the 
pendulum, 

r = 2Ty/5 (16) 

The motion of the crosshead of the ordinary reciprocating engine 
is approximately harmonic, the degree of approximation depending 
on the ratio of the length of the crank and connecting rod. 
^ ^ 160. Composition and Resolution of Simple Harmonic 
/<.^ ^ ' Motions. — 

Case I. — When a point A has a simple harmonic motion with 
respect to a point B and the point B has in turn a simple harmonic 
motion with respect to a fixed point 0, both motions being in the 
same straight line and of the same period T, the resultant motion 
of A with respect to is harmonic. 

Since both motions have the same period, the value of co will 
be the same for each, and, if we let ri* = the amplitude and ci = 
the epoch of the first motion and r% = the amplitude and €2 = the 
epoch of the second, the displacement of A with respect to at 
the end of any time t will be equal to 

X = fi sin (cd + €1) + rj sin ((at + €2), ... (1) 
which may be easily transformed into 

X — (n cos €1 + Ti cos €2) sin (d + (ri sin €1 + r% sin ea) cos (d, (2) 
Substituting for the constants in the parentheses, 

ri cos €1 + ^2 cos €a = r cos € (3) 

and ri sin 61 + fi sin €2 = r sin €, (4) 

equation (2) reduces to the form 

a? = r cos € sin coi + r sin € cos a>< = r sin {(d + c), . (5) 

which shows that the displacement is a similar function of the 
time to that in Art. 159 and hence the resultant motion of A 
with respect to is a simple harmonic motion. 

By squaring equations (3) and (4) and adding together we may 
determine the value of the amplitude r of the resultant motion, 
in terms of ri, rs, €1 and cs, as follows: 

r*(cos*€ + sin^c) = (ricos €1 + ^2 cos €2)* + (risinei + r2sin€2)*, 
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which easily reduces to 

r* = n^ -j. f j« -j. 2 rir2 cos (€2 — €1). 

Dividing equation (4) by equation (3) we obtain 



(6) 



tan€ — 



fi sin €1 + ^2 sin €« 
fi cos ci + r2 cos €2 ' 



(7) 



which gives the epoch angle of the resultant motion. 

The velocity and acceleration of the resultant motion can 
evidently be determined by substituting the values of r and c in 
equations (14) and (15), (Art. 159). The resultant velocity and 
acceleration might also be determined by the method of com- 
position given in Arts. 146 and 147. 

A geometrical illustration of the above is shown in Fig. 165 
where B is the projection of the point Ci which revolves with the 
angular velocity co about the fixed point 0, and A is the projection 
of the point C2, which revolves with the same angular velocity w 
about the moving point B. It is evident from the construction 
that the angle between the radii n and r^ will be constant and 
equal to €2 — ei for all positions of A and B and that, if we draw 
OE parallel to r^, the diagonal r, of the parallelogram constructed 
with OE and n as sides, will be the radius to the point C, which, 
when revolving with an angular velocity « about 0, will always 
have the point A for its projection on OX, Hence r will equal the 
amplitude of the resultant motion. 




Fig. 165. 



The angle €2 — ci will be equal to the difference in phase of the 
two motions and, if we draw OYi, making the angle YOYi = odf 
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the epoch angles of the two components and the resultant motion 
will be respectively equal to 

and t = YiOC. 

Hence the resultant of two simple harmonic motions of the same 
period T, in the same line, will be a simple harmonic motion of 
the period T whose amplitude r is equal to the vector sum of the 
amplitudes of the component motions, the directions of the 
vectors being determined by the difference .in phase of the com- 
ponents. 

It evidently follows that the resultant of any niraiber of simple 
harmonic motions of the same period T, in the same line, will be 
a simple harmonic motion of period T\ since two of the motions 




Fig. 165a. 

may be combined into a simple harmonic motion as above, and 
this resultant motion with a third and so on until a simple har- 
monic motion of period T is obtained for the resultant. The 
amplitude of the resultant motion may be obtained by laying off 
the vectors, representing the amplitudes of the separate motions, 
as the sides of a polygon, the external angles of which are equal 
to the successive differences in phase. 

Conversely, a simple harmonic motion may be resolved into two 
or more simple harmonic motions in the same line by the reverse 
of the above process. 
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Two simple harmonic motions of different periods, in the same 
line, may be compomided in the same manner as the above but 
in this case the angle C\OE and hence the radius r = OC will vary 
and the resulting motion will not be harmonic. 

Case II. — When a point A has a simple harmonic motion with 
respect to a point B and the point B has in turn a simple haiv 
monic motion with respect to a fixed point 0, the two motions 
being in directions at right angles and having the same period T, 
the resultant motion of A with respect to may be determined 
as follows: 

Assume the coordinate axes OX and OF, with OX coinciding 
with the line of motion of the point B (Fig. 165a). The coordi- 
nates of the point A after any interval of time t will be equal to 

X = ri sin {<d + ei), 
1/ = r2 sin {(d + €2). 

By plotting the successive positions of A, for any values of n, 
€1, r2 and ei, its path may be determined graphically in a manner 
similar to that in the preceding case. 

The equation of the path may be found by eliminating i between 
the above equations as follows: 

sin~* — = a>< + €1, 

y 
sin~^— = u)t + €i, 

and hence 

guj-i 2. _ sm^— = e2 — €1; 

and by transposing we obtain 

^^ = sin[sin-i^^+(62-€i)] (1) 

Expanding equation (1), 

— = sinf sin"^ — ) cos (€2 — ci) + cos ( sin-^ — ) sin (e2 — €1), 

and substituting 

. ,x Vn* — X* 

cos sm~*— = , 

ri ^ Ti 

- = - cos (€2 — €i)H sm (€2 — €1). 
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Transposing and squaring to eliminate the radical, we obtain 

£_ — 2 -^— cos (ej — €i) H 5 cos* (€2 — €i) 



y. 2 ^■2 

sin* («» — «i); 



and hence 



ri* 



y^ - -^cos («, - «i) + A[l - sin* (^ - «i)] 



fj^ — X* 



n 

which easily reduces to 



2 — sin2(€2- €i) =0; 



r^, + -.-— cos(€2-€0 =sin«fe-6i). . . (2) 



r2* n* rir2 



As in the preceding case, the difference of phase, ^ — ci, will be 
a constant, and hence equation (2) is the equation of an ellipse 
referred to the axes OX and OY (Fig. 165a). The resultant 
motion of A is in this case called elliptic harmonic motion, and the 
period is the same as that of the component motions. 

The resultant velocity and resultant acceleration of A at any 
point in its path may be determined by the methods of composi- 
tion in Arts. 146 and 147. 

Special Cases. — (Ila) When the difference of phase, ^ — €i = 0, 
equation (2) becomes 

and when ^ — ci = t, equation (2) becomes 



(i+^;-«. 



the motion in either case being in a straight line and simple har- 
monic. 

(lib) When the difference of phase, 

equation (2) becomes 

ri» ^ r2» ' 
and the path is an ellipse whose semi-major and semi-minor axes 
are equal to the amplitudes n and r2 and coincide in direction 
with OX and OY. 
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(lie) When €a — ei = 5 and the amplitudes n = rj = r, equar 

tion (2) becomes x* + y* = r* and the particle moves with mii- 
form motion in a circle. 

When the periods of the component motions are diflFerent, the 
path of the point A may be plotted in the manner indicated, but 
the motion, except in cases where the ratio of the periods is a 
rational number, will not be periodic. 

161. Problems. — Kinetics of the Particle. — In the solution 
of the following problems, the mass in each case may be treated as 
though it were a single particle and the forces acting upon it as if 
applied at the same point. It will be apparent from a later study 
of the kinetics of rigid bodies that in most of the solutions no 
error will be introduced, and in others only a slight one, by im- 
posing these conditions. Unless otherwise stated, the resistance 
to motion exerted by the air will be neglected in each case. 

Problem 1. 

A weight of 5 lbs. is thrown vertically upward with an initial velocity of 
40 ft. per sec. How far will it rise? What time will elapse before it again 
reaches its starting point? What will be its velocity when it has reached the 
height of 20 ft.? What will be its velocity when it has reached the highest 
point? What will be its acceleration at that point? 

Problem 2. 

A body is thrown vertically downward from a height of 50 ft. above the 
gromid with an initial velocity of 20 ft. per sec. What will be its velocity 
when it strikes the ground? What will be its acceleration at that point? 

Problem 8. 

The four weights A, B, C and D, attached to a flexible cord (Fig. 166), are 
drawn along a horizontal plane by a force F, If F = 20 lbs. and the weight 

F 



> 
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A » 10 lbs., B := 20 lbs., C » 15 lbs. and D » 30 lbs., detennine the follow- 
ing, neglecting the weight of the cord and friction: 

(a) The acceleration of the weights. 

(b) The tension in the sections ABy BC and CD of the cord. 

(c) The work done in moving each weight through a distance of 10 ft. 

(d) The velocity of the weights after moving 15 ft. from the position of 
rest. 
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Problem 4. 

Solve Problem 3, assuming a constant resistance due to friction between 
the weights and the plane, distributed Sis follows: A = 1 lb., B = 2 lbs., 
C = 1.5 lbs. and D = 3 lbs. 

Problem 6. 

The weights in the Atwood's machine (Fig. 167) are A = 10 oz., B = 15 oz. 
Find the acceleration of the weights and the tension in the cord, neglecting 
friction and weight of the pulley and cord. Find the velocity after 5 sees, 
if the initial velocity is equal to zero. 





Fig. 168. 



Problem 6. 

Assuming the initial velocity equal to zero, find the weight necessary to 
add to the weight A (Frob. 5) in order to produce a velocity of 10 ft. per sec. 
in 5 sees, (a) in the same direction; (b) in the opposite direction. 

Problem 7. 

Two equal weights A and B (Fig. 168) are connected by a flexible cord 
running over a pulley at C Find the acceleration of the weights and the ten- 
sion in the cord, assuming no friction and neglecting the weight of the puUey 
and cord. 

Problem 8. 

If another pulley C ^ suspended from the cord on the Atwood's machine 
(Prob. 5) in place of the weight B and two weights D and E, weighing 6 oz. 
and 4 oz. respectively, are suspended from a cord running over C, find the 
accelerations of D, E and A relatively to 0; also the tensions in both cords. 
Neglect friction and the weights of both the pulleys and cords. 

Problem 9. 

A weight of 12 lbs., starting from rest, is moved along a horizontal plane by 
a force F which varies in such a manner that 



Find the acceleration after 5 sees. Find the distance through which the weight 
will move in 10 sees. Find the velocity after 10 sees. 
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Problem 10. 

Solve Problem 9, assmning that the friction between the weight and the 
plane is constant and equal to 1.5 lbs. If the force ceased to act at the end 
of 10 sees, how far would the weight move before coming to rest? 

Problem XL 

Plot the space-time curve (Art. 142) and the velocity-time curve (Art. 143) 
for Problem 10. 

Problem 12. 

A body moves in a straight line in such a manner that the velocity-time 
curve is that shown in Fig. 169, OAB and BCD being arcs of circles. Scales: 




\ 
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Abs. 1" = 2 sees., Ords. 1" = 10 ft. per sec. Plot the space-time curve. 
Scales: Abs. 1" = 2 sees., Ords. 1" = 30 ft. Solve graphically, assuming 
ordinates at one-second intervals. How far from the starting point will the 
body be at the end of 10 sees.? At the end of 23 sees.? At what point in the 
path will the velocity be equal to zero? At what points in the path will 
■the resultant force acting on the body equal zero? Find the velocity and 
the acceleration at the end of 8 sees.; at the end of 14 sees. 

Problem IS. 

A body weighing 10 lbs., starting from rest, is moved along a frictionless 
horizontal plane by a force which is equal to 

F = 20 + /«-|^- 

Plot the velocity-time curve and the space-time curve for values of i from 
to 20 sees. From the plots determine the following points: (a) at which 
the velocity is equal to zero; (b) at which the acceleration is equal to zero; 
(c) at which the greatest velocity occurs; (d) at which the greatest acceler- 
ation occurs. 
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Problem 14. 

A weight of 8 lbs., starting from rest, is drawn along a horizontal plane by 
a force which varies in such a manner that 

o 

Find the magnitude of the force acting and the velocity of the weight after 
10 sees. Find the time at which the velocity is equal to zero; also, at which 
the acceleration is equal to zero. 

Problem 15. 

The weights A, B and C (Fig. 170), weighing 20 lbs., 15 lbs. and 10 lbs., 
respectively, attached to a slender rod OC, rotate about the center with a 
uniform speed of 150 revolutions per minute. Find the tension in the sections 
OA, AB and BC, neglecting the weight of the rod. 
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FiQ. 170. 
Problem 16. 

Find the moment of the momentum about the axis of rotation of each of 
the weights and also of the entire S3rstem in Problem 15. 

Problem 17. 

The weight A (Fig. 171) revolves as a conical pendulum about the axis OB 
with a speed of 60 revolutions per minute. 
Find the angle 0, neglecting the weight of the 
string OA. Find the tension in OA. 

Problem 18. 

Prove that for any given angular velocity w 
of the weight A (Prob. 17), the vertical pro- 
jection OC of the length OA (Fig. 171) will 
be the same for all values of OA, provided c^ 
iOA) > g. 

Problem 19. 

A particle of weight w is attached to the 
rim of a wheel 10 ft. in diameter rotating on 
a fixed axis through its center. If the wheel q 
starts from rest and an angular acceleration 
of 100 rads. per sec' is imparted to it, find the 
magnitude and direction, with respect to the 
rim, of the resultant force acting on the particle 

at the end of 10 sees.; also the moment of the momentum of the particle 
about the center of the wheel at that instant. 




FiQ. 171. 
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Problem 20. 

A projectile is thrown with an initial velocity of 100 ft. per sec. at an angle 
of 30*^ above the horizontal. How high will it rise? How far will it travel 
in the horizontal direction before striking the ground at the same level at 
which it started? What time will elapse before it strikes the ground? Find 
the radius of curvature of the path at the highest point. 

Problem 2L 

Find the velocity of the projectile (Prob. 20) when it has traveled one 
quarter of the total horizontal distance. Find its tangential acceleration and 
the radius of curvature of the path at this point. 

Problem 22. 

Solve Problem 20, assimiing that the air exerts a constant resistance in 
the horizontal direction only which is equal to 0.02 of the weight of the pro* 
jectile. 

Problem 28. 

A bullet is fired vertically upward with a velocity of 1000 ft. per sec. from 
a car moving at a velocity of 40 miles per hour. How far ahead of its starting 
point will it strike the ground at the same level? If fired at an angle of 60** 
with the horizontal where will it strike the groimd: (a) if the inclination is 
in the direction of the motion of the car ? (b) if the inclination is in the opposite 
direction? 

Problem 24. 

A weight of 10 lbs., starting from rest at Ay slides down the frictionless 
plane AO (Fig. 172) and then falls, striking a horizontal plane 15 ft. below 
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at the point C. Find the codrdinates of the point C. Find the velocity of 
the weight at and also its velocity at the point C Find the time it will 
take in going from the point A to the point C. 
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Problem 26. 

Solve Problem 24, assimiing that the frictional resistance of the plane AO 
is a constant and equal to 2 lbs. 

Problem 26. 

A weight of 10 lbs., attached to a cord 40 ins. long, swings as a pendulum, 
starting from the position (A) (Fig. 173). Find the tension in the cord: (a) 
when the weight is in the position (A); (b) when in the position (B); (c) when 




Fig. 173. 

in the position (C), on the vertical through the point of suspension. Neglect 
the weight of the cord. Find the magnitude and direction of the resultant 
of the forces acting on the weight when in the positions (A), (B) and (C). 

Problem 27. 

Find the time of oscillation if the pendulum (Prob. 26) starts from rest at 
the point B : by formula (4) and also by formula (5) (Art. 156). 

Problem 28. 

A weight Wf attached to a flexible string, revolves in a vertical circle of 
radius r. Neglecting the weight of the string and assuming that gravity is 
the only force acting, what is the smallest possible velocity of the weight and 
tension in the string: (a) at the highest point in the path? (b) at the lowest 
point? 

Problem 29. 

A weight of 5 lbs. starting from rest at A slides down a slender rod (Fig. 174) 
in the form of a circular arc of 4 ft. radius. Neglecting friction, find the pres- 
sure exerted by the rod on the weight at the points 2>, B and C, OB being the 
horizontal through 0, the center of the circle. Find the magnitude and direo- 
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tion of the resultant of the forces acting on the weight when in the positions 
ifi) and (C). 




Problem SO. 

A cylinder 5 ft. in diameter rests on a horizontal plane with its axis parallel 
to the plane. If a particle of weight w, starting from the highest point on the 
surface of the cylinder, slides off, without friction, find the point at which it 
leaves the cylinder; also find the point at which it strikes the plane. 

Problem 81. 

A body weighing 10 lbs. moves with harmonic motion, of an amplitude of 
12 ins. and a period of 0.4 sees. Find the velocity of the weight at its mid- 
position 0, and its velocity and the magnitude of the accelerating force at 
points 4 ins., 8 ins. and 12 ins. from O. 

Problem 82. 

Plot the space-time curve, the velocity-time curve and the acceleration-time 
curve for a complete cycle of the motion of the weight in Problem 31. With 
a base line divided to represent displacements plot the acceleration-space 
and the velocity-space diagrams for the motion. 

Problem 83. 

The extension of a light helical spring is proportional to the load applied, 
that is, a weight of 1 lb. will extend it 1 in. ; 2 lbs. wiU extend it 2 ins., etc. 
If a weight of 5 lbs. is attached and the spring is set to oscillating, by pulling 
the weight down an additional inch and then releasing it, find the period of 
the oscillation. Show that the period is independent of the amplitude of the 
motion. 
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§ 2. Work, Power and Energy. 

162. Work. — When a constant force acts in the direction of a 

body's motion, the work done is the product of the force and the 

distance, that is 

F = F« (Art. 152) (1) 

While many problems in Engineering may be solved by the use 
of formula (1), it is frequently necessary to determine the work 
done by forces which do not act in the direction of the motion 
and which also may vary either in magnitude, or direction, or 
both. 

Work may be done by a force acting between two bodies which 
are in contact, as in the case of the pull exerted by a hoisting 
rope on a weight; or, by forces acting at a distance, as in the case 
of gravitational, electrical, and magnetic, attractions. 

Work may be performed in overcoming frictional resistances 
and other forces opposing the motion, and also in increasing the 
velocity and hence the kinetic energy of a body. 

Frictional resistances and other forces, opposing the motion of 
a body, may be treated as forces doing negative work. K a 
moving body is acted upon by resistances, or retarding forces 
only, the negative work done will diminish the speed and hence 
the kinetic energy; or, as we say, the kinetic energy of the body 
is expended in doing work to overcome the resistances to motion. 

When the magnitude of a force is variable and its line of action 
always coincides with the direction of motion, the work done will 
be equal to 

W^ CfcIs (Art. 152) (2) 

163. Work Done by an Oblique Force. — If the hne of action 
of a force F (Fig. 175) makes an angle with OA, the direction 
of motion of its point of application at any instant, the force 
may be resolved into a component F cos 0, in the direction OA, 
and a component F sin <^, perpendicular to OA. Then, according 
to Art. 162, the work done by the component F cos 4> during a 
displacement ds of the point will be equal to 

dTr = Fcos0ds; (1) 

and the work done by the component F sin ^ will be equal to zero, 
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since the point undergoes no displacement in the direction of its 
line of action. 




^^. 
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Fig. 175. 



Hence the total work performed, during the displacement ds 
of the point by the oblique force F, will be equal to the work 
done by the component Fcos0; and by adding the successive 
increments we obtain the expression for the work done during 
any finite displacement, 



W = jFcosipds, 



(2) 



where F and <t> may be constant, or variable. 
If is constant, 



(3) 



If F is constant, 



W = cos<t} JFds 

W = F jcos<l>d8 (4) 



Since the expression for dW (equation 1) may be written 
d W = F cos <t> X ds = F X cos 4> ds, 

the work done during the displacement ds is evidently equal to 
the product of th^ force F and the projection of ds on its line of 
action. 



WORK DONE BY A ROTATING FORCE 225 

It follows from equation (4) that: When the force F is constant 
both in direction and magnitude^ the work done during any finite 
displacement vdU be equal to the product of the force and the projec- 
tion of the paih of its point of applicaiion on its line of action. 

164. Work Done by a Rotating Force. — If the path of 0, the 
point of application of F (Fig. 175) is the circumference of a 
circle, of radius r, we may write 

ds = rd$j 

where dd is the angle subtended by the arc ds. 
Substituting this value in equation (2) (Art. 163) we obtain 

W =- CFcos<t>rde= fMde, (1) 

where M = rF cos 4> is the moment of F (Art. 61) about C, the 

center of rotation at any instant. 

When Af is a constant the expression for the work done will 

evidently be 

W=Me, (2) 

where d = the total angular displacement of the point of applica- 
tion of the force. For a complete revolution, 

W = M2t, (3) 

and for N revolutions 

W = M2tN (4) 

It should be noted that the above equations apply when the 
line of action of the rotating force is not in a plane perpendicular 
to the axis of rotation, as well as when its line of action is in that 
plane. 

165. Work Done by the Components of a Force. — Let F be 
any force making the angle <{> with OA, the direction of the motion 
of its point of application at any instant (Fig. 176). 

Assume any three rectangular coordinate axes OX, OY and 
OZf making the angles a, j8 and y, respectively, with the line of 
action of the force F, and resolve F into components F cos a = X, 
F cos P = Y and F cos 7 = Z in the directions of the three axes. 
Then, during a displacement ds of the point of application of F in 
the direction OA, the work done by the component in the direc- 
tion OX will be equal to 

F cosadx ^ X dx, 
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where dx is the projection of ds on the line of action of the com- 
ponent F cos a (Art. 163). Similarly the work done by the 
component in the direction OY will be equal to 

Fco8 0dy - Y dy, 

and by the component in the direction OZ, 

F cos y dz = Z dz. 

Adding these three quantities together we obtain 

Xdx+Ydy + Zdz, 

A 




Fig. 176. 



which may evidently be written 



xfds+Yfds + Z^da 
ds ds ds 



= fx^+Y^l + Z^ 



ds 



i)'^- 



dx . 



But X -T- is the component in the direction OA, obtained by 

resolving the force F cosa = X into a component along OA and 

du dz 

one at right angles, and Y -^ and Z j- are the components obtained 

by resolving F cosfi = Y and F cos 7 = Z in a similar manner, 
and hence the stmi of these quantities will be equal to the com- 
ponent F cos 0, obtained by resolving the resultant force F into 
a component along OA and one at right angles. 
Hence 



dW^Fco8it>ds={X^+Y 



-^ 



da 



t + ^S)* 



= X<ie + Fdy + Z&, 



(1) 
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and, since this relation wiU hold true for each increment of motion, 
the work done during any finite displacement will be equal to 

W = fFco8'<t>d8 =-Jxdx+fYdy+Czdz 

■» I Fcosadz+ I FeosPdy+ j Fcosydz. . . (2) 

Therefore the work done by a force during any finite displacement 
of its point of application is equal to the sum of the works done by its 
components in any three directions at right angles. 

When the resolution is made parallel to two coordinates only, 
we may substitute Z =^ F cos 7 = in equation (2) and obtain 

F= fFco84>ds = Cxdx+ frdy 

^ j F cos adx+ I F sin a dy (3) 

166. Work Done by a System of Forces. — To determine the 
work done by any system of forces, we may assimie three rectan- 
gular coordinate axes OX, OY and OZ and resolve each force into 
components parallel to the three axes. The expression for the 
work done by any force in the system, during any finite displace- 
ment of its point of application, may then be written in the form 
of equation (2) (Art. 165) and the summation of the works done 
by all the forces in the system can be represented by the expres- 
sion 

^W--zfFcos4>ds--'S:\Jxdx+CYdy + fzdz\ 

^J: Cxdx + i:fYdy + i:Jzdz (1) 

When the forces act at a single point, or at different points 
which move in the same direction with the same velocity at every 
instant, as when the forces act on a rigid body having a motion 
of translation (Art. 201), the displacement ds and the components 
dx, dy and dz, during any increment of time dt, will be the same 
for every force in the system and hence equation (1) may be 
written 

j:W--f(^Fcoa4>)ds^C(zx\dx+fh:Y)dy+f^^ 

^Jr cos ^ ds, ^fXr dx +jYr dy +fZr dz, . . (2) 
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where 

ft cos 0r = 2F cos 0, Xr = SX, 7^ = 27, and Zr = 2Z 

represent the vector sums of the components of the forces at any 
instant in the direction of the motion and of the coordinate axes, 
X, F, Z respectively. 

When the forces in a system act at different points which 
rotate about the same axis with the same angular velocity at 
each instant, as in the case of a system acting at different points 
on a rigid body having a motion of rotation (Art. 205), we may 
deduce the expression for the work done by the resultant of the 
system as follows: 

Let F, Fi and Ft be any system of forces, not necessarily in the 
same plane, acting at the points 0, Ox and O2, which at a given 
instant rotate with the same angular velocity about an axis 
through A (Fig. 177). Let R be the resultant of the system and 
Or, its point of application; and let Af, Afi, M^ and Mr be the 
moments (Art. 61) of the forces F, Fi, F^ and jB, respectively, about 
the axis A. Then for an angular displacement dB of the points 0, 
Oi, 0% and Or, the works done by the forces F, Fi, F^ and R will 
be equal to ilf cW, Afi dd, M2 d$ and Mr dd, respectively (Art. 164). 



FiQ. 177. 

Since the sum of the moments of the forces about any axis must 
equal the moment of their resultant about that axis (Art. 71), we 
have 

Mr = M + Mi + Mi. 

Multiplying by dd, 

Mrde = Mdd + Mid9 + Mide. 
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Hence for each increment of the motion, the work done by the 
resultant is equal to the algebraic sum of the works done by the 
forces in the system and, by adding the successive increments of 
work during any finite displacement, we obtain 

2Tr= fUrdB = CMdB+fMidB+fMtdB^'zfMdJd, (3) 

in which equation M, Mi, ilf j and Mr may be constant, or variable. 

It may be noted, if the direction of the motion in this case is 
that indicated in Fig. 177, the force Fj will act as a resistance to 
the motion and M2 will be a negative quantity. 

Hence in each of the above cases, the work done by the resuUant 
of a system of forces is equal to the algebraic sum of the works done 
by the forces in the system, the work done by any force tending to re- 
tard the motion being considered negative. 

When the system comprises all the forces acting on the body, 
if we let Wa = the total positive work done by the forces tending 
to accelerate the motion and Wr = the total negative work done 
by the forces tending to retard the motion, during a given dis- 
placement, it is evident from the above that the work done by the 
resultant of the entire system may be represented by the expression 

W==Wa-Wr (4) 

It will be shown later that in this case W is equal to the change 

produced in the kinetic energy of the body by the system of forces 

acting upon it. 

Hence, by transposing, we have 

Wa = W + Wr ^ (5) 

that is, the total work done by the forces tending to accelerate 
the motion of the body dimng a given displacement will be equal 
to the change produced in the kinetic energy plus the work done 
in overcoming the forces resisting the motion. 

167. Work Done by a Rotating Couple. — This is a special 
case under Art. 166 (equation 3) where the resultant of the sys- 
tem of forces is a couple, instead of a single force, and hence the 
equation for the work done will be 



W-=fMrde, (1) 



where Mr, the moment of the resultant couple at any instant, 
will be equal to the algebraic sum of the moments of the forces 
about the axis of rotation. 



230 



APPLIED MECHANICS 



In the case of a single couple, in a plane perpendicular to the 
axis of rotation, the equation for the work done during any dis- 
placement may be deduced independently, as follows: Let Fi = 
Ft be the forces of the couple and let Mi and Mt be their respec- 
tive moments at any instant about 0, the axis of rotation (Fig. 
178). Let M ^ Mi + Mt equal the moment of the couple. 




Fig. 178. 

Multiplying by cW, we obtain 

MdB-^MidB + MtdB. 

Hence, during each increment of motion, the work done by the 
couple will be equal to the algebraic sum of the works done by 
the forces Fi and F2 and, adding the successive increments of work, 
we obtain 

W = fude = CUide +fMtdd (2) 

The above will evidently apply equally well if the axis of rotation 
is at Oi or O2, the signs of Mi and Af 2 depending on the position of 
the axis relatively to the forces Fi and F2. 

When M is a constant, the work done by the couple during an 
angular displacement 6 will be equal to 

W = Me, (3) 

and the work done during N revolutions will be equal to 

F = M27riV (4) 
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When rotation is produced by a couple, in the manner indicated 
above, the moment of the couple is called the turning moment, or 
torqus. 

168. Units of Work. — The imit of work is the work which 
is done when a unit force acts through a unit distance in the same 
direction as the force. In the British system, when the units of 
force and distance are the poimd and foot respectively, the unit 
of work is called the foot-pound. 

If large quantities are dealt with, the units of force and distance 
are sometimes taken as the ton and foot, in which case the unit 
of work is called the footr4on. 

In the French system, when the units of force and distance are 
the kilogram and meter respectively, the unit of work is called the 
m^ter-kilogram. One meter-kilogram = 7.233 foot-pounds. 

In the c.g.s. system, the unit of work usually employed is the 
erg, which may be defined as the work done by a force of 1 dyne 
acting through a distance of 1 centimeter. 

169. Work Diagram. — When the line of action of a force coin- 
cides with the direction of the motion of its point of appUcation 
at every instant, if a diagram is made by plotting the magnitude 
of the force, at different points in its path, as ordinates and the 
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corresponding distances passed over as abscissae (Fig. 179), the 
area (abed), imder the line drawn through the extremities of the 
ordinates, will represent the work done. The area under be will 

evidently be equal to IF = / F ds, where Si and st are the dis- 
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tances from the origin to the points between which the work is to 
be computed. 

If the direction of the force does not always coincide with the 
direction of motion, the diagram may be made by plotting the 
value of F cos <^, the component of the force in the direction of 
the motion at different points in the path, as ordinates and the 
corresponding distances passed over as abscissae. The area imder 
the line, drawn through the extremities of the ordinates, will then 
be equal to 

W == Pf cos <t> ds (Art. 163), 

where Si and S2 are the distances from the starting point, measured 
along the path, and <f> is the angle between the line of action of 
the force and the tangent to the path at any instant. 

In the case of rotary motion, if a diagram is made in which the 
ordinates are values of M, the moment of the force about the axis 
of rotation at an instant, and the abscissas are the corresponding 
values of 6, the angular displacement of its point of application, 
the area imder a line through the ends of the ordinates will be 
equal to 

W = r^Mde (Art. 164), 

which will be the work done during an angular displacement 

170. Power. — Power is the rate of doing work. By the 
power of a machine is meant the amount of work which it is ca- 
pable of doing in a given time. If the rate is constant the power 
may be expressed by the formula 

W 

where W = the work done in the time t; and if the rate is varying, 
by the expression 

"-f p) 

If the work is being done by a force F, acting in the direction 
of the motion, equation (2) may be written 

P-^ = ^^> (3) 
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that is, the power exerted at any instant will be equal to the 

product of the force and the velocity. 

In the case of a rotating force, or couple, whose moment at 

any instant about the axis of rotation is equal to M, equation (2) 

may be written 

J, dW MdB ^ ... 

that is, the power exerted at any instant will be equal to the 
product of the moment of the force, or couple, and the angular 
velocity. 

171. Units of Power. — In the British system of units, the 
unit of power is the foot-pound per second. 

Where large amounts of power are measured the unit most 
commonly employed is the horse-power which is equal to 33,000 
foot-pounds per minute, or 550 foot-pounds per second. 

If the force doing the work acts in the direction of the motion, 
we may obtain from equation (3) (Art. 170) the following expres* 
sion for the horse-power exerted, 

^•P-=650' 

which will evidently hold true for either a constant or varying 
force. If the work is being done by a rotating force, or a couple, 
we may obtain from equation (4) (Art. 170) the expression for 
horse-power, 

h ^Mo) ^ M2irN 
'^' 550 33,000 ' 

where N = the nmnber of revolutions per minute. 

In the French system of units, the unit of power is the meter^ 
kilogram per second. The horse-power (force de chevcd) in this system 
is a slightly different quantity from the horse-power in the British 
system, being equal to 75 meter-kilograms per second. This unit 
is equivalent to 32,550 foot-pounds per minute, or 0.986 h.p. in 
British units. 

In electrical engineering the units of power commonly used are 
the watt and the kilowatt, the equivalents being 

1 watt = 10^ ergs per sec. 

1 kw. = 1000 watts = 1.340 h.p., 
and conversely, 

1 h.p. = 0.746 kw. 
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Derived Units. From these units of power other units for 
measuring large quantities of work are derived, such as the horse- 
power hour (h.p. hr.), the kilowatt hour (kw. hr.), etc. As the 
name indicates, the horse-power hour is one horse-power exerted 
for one hour, hence 

1 h.p. hr. = 33,000 X 60 = 1,980,000 ft.-lbs. 
Similarly, 

1 kw. hr. = 1.340 X 1,980,000 = 2,650,000 ft.-lbs, 

172. Power Diagram. — A power diagram may be made in 
the same manner as a work diagram (Art. 169) by plotting units 
of power as ordinates and distances as abscissae. Such a diagram 
will show the variation in power or, in the rate at which work is 
being done by a force, at different points in the path of its point 
of application. 

A power diagram may also be made by plotting units of power 
as ordinates and times as abscissae. Such a diagram will show 
the variation in power during different intervals of time; and the 
area under the curve between any two ordinates will represent 
the work done during the interval of time measured between the 
ordinates. For example, if British units are used, the area will 
be equal to 

1 

which will be -z^k of the work in foot-pounds, performed during 

ooii 

the interval of time. 

173. Kinetic Energy of a Particle. — The expression for the 
change in the kinetic energy of a freely moving particle, produced 
by a force acting in the direction of its motion, is 



/ 



/^cfe = ^ (vi^ - vo^) (Art. 152) (1) 



When the line of action of the force does not coincide with the 
direction of motion of the particle, if the force is resolved into a 
tangential component Ft = F cos and a normal component 
Fn = F sin <f>y it is evident that the component Fn will produce 
no effect on the speed: and hence, from the equation 

ill) 
F| = F cos « = m ^ (Art. 150), 
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we may deduce the expression 



/ 



Fco8«ds = |(ri«-!;o*) (2) 



by the same method as was followed in the deduction of equa- 
tion (1). 

Hence the change in kinetic energy during a given displace- 
ment of the particle imder the action of an oblique force will be 
equal to the work done by the force. 

If the particle is acted upon by a system of forces, it is evident 
that, if each force is resolved into tangential and normal com- 
ponents, the vector sum of the tangential components will be 
equal to 

Sf'cOS^ = ^ j7' 

and the normal components will have no effect on the speed of 
the particle. Hence, if £ =» the resultant of the system and 
4>r = the angle between its line of action and the direction of 
motion at any instant, we shall have 

fl cos 0r = 2F cos = ^ j7 

and hence. 

Therefore, the change in the kinetic energy of a particle, during 
a given displacement under the action of a system of forces, will 
be equal to the work done by the resultant of the system. 

If vo = 0, and we let vi = v, 



f 



mv^ 



ftcos^rds = -75-; (4) 



that is, the kinetic energy of a particle is equal to the work done 
by the resultant of the system of forces acting on the particle 
during the change in velocity from to w. 

Since rest and motion are relative quantities we have no means 
of determining the absolute kinetic energy of a particle but only 
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the energy due to its motion with reference to some fixed 
point. 

174. Elinetic Energy of a System of Particles. — If we assume 
the system of particles to be acted upon by a system of forces, 
the change in t)ie kinetic energy of any particle during an interval 
of time, t— to, may be represented by the expression 



/ 



mv^ mvo^ 



/i!cos«,ds = ^-^ (Art.173), . . . (1) 

where R = the resultant of the forces acting on the particle, ^ = 
the angle between its line of action and the direction of motion 
at any instant, Vo = the velocity at the time Uj and v = the velocity 
at the time L Since equation (1) will represent the change in 
energy of any particle in the system, the total change in the 
kinetic energy of the system may be represented by the summation 

2 J i? cos0^ ds = 2 1 -^ ^\= 2 -2" - 2 -g-, • (2) 

where the first member of the equation represents the total work, 
HW, performed by the system of forces (Art. 166) during the dis- 
placement of the particles along their different paths in the time 
t — to, and the second member represents the difference in the 
sum of the energies of the particles in the system at the time to, 
and the sum of the energies at the time t. Hence, if we represent 
these quantities by Eo and E, respectively, we shall have 

JIW = E - Eo; (3) 

that is, the change in the total kinetic energy of a system of 
particles during a given interval of time is equal to the work done 
by the system of forces acting upon the particles during that 
interval of time.* 

When all the particles move with the same velocity at every 
instant, it is evident that equation (2) may be written 

2Tr=!!!-Z-f!2*2M (4) 

If the resultant force R, acting on any particle in the system, 
is resolved into components, Xr, 1% and Zr, parallel to three rec- 
tangular coordinate axes, OX, OY and OZ; then, by treating each 



/ 



POTENTIAL ENERGY 237 

component of R separately, we may obtain by the method em- 
ployed in deducing equation (2) (Art. 173) 



/ 



in 



Yrdy ^-^ (vj^ - vo^^), 

where t;©,, Vo^, vo, and r„ »„, v, are the components, in the directions 
OX, OY and OZ, of vq and v, the initial and final velocities of the 
particle. 
Making the summation for all the particles in the system we have 

2jx,dx = 25(t;,»- V), (5) 

2jnd2/ = 2|(t;,»-V), (6) 

2jz,(fe = 2|(t;.«-t;oA (7) 

where equations (5), (6) and (7) represent the change in energy of 
the system produced by the component forces, parallel to the axes 
OXy OY and OZ, respectively. 

By adding the three equations together and noting that for 
each particle 

Vx^ + Vy^ + v,* = v^ and Vo.^ + t'o/ + t^o.* = t;o^ 

we may easily deduce equation (2) representing the total change 
in energy of the system. Since the kinetic energy of a particle or 
system of particles is the power of doing work which is due to veloc- 
ity, the units of energy are the same as the units of work (Art. 168). 

175. Potential Energy. — As stated in Art. 152, mechanical 
energy is ordinarily considered to be of two kinds: kinetic energy, 
or energy of motion, and potential energy, or energy of position. 

The latter may be considered to be divided into two classes: 
first, the energy due to the position of two or more bodies, between 
which there are exerted attracting or repelling forces, which is 
commonly called the energy of position, or the energy of con- 
figuration; and second, the energy due to a distorted or strained 
condition of a body, which may be called the energy due to strain, 
or strain energy. 



238 APPLIED MECHANICS 

A familiar example of the first of these two classes of potential 
energy is that which is due to the position of a weight suspended 
above the Earth. Work will be done by the attraction of the 
force of gravity as the weight is allowed to approach the Earth, 
and the amount of work done as the weight moves from one level 
to another will be equal to the difference in potential energy be- 
tween the two levels. 

In this case, it is convenient to consider the potential energy 
as being possessed by the weight: that is, the weight, when at a 
given height above the Earth's surface, is said to possess a certain 
potential energy above that which it would have at the surface. 
Thus, when a weight W is raised to a height A, above some level 
which may be taken as a standard, we say that the potential 
energy of the weight is equal to Wh. To be exact, however, we 
must consider the energy as being possessed by the weight and 
the Earth together, since it is the power of doing work which is 
due to the existence of the mutual attraction of gravity between 
the two, and is not due to any property, or condition, possessed 
by either one alone. 

The above is an example of potential energy due to the relative 
position of two bodies between which a force of attraction exists. 
Another example of this kind would be that of an iron weight under 
the attraction of a magnet. If the magnet is considered to be 
fixed, we may say that the potential energy of the weight, in any 
position, is equal to the work done by the force of magnetic attrac- 
tion as the weight moves to a position in contact with the magnet. 

In a similar manner two particles under the action of a mutual 
attracting force, such as gravitation, will possess an amount of 
potential energy dependent on the distance between them. For 
convenience we may assume one of the particles to be fixed and 
assign the potential energy of the system to the other particle. 

Another illustration of the first form of potential energy is the 
case of a system of more than two particles which move under 
the action of forces of attraction which exist between them. In 
this case the potential energy of the system will be dependent on 
the relative positions of the particles, or the configuration of the 
system, and hence is called the energy of configuration. If a given 
configuration is taken as a standard, the potential energy of the 
system for any other configuration will be equal to the work which 
can be done as it passes from that configuration to the standard 
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one. Hence, the energy may be represented by the general ex- 
pression for the work done by the forces acting between the 
particles, during the change in configuration, viz. : 



STr=2 rFcos*d«(Art. 166). 



In this case it would not be possible, in general, to assign any 
definite value to the energy of any one particle, or group of par- 
ticles. Exceptions in the case of two particles, or groups of 
particles comprising two rigid bodies, have been noted above. 

An example of the second class of potential energy is that of a 
spring which is distorted from its normal position or shape, by 
the action of external forces. When the forces are removed, the 
spring will return to its original shape, domg a certam amount of 
work. The potential energy of the distorted spring may be called 
Btrain energy. If we conceive of the spring as being composed 
of small particles which are displaced from their normal, or stand- 
ard of positions, and between which internal forces due to strains 
are exerted when the spring is distorted, the energy may be con- 
sidered to be one of configuration, similar to the preceding case. 

An important difference, however, between this case and the 
previous ones is that here the potential energy may be definitely 
located in the spring. Each portion of the spring, when dis- 
torted, will perform an amount of work in returning to its nor- 
mal condition, which may be definitely determined, and the total 
potential energy of the spring will be equal to the sum of the 
energies of its parts. 

176. Conservative System. — If a system of particles is 
moved from one position to another by the action of a system of 
forces, the work done by the system can be expressed in terms of 
the forces acting and the distances moved through by the particles. 
Art. 166. In general, the work done will depend on the paths of 
the particles from the initial to the final positions. 

There is a class of cases, however, in which the work done by 
the forces, as the particles pass from one set of positions to another, 
is independent of the paths of the particles and depends only on 
the initial and final positions. In such a case, the system of forces 
acting is said to be a conaervaiwe system and the forces may be 
called conservative forces. 

An example of a conservative system is that of a system of 
particles moving imder the action of the forces of attraction or 
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repulsion existing between them (Art. 85). The force F, exerted 
between any two particles of such system, is a function of the 
distance between the particles only, and, for a relative displace- 
ment ds, of one of the particles with respect to the other, the work 
done by F will be equal to 

Fcos0(fo(Art. 164), 

where cos <t> dsis equal to the change in the distance between the 
two particles during the displacement ds. Hence the work done 
by F, during the increment of motion, is a function of the masses 
and the distance between the particles only; and, as this condition 
will hold for every increment of motion and for all the forces 
exerted between the particles, the total work done during any 
finite displacement of the system will depend only on the initial 
and final positions of the particles. 

Therefore, if we let R = the resultant of the forces exerted on any 
particle in the system at any instant, and ^^ the angle between R 
and the direction of motion of the particle, the change in potential 
energy between one configuration of the system and another (Art. 
175) ioaay be represented by the expression 

STr = S rFcos0ds = 2 JRco&<t>rds. 

This is evidently equal to the change in kinetic energy of the 
system during the displacement of the particles from the one set 
of positions to the other (Art. 174). Hence, if we let Ej^ and Ek. 
equal the potential and kinetic energies of the system in any 
standard configuration, and Ep and Ek, the potential and kinetic 
energies in any other configuration, we shall have 

Ep — Ep^ — Ek9 — Ek 
or, 

Ep. + Ek. = Ep + Eu; (1) 

that is, the sum of the potential and kinetic energies of a system of 
particles moving under the action of conservative forces is the same 
for all configurations of the system. 

When the forces acting on the particles in a system are such that 
the quantity 

2 / R cos it>rds 
depends on the paths through which the particles move in passing 
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from one configuration to another equation (1) will not hold. In 
such a case the system is called nonrconservative and the forces 
are non-conservative forces. Forces of friction are examples of 
such forces. 

The work done in moving a system of particles from one position 
to another under the action of such a system of forces would evi- 
dently depend on the paths of the particles, since the work done by 
the force exerted by friction on any particle will be a function of 
the distance through which the particle moves in going from one 
position to another. 

A special case, which may be cited as an example of a conserva- 
tive system, is that of the gravitational attraction at a point 
(Art. 85), by the particles in a given mass M upon a particle of 
unit mass m at 0. The forces of attraction are conservative forces 
and the field in which they are exerted may be called a conservative 
field. In this case the mass M may be considered as fixed and the 
potential energy of the system for any position of the particle m 
may be assigned to the particle. If the particle moves in the field 
the sum of its kinetic and potential energies will be a constant. 

A simple illustration of the above would be that of the projectile 
(Art. 158), moving in the field of the Earth's attraction, provided 
the resistance of the air could be removed. If we let Ep = wh 
equal the potential energy of the projectile at the height h, the 
potential energy at the height ho will be equal to Ep^ = who, and 
the change in potential energy between the two levels will be 
equal to 

Ep — Ep^ = wQi — ho). 

If we resolve the velocity of the projectile, when it has reached 
the height A, into horizontal and vertical components, Vk and Vv, 
its kinetic energy will be equal to 

S* = 5 W + V.') (Art. 174). 
Similarly, its kinetic energy at the height ho will be equal to 

^*. = I W + vo.'), 

the horizontal component of velocity remaining unchanged and 
the vertical comx)onent becoming Vov- 
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But 

t;, = y/2g{x — h) 

and 

where x equals the height at which the vertical component of the 
velocity is zero. Hence, 

Eu-Eu.^^{v,^-v^^)^wh,-wh^Ep^-E^. . (2) 

If the resistance of the air is taken into account the system of 
forces acting on the particle becomes non-conservative and it is 
evident that equation (2) will not hold true. 

177. The Potential. — Let mi, m^, ms, etc., be the masses of 
any system of attracting particles which are situated at distances 
Ti, r2, rs, etc., from a given point. The potential of the system 
at the xx)int may be defined as 

7=^ + ^ + ^»+... = s^, . . . . (1) 
fi r% Tz r 

where the distances n, ri and rs, are all taken as positive quanti- 
ties. 

We will consider very briefly the meaning of this function in 
the case where the attracting forces follow the law of gravitation 



\ 

y 

Fia. 180. 

(Art. 85). Let m and mi be the masses of two particles, at the 
points P and respectively (Fig. 180), and r equal the distance 
between them. Then, for any displacement ds of mi with respect 
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to m, r will become r + dr and the work done by the attracting 
force during the displacement will be equal to 

dTF = Fcos^ds = - K^dr (Arts. 163 and 85), . (2) 

where dr = cos ^ ds, the proje^ction of the displacement on the 
line of action of the force, and F = K — ^ , the magnitude of the 

force acting between the particles. 

• Hence the work done, during the displacement of mi along any 
path to the point d, at a distance ri from P, will be equal to 

W = jFcoa<l>ds^'- r K^'dr^KmmJ^-^, (3) 

which is evidently independent of the path of mi between its 
initial and final positions. If we let mi = unity and choose the 
unit of mass, so that K = 1, equation (3) becomes 

.Tr= rFcos«(fe=mf^-^] (4) 

If the point Oi is removed to an infinite distance, the work done 
will be equal to 

r 

fit 
The quantity — is the potential of the mass m at the point 0, 

as defined above. Hence, the potential of a particle of mass m 
at a point is equal to the work which would be done by its 
attraction on a particle of unit mass, if the particle were brought 
up to along any path from infinity. 

If the unit mass were moved from an infinite distance up to 
the point under the attractions of a system of particles mi, m2, ms, 
etc., whose distances from were the constant quantities n, r2, 
fs, etc., the work done would evidently be equal to 

mi mi , ma __ y, m __ -r^ .-v 

Ti r2 Tz T 

Hence, the potential of a system of dUrading particles ai a given 
point may be defined as the work which would he done by the 
attractions exerted by the particles in the system in bringing a par- 
tide of unit mass up to the point from infinity; the system of par^ 
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tides being a finite one and its confi^guraJtion remaining constant 
during the change. When the system of particles forms a con- 
tmuous mass, the expression for the potential at may be written 

-/^ <") 



V 

which is the general expression for the potential at any point in 
the field of gravitational attraction surrounding any solid body. 

Returning to equation (4): the work done, as the unit mass 
moves along any path between points whose distances from the 
mass m are equal to r and ri, is evidently equal to the difference 
of the potentials of the mass m at the two points. As this holds 
true for every particle in a system, it will follow that the work 
done by the attraction of a system of particles on a particle of 
unit mass, as it moves from one point to another, will be equal to 
the difference of the potentials at the two points; that is, 



Tr=S CFcos<f>d8= CRco8<t>rd8 = Vi-V, 



(7) 



where R = resultant attraction of the particles in the system on 
the unit mass, and 0r = the angle between the tangent to its 
path and the line of action of R at any point. 
Differentiating, we obtain 

dW = Rcos4>rds = dV (8) 

dV 
Hence -j- = R cos <f>r; (9) 

that is, the derivative of the potential at a point with respect to 
any displacement is equal to the component of the attraction in 
the direction of the displacement. 

In a similar manner, if we resolve R into components Xr, Yr, Zry 
along three coordinate axes OX, OY and OZ, and take the dis- 
placement of the unit mass along each of the axes in turn we shaU 
have 

An imaginary surface which is the locus of all the points in a 
field of force, at which the potential has a given value, is called a 
level surface, or an equipotential surface. Any line in such a sur- 
face is called an equipotential line. 
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It is evident that for every point in such a surface 

dV 



ds 



= (11) 



and that the work done as a particle moves from point to point 
in the surface will be equal to zero. It follows from equation (9) 
that such a surface will be everywhere perpendicular to the lines 
of force (Art. 86) and, if the surface were impenetrable, a particle 
placed upon it would be in equilibrium under the normal pressure 
of the surface and the attractive forces. 

The potential at any point in the field of attraction of a homo- 
geneous solid may be determined by the integration of equation 
(6). In the case of the solid, or hollow, sphere; since the attrac- 
tion at any point outside the surface is the same as if the mass of 
the sphere were concentrated at its center (Art. 86), it follows 
from the definition that the potential at any point, outside the 
surface, at a distance r from tl)e center, will be equal to 

M 
V = f, (12) 

where M = the mass of the sphere. 

For a thin hollow sphere, of radius a and mass M, since the 
resultant attraction R at all points inside the surface is equal to 
zero (Art. 86), it follows from equation (9) that the potential at 
any point inside the surface will be equal to the potential at a 
point on the smf ace, and hence 

M 

7 = — (13) 

a 

It is evident that all equipotential siurfaces outside the siurface of 
a sphere will be concentric spheres. 

178. Problems. — Work, Energy, Power. — In any of the fol- 
lowing problems, involving mass, each body may be treated as if 
it were a single particle. It will be shown later that no error is 
introduced by making this assumption. 

Problem L 

Find the work done by the force F in moving the weights in Problem 3 
(Art. 161) through a distance of 12 ft. If the weights start from rest, find the 
kinetic energy of each weight after moving that distance. 
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Problem 2. 

Find the kinetic energy of the weights in Problem 7 (Art. 161) after moving 

a distuice of 5 ft. from a 
position of rest. 

Problem 3. 

A weight of 40 lbs., start- 
ing from rest, is moved along 
a frictionless inclined plane 
(Fig. 181) under the action 
of the forces F, Fi, Ft, the 
reaction of the plane and 
gravity. Assuming that the 
forces remain constant in 
magnitude and direction, and 
that F = 60 lbs., Fi = 30 lbs. 
and Ft » 20 lbs., find the 
kinetic energy of the weight 




Fig. 181. 



at the end of 20 sees. Find the work done and the maTimum power exerted 
during the 20 sees, by the force F; by the force Fi\ by the force Ft. 



Problem 4. 

Solve Problem 3, assuming that the force Ft 
remaining the same. 



80 lbs., the other forces 



Problem 6. 

Two weights, of 40 lbs. each, rest on inclined planes, making angles of 30 
and 60^ with the horizontal, and are connected with a flexible cord running over 

C 




Fig. 182. 

a pulley at C (Fig. 182). If the weights start from rest, find the kinetic energy 
of each one after moving through a distance of 10 ft., neglecting friction and 
the weight of the pulley and cord. 

Problem 6. 

Assuming a force of friction equal to 4 lbs. between each weight and the 
plane on which it rests (Fig. 182), find the kinetic energy of the system after 
5 sees, if the initial velocity of the weights is equal to 10 ft. per sec. 
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Problem 7. 

A weight of 15 lbs., starting from rest, is raised vertically by a force whose 
initial magnitude is 25 lbs. and which decreases uniformly at the rate of 1 lb. 
per ft. of distance through which 
the weight is raised. Find the height 
to which the weight will rise imder 
the action of such a force. 

Problems. 

The work diagram for the re- 
sultant of the forces moving a 
weight of 20 lbs. along a horizontal 
plane is shown in Fig. 183. If the 
velocity of the weight is zero at A, 







find its velocity at B, Find the power exerted when the weight is at C; 
when it is at B, 

Problem 9. 

Solve Problem 8, assuming that the velocity at A is 20 ft. per second. 

Problem 10. 

Find the work done in 10 sees, by the force F in Problem 9 (Art. 161). 

Problem IL 

Find the work done in 10 sees, by the force F in Problem 10 (Art. 161). 

Problem 12. 

Plot the work diagram for the force F in Problem 10 (Art. 161) for the space 
traversed in 10 sees. 

Problem 13. 

Plot the work diagram for the force acting in Problem 14 (Art. 161) for a 
distance of 500 ft. Find the kinetic energy of the weight after moving 500 ft. 

Problem 14. 

Assuming that the moving weight in Problem 12 (Art*. 161) is 10 lbs., find 
the work done by the resultant of the forces acting upon it during the first 
12 sees. Plot the work diagram for the resultant of the forces acting during 
the first 20 sees. 

Solve graphically, measuring distances at 1 sec. intervals. 

Find the maximum power exerted and the maximum kinetic energy of 
the weight during that time. 

Problem 16. 

Find the kinetic energy of the projectile in Problem 20 (Art. 161) at the 
starting point; when it is at its highest point; when it strikes the ground. 

Problem 16. 

Find the kinetic energy of the weight in Problem 26 (Art. 161) when it 
reaches its lowest position at C. 

Problem 17. 

Find the work done by the force acting on the weight in Problem 31 (Art. 
161) as it moves through a distance of 1 ft. from its mid-position. 
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Problem 18. 

A pulley, 4 ft. in diameter, rotates under the action of the forces shown in 
Fig. 184. Find the work done by each of the forces during 100 revolutions of 
the pulley; also by the resultant of the system. 




Fig. 184. 

Problem 19. 

A wheel 2 ft. in diameter is acted upon at A and B by two constant, 
equal and opposite forces of 10 lbs. each (Fig. 185), the lines of action, of 




Fia. 185. 

which, remain horizontal as the wheel turns. Find the work done in turning 
the wheel through an angle of 00^, as indicated in the figure. 

Problem 2I0. 

A wheel is acted upon by two tx>nstant, equal and opposite horizontal forces 
of 20 lbs. each (Fig. 186), the lines of action, of which, remain horizontal as 
the wheel turns. Find the work done in turning the wheel through an angle 
of 45% as indicated in the figure. 
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Ptoblem 21. 

Solve Problem 19 assuming that the forces remain tangent to the circum- 
terence as the wheel turns. Find the work per revolution in this case. 

Problem 22. 

Solve Problem 20 assuming that the forces remain perpendicular to the 
radius OA as the wheel tiuns. Find the work per revolution in this case. 

I>roblem 28. 

Plot the power diagram for Problem 8, using distances as abscissse; using 
times as abscissae. 




I 
FiQ. 186. 

Problem 24. 

Plot the power diagram for Problem 13, using distances as abscissse; using 
times as abscissse. 

Problem 26. 

A motor-driven shaft, turning at 500 revolutions per minute, is subjected 
to a constant torque of 500 ft. -lbs. Find the horse-power transmitted. 

Problem 26. 

A shaft carries 25 horse-power, turning at a speed of 300 revolutions per 
minute; find the torque. 

Problem 27. 

If the allowable torque on a shaft is 200 ft.-lbs. find the speed in revolu- 
tions per minute necessary for the shaft to transmit 20 horse-power 

Problem 28. 

A locomotive exerts a pull of 16,000 lbs. at the draw-bar when traveling 
at a speed of 30 miles per hour. Find the horse-power exerted. 

Problem 29. 

A weight of 1000 lbs. is raised at a uniform speed of 200 ft. per minute by 
a hoisting engine. Find the horse-power exerted. 
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§ 3. Friction. 

179. Sliding Friction. — When one body slides, or tends to 
slide, over the surface of another, the resistance to the motion 
which is developed is called the force of friction or simply /ric^ion. 
This is a force which always acts opposite to the motion, and de- 
pends on the nature and condition of the surfaces in contact. 
A distinction is usually made between static friction and kinetic 
friction. Static friction is that which opposes a tendency to move 
due to the forces acting on a body at rest, and its limiting value 
occurs when the body is at the point of transition from rest to mo- 
tion. Kinetic friction is that which continually opposes the motion. 
The amount of friction in both cases depends on the roughness and 
the hardness of the surfaces in contact, the kind and the amount 
of lubrication, and other conditions. 

It should be remembered that by the term motion is meant the 
relative motion of the surfaces of contact. Thus a force of friction 
may act as a resistance to the motion of a weight sliding on a plane 
and, on the other hand, a force of friction exerted between a belt 
and a pulley may act to accelerate the motion of the pulley. In 
this case both the belt and pulley are in motion; and the friction 
may be either static or kinetic, depending on the relative motion 
of the surfaces in contact. 

A distinction is sometimes made between the adhesion of two 
surfaces and the friction between them, the adhesion being said 
to depend on the nature and extent of the surfaces, but to be inde- 
pendent of the pressure. For very small pressures the adhesion 
would form a considerable portion of the resistance to motion, but 
with large pressures, the adhesion is relatively so small that it 
may be neglected. As it is impracticable to distinguish between 
adhesion and friction, the determination of all such resistances 
being entirely a matter of experiment, we include them all under 
the head of friction 

As allowances for friction enter into nearly every engineering 
problem dealing with motion we will proceed with the considera- 
tion of certain fundamental relations between the friction and the 
other forces acting upon a body when at rest and when in 
motion. 

180. Coefficient of Sliding Friction. — If a weight W is 
moved along a horizontal plane, by a horizontal force P (Big. 187), 
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a force of friction will be developed at the surface between the 
weight and the plane. If we let F = the friction and N = the 
normal pressure between the plane and the weight, the ratio of F 
to iV is called the coefficient of friction. 




Fig. 187. 



Denoting this coeflScient by /, we have 

F 



/ = 



N 



If we let R equal the resultant of F and N, and <t> the angle which 
R makes with N, we shall have 



and 



R = Vf^ + iVS 

F 
/=-^= tan*; 



that is, the coefficient of sliding friction is equal to the tangent of 
the angle <f> between the resultant force exerted by the plane on the 
weight and its normal component. 

The angle is called the angle of friction and the cone, generated 
by revolving R about the normal iV, is called the cone of friction. 

In the case shown in Fig. 187 it is evident that N is equal to W 
and, if the weight moves with a uniform velocity, P is equal to F 

F P 

and / == "a? ~ fi^ ^s the coefficient of kinetic friction. If the weight 

is at rest and the force P is the force required to start it in motion, 

p 
/ ~ w ^s the coefficient of static friction. Generally the latter 

coefficient is larger than the former. In both cases the resultant 
of P and W, that is, the resultant reaction of the weight against 
the plane, will be equal and opposite to R. 
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If the magnitude of P is such that the line of action of the 
resultant of P and W falls within the cone of friction, no motion 
will result and, on the other hand, if the line of action of the 
resultant falls outside of the cone of friction, the body will move 
with an accelerated motion. 



Fig. 188. 

A special case is that of the weight W resting on an inclined 
plane (Fig. 188) under the action of gravity and the reaction R 
of the plane on the weight. It is evident that if 6, the angle 
which the plane makes with the horizontal, is less than 0, the 
angle of friction, no motion will result and, if 6 is greater than 0, 
the weight will sUde down the plane. When ^ = the weight will 
be at the point of sliding down the plane. For this reason <f> is 
sometimes called the angle of repose. The coefficient / = tan <t> 
may be constant, or variable, for surfaces of the same material, 
depending on conditions. 

181. Laws of Sliding Friction. — There are certain laws, 
based upon the results of experiments, which are known as the 
laws of friction, which may be stated as follows: 

(1) Friction is proportional to the normal pressure between the 
rubbing surfaces. 

(2) Friction is independent of the extent of the surfaces in 
contact. 

(3) Friction is independent of the relative velocities of the 
sliding surfaces. 

(4) Static friction is generally greater than kinetic friction. 
These laws were originally based upon experiments made by 

Coulomb and Morin and within certain limits may be said to hold 
for the friction of non-lubricated surfaces. To them may be 
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added the following, based upon experiments on lubricated sur- 
faces. 

(5) The friction of lubricated surfaces is generally less than that 
of dry, or non-lubricated, surfaces and depends less upon the 
nature of the surfaces than upon the nature of the lubricant and 
the method of applying it. 

The results of experiments made since those of Morin seem to 
show that the above laws of kinetic friction are true only for 
moderate speeds and moderate pressures. Experiments at slow 
speeds have shown that, in certain cases, the coefficient of friction 
at low speeds has been higher than the coefficient at moderate 
speeds. Also at very high speeds, imder certain conditions, the 
coefficient of friction has been found to diminish as the speed 
increased and also appears to be affected by an increase in tem- 
perature of the sliding surfaces. Provided the pressure does not 
become great enough to crush the material, the coefficient of fric- 
tion tends as a rule to diminish as the pressure increases. 

In the case of lubricated surfaces, the coefficient will depend on 
the rate at which the lubricant is applied. When a bearing is 
flooded in oil, the friction apparently follows the laws of fluid 
friction more closely than those of solid friction. 

According to the laws of fluid friction, the friction is independent 
of the intensity of pressure, is proportional to the surface of con- 
tact, and to the square of the speed, approximately. 

It will be apparent, therefore, that in estimating the coefficient 
of friction in any case it is necessary to know the results of experi- 
ments made under similar conditions; and that it is impossible to 
formulate exact laws to cover a variety of conditions. 

In tables based on the experiments on friction made by Morin 
and others will be found values for the coefficient of sliding friction 
between smooth dry metal surfaces ranging from 0.15 to 0.35, de- 
pending on the nature of the metal; while for the coefficients 
between smooth surfaces of wood and between wood and metal 
the values range from 0.25 to 0.60. If smooth metal surfaces 
are lubricated with grease or oil, the coefficients at moderate 
pressures range from values in the neighborhood of 0.15 to 0.05. 
In the case of well lubricated journals much lower values are 
obtained. 

Certain cases dealing with static and kinetic friction will now 



254 APPLIED MECHANICS 

be discussed. In each case we will denote the coefficient of 
friction by / = tan 4>. 

182. The Weight on the Inclined Plane. — Let P repre- 
sent the resultant of all the forces, except gravity and the reaction 

of the plane, acting on a weight 
"y^^^ ^^ ^fffi W which rests on an inclined 

/ ^^^p^^ yjiifif^^^^^ plane (Fig. 189), and let 6 = the 
1 \ I ^fff^^^^^ angle which the plane makes 

\ \ Jk^ yj^ih, the horizontal and a = the 

\ ^^xr^^ I ^X^'^N angle which P makes with the 

\t^^ wl \ \ \^ plane. Let N = the normal 

4fir^- \ \ ^^»*^r\ ^"^"^N pressure of the plane on the 

»^ N weight and assume that P, N 

^ -on and W are in the same plane. 

Fig. 189. ^ _ , - - . . . 

Let F = the force of fnction 
and R = the resultant of F and N, 

We will consider two cases: (a) when there is no motion; (b) 
when the weight slides up, or down, the plane. 

(a) In this case the angle between R and N will be equal to or 
less than <t>, and it is evident that R, P and W will pass through 
the same point. By resolving the forces into components per- 
pendicular and parallel to the plane and applying the conditions 
of equilibrium (Art. 35), we obtain, when the weight is at the point 
of moving up the plane, 

P cos a - TT sm ^ - P = (1) 

and - P sin a - TT cos ^ + ^' = 0; . . . . . (2) 
also, P = i\r tan 1^ (Art. 180) (3) 

The solution of these equations will give P, F and N in terms 
of TT. 

If the weight were at the point of sliding down the plane, the 
force of friction would act in the opposite direction and the sign 
of F in equation (1) would be plus instead of minus. 

(b) In this case, if the motion is uniform, the forces acting on 
the weight will be in equilibrium and equations (1), (2) and (3) 
will hold true as before. If the motion is accelerated, the vector 
sum of the components perpendicular to the plane will be equal 
to zero, and the resultant Pry of all the forces acting on the weight 
will be equal to the vector sum of the components parallel to the 
plane. 
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Hence, when the motion is up the plane, 

P cos a - TT sin ^ - F = Pr, (4) 

- P sin a - TT cos ^ + iV = (5) 

and F = AT tan (6) 

The solution of these equations will give Pr^ F and N in tenns 
of P and W. If the motion were down the plane the sign of P in 
equation (4) would be plus instead of minus. 

It is evident from equation (1) that the work done in moving 
the weight up the plane, with a uniform velocity through the 
distance s, will be equal to 

PcosaXs = W8 smO +F8 = Wh +Fs, ... (7) 

where A = s sin ^, the vertical projection of the distance 8. 

183. The Wedge. — Let the forces acting on the wedge ACB 
(Rg. 190) be parallel to a plane which is perpendicular to the edge 




Fig. 190. 



of the wedge at C Let the force P, making an angle a with 
the side CA, be the force required to keep the wedge in uni- 
form motion toward the left; and let/i = the coeiflScient of friction 
at the surface CA and /2 = the coeflScient of friction at the surface 
CB. Let Pi = the friction and Ni = the normal pressure on 
the surface CA ; Pj = the friction and -^2 = the normal pressure 
on the surface CB. These forces must be distributed in such a 
manner that their resultants, Ri and ft, and the force P will inter- 
sect at some point 0. Let the angle ACB = $, 
Resolving all the forces into components parallel and per- 
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pendiculax to AC and writing the equations for equilibrium, 

we have 

-Pcosa + Fi + FiCOsB+NiSiJid ^0, . . (1) 

and - P sin cK + A^i + F2 sin ^ - i\r2 cos ^ = 0; . (2) 

also, Fi = fiNi, (3) 

and F, = /,iVj (4) 

The solution of these equations will give the values of Fi, Fa, Ni 
and Nt when P, /i and ft are known; or the value of P, when Nt, 
or Nif and /i and ft are known. 

If the pressure P is applied along the center line of the wedge, 
bisecting the angle 6, and /i = /a, it is evident that we shall have 

Ni = N2 and Fi = Fj. 
Hence, by resolving the forces into components parallel and 

perpendicular to the line of action of P and noting that a = « , we 

obtain 

P = 2 Fi cos a + 2 iVi sin a = 2 iVi (/i cos a + sin a). . (5) 

184. Axle Friction. — If an axle fits loosely in a cylindrical 
bearing and both the axle and bearing are perfect cylinders, the 

bearing surface will be a narrow strip 
which may be regarded as a single ele- 
ment. Theoretically, if the cylinders 
were incompressible, they would be in 
contact along a single line. Let r = the 
radius of the shaft and CB represent the 
direction of the resultant pressure on 
the bearing (Fig. 191), due to the weight 
of the shaft, pulleys, etc., and pulls or 
thrusts, due to belting, gearing, or other 
causes. 

If the shaft turns in the direction of 
the arrow, it will tend to rise in the 
bearing until it rotates in contact with 
If iV = the normal pressure and F = the fric- 
tion exerted by the bearing on this element, their resultant 

R = VF2 + N^ (1) 

must be equal and opposite to the resultant pressure on the bear- 
ing, and the moment of R about 0, the center of the shaft, will 



ic 




Fig. 191. 
some elemental. 
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Fig. 192. 



ing at the elements A\ and As (Fig. 192), and assume that the co- 
efficient of friction at both Ax and As is equal to /. Let CO repre- 
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be equal to Fr, the moment of the friction. If » the angle of 
friction we shall have 

F = iV tan ^ = fi sin «, . . . . (2) 

that is, the friction will equal the product of the resultant pressure ^ 
on the bearing and the sine of the angle of friction. 

If, with as a center, a circle is drawn tangent to the line of 
action of i2, its radius will be equal to 

p = r sin <^, (3) 

and the moment of the friction will be equal to 

M = Fr = Rp (4) 

This circle is called the friction circle. 

For a lubricated bearing / = tan is very small, and tan <t> may 
be substituted for sin in equations (2) and (3) giving 

F = fi tan <^ = /ie, (5) 

and p = r tan = /r (6) 

If the direction of rotation is changed, the resultant pressure R 
will evidently act in the direction of the tangent to the friction 
circle passing through the new point of contact. 

It is evident from equation (4) that the work done in over- 
coming friction during each revolution of the shaft will be equal to 

2TAf = 2irFr = 2iri2p (7) 

' 186. Friction of an Axle, Bearing at Two Elements. — Let 

r = the radius of the axle which rotates in contact with the bear- 
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sent the direction of R, the resultant pressure on the bearing, and 
a = the angle between CO and the normal to the surface of con- 
tact at Ai, and fi = the angle between CO and the normal at Aj. 
Assuming that the shaft turns in the direction of the arrow, let Fi 
and Fi equal the force s of fricti on, Ni and iVj e qual the n ormal 
pressures, and Ri = VfV~+~N~i^ and JKj = VFi^ + N-J equal 
the resultant reactions of the bearing on the shaft at the points Ai 
and Aij respectively. Then Ri and Rt will be tangent to the fric- 
tion circle and will make an angle <f> with the radii OAi and OAj, 
respectively. Their resultant will iact through Oi, their point of 
intersection, and will be equal and parallel to R, and the moment 
of this resultant about will be equal to the sum of the moments 
of Fi and Fj. 

From the triangle of forces whose sides Cid, ECi and Oi-B are 
equal to i2, Ri and ft, respectively, we have 

p sin (/? + 0) . p _ p sin (a - 0) 

lii = It - — 7 r— TT » tit ^ tC - — 7 r~^ ' 

sm (a + /8) sm (a + /3) 

Hence 

„ _ ^ sin (/3 + </>) .„ . J? - p sin (a - 0) . 
sm (a + /3) sin (a + /3) 

The moment of friction will then be equal to 

M = F^r+ Fir = -3^-^c [sin (p + 4,) + sin (a - *)]. (1) 

Sin ^^a -f- P) 

When a = /3 we have a special case and equation (1) reduces to 

M = (Fi + F2) r = ^??^^ (2 sin a cos *) 

sin Z a 

Rr sin </> cos „ cos </> ,^\ 

= = ICp {Z) 

COS a cos a 

Equation (2) shows that the moment of the friction increases as 

the angle a increases, being directly proportional to 

cos a 

When a = /5 = 0, the moment (equation 2) is the same as in 

^ the case where the shaft bears along a single element (Art. 184). 

^v.A.^86. Friction of an Axle, Bearing Over a Surface. — Let r = 

the radius of the axle and let 2 ^ = the angle AOB^ subtended by 

the arc of contact AB (Fig. 193) and assume the length of the 

bearing equal to unity. 
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Let p = the intensity of the normal pressure at any point in 
the bearing surface, and assume that 
p = a constant. \C 

The normal pressure on an element of 
the surface, subtending an angle da, will /y \ 
be equal to yrda and its component / / \ 

parallel to OC will equal prcosada. L— r---l^ 
Since the components, perpendicular to \ / 'X^ 

OC, of the pressure on any pair of ele- \ /C/lA^ \ 
ments on opposite sides of and equidis- A*^--^_-V^^!l^da 

tant from OC will balance, the resultant ^^^ 

of the normal pressure on the bearing 
will be equal to ^^''' ^^^' 

R^yr \ cosof da = 2 /w sin ^, 

and hence p = -^ — -. — - (1) 

'^ 2 r sm ^ 

The friction on the elementary arc rda will be equal to 

fjjrda, 

and its moment about will be equal to 

« 

fpr^ da. 
Hence the resultant moment of the friction will be equal to 

M = f-pr^r da = 2/pr2 6 (2) 

Substituting the value of p from equation (1) we have 

M^m^^m, (3) 

smd sm d 

where fl, the resultant of the normal pressure, may be assumed 
to be equal to the resultant pressure on the bearing surface, when 
/ is a small quantity. 

For small areas of contact, B = sin 6, nearly, and we may write 

M^Rp) (4) 

that is, we may assume that the pressure acts at a single element 
as in Art. 184. 
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When the entire arc of contact is 60 degrees, ^ = 30 degrees and 
the error in assuming ^ = sin ^ is less than 5 per cent. 
If the arc of contact is 180 degrees, 

3f=^ = ^ (5) 

In making the assmnption in the above discussion that p — 
a constant, no account has been taken of the fact that, because of 
the friction, the shaft tends to bear more heavily on one side of 
the arc (rf contact than on the other, as illustrated in the case in 
Art. 185; and also that, as the shaft wears the bearing, the in- 
tensity of the normal pressure is not likely to remain uniform over 
the entire surface of contact. 

Hence it is impracticable to go to the refinement of equation (3) 
in calculating the moment of the friction, the formula 

M = fRr (Art. 184) (6) 

being the one ordinarily used for all cases of shaft friction. 

It should he noted that the intensity of the normal pressure on the 
hearing as given hy equation (1), is equal to the resultant pressure 
divided hy the projection of the hearing surface on a plane perpendic- 
ular to the direction of thdt pressure. 

In most engineering computations the pressure per unit of hear- 
ing area is calculated by dividing the resultant pressure by the 
product of the length and diameter of the bearing. Such compu- 
tations are made to determine the size of a bearing required to run 
smoothly, without heating, under given conditions, the maximum 
allowable intensity of pressure in any given case being determined 
from experiments and the results of practice. 

187. Pin Friction. — Pin friction, as it occurs in linkwork and 
jointed frames, is similar to axle friction. Let A and B be two 
pins, joined together by a link or other rigid body, and let the 
pins A and B move relatively to the link in the directions indicated 
by the arrows (Fig. 194). 

If the coefficients of friction are known, the friction circles at 
A and B can be drawn. 

If the link is in tension we find, on comparing with the shaft 
(Art. 184) that the normal pressure and the friction on the pins 
will act in the directions indicated and the line of action of the 
resultant pull between the pins will be the line CDy tangent to 
the friction circles. 
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If the link were in compression, or the direction of the motion 
chai^^, the line of action of the resultant force acting between the 
pins could be determined in a similar manner. In any case the re- 




sultant pull or thrust would not act along a line connecting the cen- 
ters of the pins, but at a small angle with it which would be equal to 

^° -r ' 

where I = the length of the link between centers and p and p\ 
equal the radii of the friction circles, pi being positive when the 
pins turn in the same direction relatively to the link and negative 
- when they turn in opposite directions. 

188. Pivot Friction. — When an axle, or shaft, is vertical or 
inclined, and sometimes in the case of a horizontal shaft, the end 
thrust is taken up by a support 
against which the axle, or shaft, 
bears as a pivot. The bearing 
may cover a part, or the entire 
end, of the shaft, or, it may 
support a collar on the shaft. 

As the distribution of the fric- 
tion is assumed to be the same 
whether the shaft is vertical or 
horizontal, we shall confine the 
following discussion to the ver- 
tical pivot. 

Let Fig. 195 represent the 
cross section through the axis 
OY and the projection of the 
bearing surface of any pivot and 
let Ti and r* be the radii of the circles at the inside and out^de limits 




Fio. 195. 
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of the bearing surface. Let R = the resultant bearing pressure on 
the pivot and let p = the intensity of the bearing pressure at any 
point E, whose perpendicular distance from OF is equal to p, and 
let a = the angle between OY and the tangent to the bearing 
surface at E. 

The normal pressure on an element dA of the bearing surface 
at the point E will be equal to 

pdA, 

The friction on this element will be equal to 

fpdAy 

and its moment about OY will be equal to 

fppdA, 

Hence the resultant moment of the friction on the entire surface 
will be equal to 

M=ffppdA (1) 

To integrate this expression we must know the form of the pivot 
and the expression for the value of p at any point. 

If we resolve the elementary pressure p dA into horizontal and 
vertical components, it is evident that the horizontal component 
will be balanced by that on the elementary area symmetrically 
situated on the other side of the axis and, since this will be true 
for every elementary area, the resultant pressure R will be equal 
to the sum of the vertical components of the elementary pressures. 
The vertical component of p dA will be equal to 

p sin adA = pdAi, 

where dAi = sin a (2A is the projection of dA on the horizontal 
plane. 

Therefore R = j p^nadA = j p dAi. 

Expressing dAi in polar coordinates, we have 
p dAi = pp dp dd, 
and hence 

pdAi= I I ppdpde. ... (2) 

Jri Jo 

Substituting in equation (1) 

, - dAi p dp d$ 

cLA = —. — = — ; » 

sin a sm a 
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we have 



M 



^frrPBL^Ede (3) 

Jri Jo Sin a 
To determine the value of p, one of two assumptions may be 

made: (a) that p = a constant: (b) that -r- — = a constant. 

^ 7 \ / ana 

The latter is based on the assumptions that the amoimt of vertical 

wear at every point in the bearing surface is the same and that 

the wear at any point in the direction normal to the surface is 

proportional to the product of the intensity of pressure and the 

velocity of sliding at that point. Since the velocity at any point 

in the wearing surface is proportional to p, the wear at that point 

in the normal direction will be proportional to pp and hence the 

pp 
wear in the vertical direction will be proportional to - 



sma 

(a) If we assume p = a constant and let A = the horizontal 
projection of the total bearing area, we shiaJl obtain from equation 
(2), 

^ = 1 w 

and from equation (3), 

M^drr^^^ 

•^ AJr, Jo Sin a ^ ^ 

(b) If we assimie -^ = C = a constant, and let A = the hori- 

sma 

zontal projection of the bearing area, as before, we shall obtain 
from equation (2), 

(^ — /•r, /•2t » w) 

/ / sinadpdd 

Jri Jo 

and from equation (3), 

M ^fCr"£\dpde=^fCA. ... (7) 

Prom the last four equations the moment of the friction on 
any pivot may be determined on the basis of either of the above 
assumptions. 
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Expressions for the work done per revolution in overcoming 
friction may evidently be obtained by substituting the above 
values of Af , in the formula 

W = 27rM (8) 

189. Friction of Screw Threads. — Let W = the resultant 
pressure on the threads, acting parallel to the axis of the screw, 
h — the pitch of the screw and r = the mean of the inside and 
outside radii of the bearing surface of the thread. 

Square Threaded Screw. — In this case the average angle of 
slope between the bearing surface of the thread and a plane per- 
pendicular to the oris of the screw will be equal to 

0. = taii->2^ (1) 

If we let pn = the average intensity of the normal pressure on 
the bearing surface, the friction per unit of area will be equal to 

fPny 

and the average moment of the friction per unit of area, about 
the axis of the screw, will be equal to 

fpnr cos d (Art. 61). 

Hence, if we let A = the total area of the bearing surface of the 
thread, the total moment of the friction will be equal to 

fpnAr cos d, (2) 

and the work done per revolution in overcoming the friction on 
the thread will be equal to 

2 wfpnAr cose (3) 

The work done per revolution in raising the weight will be equal to 

and hence if we let M = the moment of the resultant couple 
applied to turn the screw, the work done per revolution in lifting the 
weight W and overcoming the friction will be equal to 

2 tM = 2 wfpnAr cose + Wh (4) 

Substituting the value of h (equation 1) and dividing by 2 t we 
obtain 

M = fpnAr cose + Wr iasie (5) 
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In the ordinary single threaded screw the pitch is so small that 
we may assmne, with a very small error, that 

W 
cos ^ = 1 and Pn = -j ' 

in which case equation (4) reduces to 

27rM = 2irWfr + Wh, (6) 

and equation (5) to 

M = Wfr + TTrtan^ = Trr(tan<^ + tan^). . . (7) 

If the weight W is being lowered by turning the screw the last term 

in each of the equations (4), (5), (6) and (7) will evidently be 

negative. 

V Threaded Screw. — Let a = the angle between the surfaces of 

the thread, A = the total area of the bearing surface of the thread, 

and pn = the average intensity of the normal pressure. Then 

W 
Pn = , approximately; and by substituting this value in 

A cos^ 

equations (4) and (5) we obtain for the work done per revolution 
in lifting the weight, 

2irilf = 2ir/-^rcos^ + TTA, .... (8) 

a 
cos 2 

and, for the magnitude of the turning couple, 

,, ^Wrcos^ , rrr J. /» tt7 /tan ^ COS ^ , . A r^x 
M = f h WriaiiO =^Wrl •^ h tan (? I . (9) 



a la 

2 \ *^2 



If a == 60° and we assume cos 0=1, equation (9) becomes 

M =^Wr (1.15 tan « + tan ^) (10) 

If the weight is lowered by turning the screw, the last term in 
equations (8), (9) and (10) will be negative. 

190. Friction Cones and Friction Discs. — For the purpose 
of transmitting power to a machine, where it is necessary to start 
and stop the machine independently of the driving mechanism, 
a friction clutch is frequently used. As the name indicates, the 
power is transmitted through the clutch by the force of friction 
exerted between surfaces which are brought into contact and 
subjected to pressure when the clutch is "closed." 
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In certain types of clutches the surfaces in contact are conical 
in form while in others the surfaces are simply flat discs. In either 
case the surfaces can be brought into contact and subjected to 
pressure by some form of mechanism which can be operated while 
the clutch is tiuning. In operating the clutch to start a machine 
the friction between the surfaces of contact is at first kinetic, 
as the surfaces slip by each other until the machine is brought 
up to speed and the clutch is closed. The friction then becomes 
static, unless the clutch is overloaded to the point where continual 
slipping occurs. 

If the pressure on the surfaces of contact is assumed to be 
uniform in intensity, the formulas for the moment of friction in 
terms of the coefficient of friction and the resultant pressure will 
be identical in form with the formulas for pivot friction (Art. 188), 
the formula for the conical clutch being the one deduced in Prob- 
lem 11, Art 198, and that for the flat disc in Problem 10, Art. 198. 

If in the latter case, as is frequently the custom, more than 
one disc is used the total moment of the friction may be found by 
multiplying the formula for the moment of friction in Problem 10, 
Art. 198 by n, the number of surfaces of contact. 

191. Belt Friction. — In the transmission of power by belting 
from one pulley to another, the force acting between the belt and 
either pulley is the friction at the surface of contact. 

In order to produce the normal pressure necessary to develop a 
sufficient amoimt of friction, it is necessary to tighten the belt to 
an initial tension, which will be practically equal on the two sides 
of the puUey when the pulley is at rest. 

When power is being transmitted, the tension will be greater 
on one side of the pulley than on the other, and the difference 
of the tensions will be equal to the total force of friction at the 
smiace of contact of the belt and the pulley. The ordinary 
method of deducing the relation between the two tensions and 
the coefficient of friction between the belt and the pulley is the 
following: 

Let Ti and Tt be the tensions in a belt, transmitting power to a 
pulley of radius r (Kg. 196), and let Ti > Tj. Ti is called the 
tension in the tight side of the belt and T% the tension in the hose 
side. Let a = the angle subtended by the arc of contact AB, 
and p = the normal pressure per unit length of arc at any point C 
on the surface of the pulley. 
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The normal pressure on the elementary arc CCi, subtending the 
angle dB, will be equal to pr d0. 



C Ci 




Fig. 196. 

If the belt is at the point of slipping, and / = the coefficient of 

friction between the belt and pulley, the friction on the arc CCi 

will be equal to 

fprde. 

If we let T = the tension at C under these conditions, the ten- 
sion at Ci will equal T + dT, where 

dT-=fprde (1) 

Before integrating this expression we must determine the value 
of p in terms of T. Let CCi be 
a very small length of a flexible 
band which is wrapped around 
a cylinder, of radius r, and sub- 
jected to a uniform tension T 
(Fig. 197). 

Let p = the pressure per unit 
of length between the band and 
the cylinder and let A^ = the 
angle subtended at the center 
by the arc CCi. The forces 
acting on CCi will be the two 
forces r, parallel to the tangents 
to the cylinder at C and Ci, and 

the resultant of the normal pressure between the band and the 
cylinder which will equal prAS, very nearly. 
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Since these forces are in equilibrium when the pulley is at rest, 
or rotating with a uniform speed, we have from the force triangle 
abd 

prAB rp . Ad 
2 ^^^T' 



and hence, 



r28in^ 
P « — j^ — , very nearly. 



At the limit, as Ad diminishes, this expression becomes 

T 
P = 7 (2) 

If, for a small finite value of Ad, the tension at Ci is equal to 
T + AT, it is evident that as Ad approaches zero AT also ap- 
proaches zero and at the limit the value of p will be that given by 
equation (2) as before. 

Substituting this value of p in equation (1) and transposing we 
have 

Int^rating between the limits of T = Ti and T = Tj and the 
corresponding limits of d we have 



m-'S>- 



and 

T 
log, Ti - log* Ti = log. Y *" /«» 

or i = ^^ (3> 

where e = the Naperian base 2.718 +. 

Equation (3) gives the theoretical relation between Ti and Ta, 
when the belt is at the point of slipping on the pulley, in terms of 
the coefficient of friction between the belt and the pulley and the 
angle subtended by the arc of contact, when no allowance is made 
for the effect of centrifugal force. 

If the belt is traveling at a high speed the centrifugal force 
will tend to diminish the normal pressure, and hence the force of 
friction, between the belt and the pulley. In other words, a certain 



» 
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portion of the tension in the belt will be required to furnish the 
centripetal forces necessary to make the particles of the belt move 
in circular paths around the pulley, the remaining part producing 
the normal pressure between the belt and pulley, as shown by 
equation (2). 

If we let V = the sx)eed of the belt and w = the weight per unit 
of length, the centripetal force acting on the elementary length CCi 
(Kg. 197) will be equal to 

— = v^ = »*, very nearly (Art. 151). 

This force will act toward the center and will be the resultant of 
two equal tensions at the sections C and Ci. 
If we let t = the magnitude of these tensions we shall obtain 

1 wABv^ ^ . AS 
7z • = t sm -TT- • 

2 g 2 

Hence, 

T" * Ad' ^^^ iiearly, 

2sin-2- 

and at the limit, as A^ diminishes, 

t^^ (4) 

g 

For a belt of uniform section and material, t will be the component 
of the tension at every section, required to produce the circular 
motion in the belt or, as it is commonly called, the tension due to 
centrifugal force. Hence if Ti and T2 are the total tensions in 
the tight and loose sides of the belt, respectively, equation (2), 
modified to include the effect of centrifugal force, should be written: 

w^i-^ <« 

If TT = the work transmitted per second by the belt, we shall 

have 

W=iTi-Tt)v, (6) 

and hence the expression for the horse power transmitted will be 

^•P- 550 ^^^ 

The solution of equations (5) and (7) will give the power which a 
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belt will transmit at any given speed, for any assumed values of 
T\ and/, when the weight of the belt and the arc of contact between 
the belt and the pulley are known. In determining the tension 
due to centrifugal force the weight of a section of double leather 
belt 1 in. wide and 12 ins. long may be taken as w; = 0.15 lbs. 

A conservative estimate of the power which a double leather 
belt will transmit may be made by assuming / = 0.3 and Ti = 
150 lbs. per inch of width. 

For determining the sizes of belt required to transmit small 
amounts of power when the arc of contact is approximately 180®, 
equation (7) is frequently given in the form, 

h.p. =^, (8) 

where 6 = the width of the belt in inches, V = the speed in feet 
per' minute and A; = a constant. In the case of a single leather 
belt different rules give values of k varjdng from 600 to 1000; 
and for a double leather belt, values varying from 350 to 560. 
In formula (8) no account is taken of centrifugal force and hence 
for high speeds the more conservative rules call for the larger 
values of A:. 

192. Rope Drives. — Where hemp or cotton ropes are used 
for the transmission of power it is customary to run the ropes over 

grooved pulleys, the cross sections 
of the grooves being of the general 
form shown in Fig. 198. The size 
of the grooves is such that the 
rope touches the sides, as indicated 
in the figure, but not the bottom. 
Let pi = the normal pressure 
per unit of length of rope, exerted 
on the side of the groove, / = the 
coefficient of friction between the 
rope and the pulley and r = the 
radius of the pitch line. 
Then the resultant of the pres- 
sures pi, on the two sides of the groove, will be a force 

p = 2pisin|, 
acting in the radial direction. 




Pitch 



'^%^ 



^P 



Fig. 198. 
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Proceeding in the same manner as in Art. 191, the friction 
between the rope and the pulley on an arc of contact rdB will be 
equal to 



2f^rdBJ£^=tUi^dT. 



. . . . (1) 
. ti> . « 

suig sm^ 
Hence 

1 (a 

sin 2 

and by integration we obtain 

/« 

^ = e""^ (2) 

In the form of groove most commonly used co = 45° and equation 
(2) becomes 

^' = e»-"^« (3) 

To allow for the effect of centrifugal force, equation (3) should be 
written 

^^J=e»•"^^ (4) 

where t = — , w = the weight per unit length and v = the speed 

of the rope. 
The formula for the horse power transmitted will be 

h.p. = ^^^ ~J'^ " (Art. 191) (5) 

In determining the tension in the rope due to centrifugal force 
the weight per ft. of Manila hemp rope may be taken as 

w = 0.34 cPy 

where d = the diameter of the rope in inches. 

A conservative estimate of the power which a Manila rope will 
transmit may be made by assuming Ti = 200 cP and / = 0.13 in 
the above formulas. 

When the arc of contact is 180°, by substituting this value of 
/ in equation (4) and eliminating T2 between equations (4) and 
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(5), a commonly accepted formula for the power which may be 
transmitted by a Manila rope is obtained, namely, 

^•P- = 550 ' (^^ 

where Ti = 200 (P and i = — , as indicated above. 

193. Maximum Power which can be Transmitted by a 
Belt or Rope. — The formula for the ratio of the tensions (Arts. 
191 and 192) in a belt, or rope, which is transmitting power, may 
be written 



T2-t 



= ^«, (1) 



where c = a constant, which is equal to imity for a flat belt and 
whose value depends on the slope of the sides of the groove in 
the case of a rope running on a grooved pulley. 

The formula for the work transmitted per second by a belt or 
rope may be written 

W^{Ti-T,)v (2) 

By transforming equation (1) we obtain 

Ti - Ti e«/« - 1 



Ti-t e^' 



= 1 - e-*/«, .... (3) 



and substituting in equation (2) the value of (Ti — Tt) from 
equation (3) we have 

Tr = (T,-r,)t;=(l-e-*/«)(ri-0«' = (l-e"*^")(ri-^t;. . (4) 

Differentiating equation (4) and placing the derivative equal to 
zero, we obtain 

dW 
dv 

and 



= (i-^/-)(r.-^ = o, .... (6) 

„ = i/i^ = 3.27 v/^ (6) 



Hence the speed at which the maximum power will be trans- 
mitted by a belt, or rope, depends only on the maximum allowable 
tension and the weight per unit of length. 
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From equation (4) we may obtain the expression for the horse 
power transmitted 

and if a graph of this equation is made, with values of v as abscissse 
and of the horse power as ordinates, it will be found that, begin- 
ning with low speeds, the power will increase as the speed increases 
up to a maximum value, beyond which a further increase in speed 
will result in a decrease in power until, if the speed is increased to 
the value at which the tension due to centrifugal force becomes 
equal to the allowable tension in the belt, the value of h. p. becomes 
again equal to zero. 

Effect of Rigidity, — In the discussion in this, and the two 
preceding articles, no account has been taken of the friction 
losses due to the rigidity of the rope, or belt. No rope or belt is 
perfectly flexible, and in bending around a pulley a certain amount 
of work is done in overcoming the internal friction between the 
fibers. The amount of work lost in this manner will depend on 
the elasticity of the belt, or rope, as a whole, and the ratio of its 
thickness to the diameter of the pulley; the loss increasing as 
this ratio increases 

The formula 



h.p. = 



550 



will not, therefore, give the exact amount of power which can be 
transmitted from one pulley to another; as a part of the difference 
in tensions TviH be required to perform the work necessary to 
overcome the rigidity. 

The determination of this loss must be based entirely on experi- 
ment and no general rule can be given which will apply under all 
conditions. 

t94- Rolling Friction. — When one body rolls over the surface 
of another a resistance to the motion is developed which is called 
rolling friction. This in general is a small quantity, compared 
with sliding friction, and has been found to depend on the hardness 
of the surfaces in contact and the radius of the rolling surface. 

The theory of rolling friction is based on the assumption that 
the bearing surfaces imdergo a small amount of compression at 
the place of contact, and hence the effect is the same as if the roller 
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were continually being moved out of a hollow. Let P = the hori- 
zontal force which, when applied at the center 0, is necessary to 
move the roller (Fig. 199) with a uniform speed along a horizontal 



•////////////////Ti, 




777777777777?r7mT 



Fig. 199. 



plane. Let TF = the weight of the roller and R = the resultant 
pressure of the bearing surface on the roller. The force R will 
act at some point d in the bearing surface, whose perpendicular 
distance from the vertical OA we will call a, and its line of action 
will pass through 0. Since the cross section of the bearing surface 
cd is distorted from the arc of a circle, R is not necessarily the 
resultant of the normal components of the pressure on the different 
elements of the surface, but will be the resultant of the normal 
pressure and the friction, caused by the small amount of sliding 
which may take place during the distortion of the surfaces in 
contact. The amount of this sliding will depend on the nature 
of the surface, being considerable if either the roller or the bearing 
surface is very soft, and being imperceptible when both are hard. 
In either case, the resistance due to the sliding is included as a 
part of the rolling friction. 

When the roller is moving at a uniform speed, the sum of the 
moments of the forces acting upon it, about any axis perpendicular 
to their plane, will be equal to zero and, if we take moments about 
an axis through the point d, we shall have 

P (M) = Fa. 
But M = r, very nearly. 



Therefore 



r 
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where a is the coefficient of roUing friction. Since a represents the 
length of a line^ its value is expressed in units of length. For any 
given value of a, the rolling friction will therefore be directly pro- 
portional to the pressure on the bearing surface, and inversely to 
the radius of the roller. 

The following values of a, determined by different experiment- 
ers, will give an idea of the magnitude of rolling friction for hard 
surfaces. 

Lignum vitae rollers on oak track (Coulomb) . . a = 0.0189 in. 

Cast-iron wheels 20-inch diameter on cast- 
iron rails (Weisbach) a = 0.0183 in. 

Cast-iron wheels 20-inch diameter on cast- 
iron rails (Rittinger) a = 0.0193 in. 

Iron railroad wheels 30.4-inch diameter (Pam- 

bour) a = 0.0196 in. to 0.0216 in. 

Some experimenters have found a to be a constant for rollers of 
different radii of the same material, and others have found it to 
vary. 

If a is not constant it will be necessary to know its value for 
different sizes of roUers, as well as for different materials. 

The quantity - is evidently a ratio similar to the coefficient of 

■ r 

sliding friction and, if we denote it as such, the formulas for 

rolling friction reduce to the same form as those for sliding 

friction. 

196. Weight on Rollers. — If W is a weight, resting on rollers 

on a horizont&l plane (Fig. 200), and r = the radius of the rollers, 






FiQ. 200. 



and a and a\ are the coefficients of rolling friction at the two bear- 
ing surfaces, the force F necessary to move the weight with a uni- 
form speed, if its line of action were along the line of centers 
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of the roUerS; would be equal to the sum of the rolling frictioiis 
(Art. 194), namely, 

Since the speed of the weight is always twice that of the centers 
of the rollers the horizontal force, which must be applied to the 
weight to produce the motion, will be equal to 



F W 



(1) 



and in the case where ai = a, 



r 



(2) 



196. Roller Bearing. — Let n = the 

radius of the shaft and r = the radius of 
the rollers (Fig. 201), and let W = the 
resultant pressure on the bearing. Let a 
and ai equal the coefficients of rolling fric- 
tion on the inside and outside bearing 
surfaces, respectively. 

(a) If we assume that the entire pres- 
sure W is carried on one roller, the force 
necessary to overcome the friction, if it 
were applied at the center of the roller, 
would be the same as in the case given 
in Art. 195, and hence would be equal to 




Fig. 201. 



W 

p = i^ (a + ai). 

r 



(1) 



Therefore, the moment of the friction about the center of the shaft 
will be equal to 



ilf = P(r,+r)= ^^° + °'> r., 



(2) 



where r© = ri + r, the distance from the center of the roller to the 
center of the shaft. 



If 



Ci = a, equation (2) becomes 



JIf = 2Tra 



ro 



(3) 
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(b) If we assume that the pressure is divided equally between 
two rollers, whose centers are on radii making the angle 2 with 
each other (Fig. 201 ), the pressure on each roller will be equal to 

W 



Wi = 



2 cos 9 



and the total moment of the friction of the two rollers will be equal 

M = 2ZLil±£L) ,, = E(l±£l) ,, . . (4) 
r r cos 

If Gi = a, equation (4) becomes 

M = 2Wa-^^^ (5) 

r cos ^ ^ ' 

yc) If the pressure is distributed over more than two rollers, it is 
necessary to make an assumption in regard to its distribution m 
order to determine the total moment of the friction. For example, 
if we assume that the pressure on each roller is the same, then, when 
the positions of the rollers are known, we can determine by the 
methods of statics the magnitude of the pressure on each one, in 
terms of the total pressure on the bearing. If the pressure is 
distributed over n rollers and we let w = the pressure on one 
roller, the total moment of the friction about the axis of the shaft 
will be equal to 

M^nw^^^^^Ko (6) 



If Oi = o, 



M = 2n««i^ (7) 

r 



If the shaft bears on a few rollers which are near together, 

nw = Wy very nearly, 

and equations (6) and (7) become the same as equations (2) and (3). 
If, on the other hand, the rollers are near together and bear 
equally over an arc of 180^, we shall have 

nto = 2^ irr = "2-, very neaily, 

W 

where ^r— = the intensity of pressure on the bearing surface, 
Z r 

ftgaiiming it to be imiformly distributed (equation 1 Art. 186). 



278 APPLIED MECHANICS 

Substituting in equation (6) we have 



Af = ^=^±^r. (8) 

If ai = a equation (8) becomes 

M = TTra^ (9) 

197. Mechanical Efficiency. — In any mechanical device, or 
machine, for transmitting power a certain amount of work is 
done in overcoming friction in its various forms. 

Therefore the ovtpvl of work by the machine during any interval 
of time, at the beginning and end of which the energy of the moving 
parts of the machine is the same, is always less than the inpvi^ 
or the work required to run the machine during that time. 

The ratio of the output to the input is the mechanical efficiency. 
This quantity is usually expressed in per cent and hence, if Wi = 
the uiput and Wo = the output of a machine during the interval 
of time indicated above, its efficiency will be equal to 

W 
e^^X 100. 

The quantity Wi — Wo will represent the work done in overcom- 
ing friction, or, as it is frequently called the loss of energy due to 
friction, or, simply, the loss in the machine. 

198. Problems. — Friction. — In the following problems the 
coefficient of friction will be denoted by the letter / in each case. 



Fig. 202. 

Problem 1. 

Find the magnitude of the force P necessary to slide a weight W » 100 lbs. 
up the inclined plane (Fig. 202) at a uniform speed. Assume / » 0.2 and 
that the line of action P makes a constant angle of 45° with the plane. Find 
the work done in moving the weight through a distance of 10 ft. 
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Problem 2. 

Find the magnitude of the force P necessary to prevent the weight in 
Problem 1 from sliding down the plane. 

Problem 3. 

If / = 0.6, find the magnitude and direction of the force P necessary to slide 
a weight of 100 lbs. down the plane at a uniform speed, assuming that the 
line of action of the force makes a constant angle of 45° with the plane as shown 
in Fig. 202. 

Problem 4. 

Solve Problem 3 (Art. 178), assuming that/ - 0.2 and is a constant quantity. 

Problem 5. 

Solve Problem 5 (Art. 178), assuming that / » 0.3 and is a constant 
quantity. 




[B 



W////////i 



Fig. 203. 
Problem 6. 

The weight W =» 2000 lbs. is raised by means of the wedge AOB which 
is moved by the horizontal force P (Fig. 203). The face OB of the wedge 
is horizontal and the weight is constrained to move in the vertical direction 
by a horizontal force F. If / = 0.2 for the face OB and / = 0.3 for the face 
OA find the magnitudes of P and F. 

Problem 7. 

Find the magnitudes of P and F in Problem 6, if / » 0.25 for both faces 
of the wedge and the force F is parallel to OA and the line of action of P bisects 
the angle AOB, 

Problem 8. 

A square threaded jackscrew of 3 in. outside diameter is turned by a bar 
4 ft. long. If the pitch of the screw is 2 threads per inch and the bearing 

surface of the threads is ^ in- wide, estimate the weight that can be lifted by 

a force of 50 lbs. applied at the end of the bar, neglecting the friction on the 
end of the screw. Assume / » 0.10. 

Problem 9. 

A journal is 4 ins. diameter and 6 ins. long. If the maximum allowable 
bearing pressure is 400 lbs. per sq. in. on the projection of the bearing area (Art. 
186) and / » 0.01, find the moment of the friction on the bearing by the 
approximate formula. Find the work lost per revolution in overcoming the 
friction. 
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Problem 10. — Flat Circular Pivot 

Deduce the formulas for the moment of friction for the hirilow flat pivot; 
for the Bohd flat pivot. 

Solution. — Let n = the outside ra- 
dius and 1*1 =• the inside radius of the 
pivot (Fig. 204) and R - the total 
bearing pressure. 

The formulas for the moment of 
friction, based on each of the two as- 
sumptioDS of the theoiy, may be de- 
duced "by substitution in the general 
equations (Art. 188) as followa: 
Assumption (a) : Substituting in equa- 
^ „„, tion (5) we obtain for the moment of 

Assumption (b): Substituting in equation (7) we obtain for the moment 
of friotioik, 

«- "tX-n? -i"'^'-+'-^ "' 

If the pivot is solid, r, ■ and, if we let ri - r, equations (1) and (2) 
reduce to 

M-pRr, (3) 

and M-hur (4) 



Problem 11. — Conical Pivot 

Deduce the fonnulas for the moment of friction for the conical pivot; 
for the same when the bearing extends to 
the apex of the cone. 

SotiiUon. — Let R = the total bearing 
pressure and let ri = the larger radius 
and T, = the smaller radius of the bear- 
ing (Fig. 205). 

The fonnulas for the moment of friction, 
based on each of the two assumptions of 
the theory, may be deduced by substitu- 
tion in the general equations (Art. 138) aa 
follows: 

Assumption (a): Substituting in equa- 
tion (5) the moment of the friction will 
be equal to 




M = 



(r,-- 



■i')Bi 



x(r.' 
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Assumption (6): Substituting in equation (7) the moment of the friction 
will be equal to 

Jf= /«Wn'-n') /y+n) 

sm a 2 X (r2 — fi) 2 sm a 

For a complete cone n — and, if we let n — r, equations (1) and (2) will 
reduce to 

Af-2 a:, (3) 

o sma 

and 3f = L^ (4) 



/ 



Problem 12. — Spherical Pivot 

Deduce the formulas for the moment of friction for the spherical pivot, 
when the bearing surface is a segment less than the hemisphere; when the 
bearing surface is hemispherical. 

Soluiion. — Let R = the total bearing pressure, r = the radius of the 
sphere and 4> = the half angle subtended by the bearing surface (Fig. 206). 




Fig. 206. 

Let a = the angle between the axis of the pivot and the tangent to any point 
in the bearing surface at a distance p from the axis. Then 

p ^ r cos a 

and dp = — r sin a da, 
and the formulas for the moment of friction, based on each of the two assump- 
tions of the theory, may be deduced by substitution in the general equations 
(Art. 188) as follows: 

Assumption (a) : Substituting in equation (5) we obtain 

IT 



M = 



A Jt Jo 



cos' a da do 



fRr* Fa . sin2 

xr«sin*</» L2 



fa , sin2« "|« 



-* 



fRr 



— sin cos 4> 
sin'0 



(1) 
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Aasumption (6) : Substituting in equation (7) we obtain 

M ^JCA = i^ 

— r J I Bin* a dads 

i 

_ /g 2 IT r« sin*^ 

rt Fa sin 2 aT * 

H2 — i-J, 

1 

.fRr-—^^ (2) 

-h sm cos 

For the henuspherical pivot <f> «= 90^ and equations (1) and (2) reduce to 

M^lfRr, (3) 

and M^^fRr (4) 

Problem 13. — *< Anti-Friction " Pivot 

In Schiele's so-called "anti-friction " pivot the bearing surface is so designed 
that both the first and second assumptions of the theory will hold. Such 
pivots do not ehminate friction but are supposed to wear uniformly and run 
smoothly at high speeds. The problem is to determine the fprm of a longi- 
tudinal section and the moment of the friction on the pivot. 

Sclulion, — Since both the assumptions (a) and (6), namely p» a constant 

and -?^ = a constant, will hold in this case, it will foUow that —. — » 5 « a 
sma ' ' sma 

constant. 




*M-^v^^ 



V m///////////j 



Fia. 207. 



Referring to Fig. 207 it is evident that 6 will equal the length of the tangent 
at any point in the cross section of the bearing, from the point of tangency 
to the axis of the pivot. The curve described in this way is called the CrodKx 
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and the surface of the pivot will be the surface of revolution described by 
revolving the tractrix around the axis. 

If we let R « the total bearing pressure, we shall have, since p » a constant, 

p » J (Art. 188), (1) 



and since -A— = 6, 



sma 



Rb 



C--^ =P6=^ (2) 

sina A 

Substituting these values in equation (7) (Art. 188) we shall have 

M^fCA^fRb (3) 

Therefore, the moment of the friction is proportional to the length of the 
tangent to the tractrix and is independent of the extent of the bearing surface. 

Problem 14. 

A step bearing, consisting of a flat circular pivot 4 ins. diameter, revolves 
at 600 revolutions per minute under a load of 2000 lbs. K f — 0.01 find the 
work lost per minute in overcoming friction by each assumption of the theory 
(Problem 10). 

Problem 16. 

Find the moment of the friction on a collar bearing, 4 ins. outside radius 
and 3 ins. inside radius, when subjected to a total pressure of 4000 lbs. Assume 
/ s 0»03 and calculate tRe result by each of the assumptions of the theory 
(Problem 10). Find the work lost per minute in overcoming friction, if the 
speed is 300 revolutions per minute. 

Problem 16. 

A rule for determining the power which can be carried by a single leather 
belt is the following: A belt 1 in. wide, traveling at a speed of 1000 ft. per 
minute, will carry one horse-power (Art. 191). If a = 180® and / = 0.25, find 
Ti and Tt and the efifective pull on the belt, neglecting the effect of centrifugal 
force. If the rule for a double leather belt 1 in. wide is *^ 550 ft. per minute per 
horse-power" and a = 180** and/ = 0.25, find Ti and Tt. 

Problem 17. 

How many horse-power w^ill a belt 6 in. wide carry when traveling at a 
speed of 4000 ft. per minute, allowing for the effect of centrifugal force. As- 
sume that the weight of a strip of belt 1 in. wide and 12 ins. long is equal to 
0.15 lb., and that Ti » 150 lbs. per inch of width, a » 180"*, / => 0.3. 

Problem 18. 

Assuming that the belt in Problem 17 runs on two pulleys of the same 
diameter, weighing 200 lbs. each, on two shafts in the same horizontal plane, 
find the resultant pressiures on the bearings of the two shafts and estimate 
the total loss of power per minute between the two shafts due to friction 
at the bearings. Assume that the coefficient of shafting friction » 0.008. 
Diameter of each pulley — 4 ft. Diameter of each shaft » 4 ins. 
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Problem 19. 

Find the width of belt necessary to carry 50 h.p. at a speed of 5000 ft 
per minute, allowing for the effect of centrifugal force. Assume Ti «= 150 lbs. 
per inch c^ width, a » lOO"*, / = 0.25, and that the weight of the belt is 
0.15 lb. for a section 1 in. wide and 12 ins. long. If the driving shaft turns 
at 400 revolutions per minute find the diameter of the pulley required on 
that shaft. 
Problem 20. 

Find the maximum power which the 6 in. belt in problem 17 will transmit* 
assuming the values for a, /, t<7, and Ti there given. (See Art. 193.) 
Problem 21. 

Find the maximum horse-power which a belt 8 ins. wide will transmit, if 
a » 180° and w — 0.15 lbs. for a section 1 in. wide and 12 ins. long; and the 
allowable values for Ti and / are Ti = 150 lbs. per inch of width, / = 0.26. 
Find the velocity of the belt and Tt. 
Problem 22. 

Find the power which a Manila hemp rope 1} ins. diameter will transmit 
when traveling at a speed of 4000 ft. per min., assuming ta = 45°, Ti «= 200 d^, 
f = 0.13 and an arc of contact of 180° (Art. 192). 
Problem 23. 

Find the speed of the rope (problem 22) at which the maximum power will 
be transmitted, assuming the constants as there given; also the maximum 
power and the value of Tt, (See Art. 193). 
Problem 24. 

Solve Problem 22 by using formula (6) (Art. 19^). 

Problem 25. 

With values of speed as abscissae and horse-power as ordinates, plot the dia- 
gram for the power which can be transmitted at different speeds by a double 
leather belt 1 in. wide, assuming that the belt weighs 0.15 lb. per ft. of length, 
a = 180°, Ti = 150 lbs. and/ = 0.3 (Art. 193). 

Problem 26. 

With values of speed as abscLssse and horse-power as ordinates, plot the dia- 
gram for the power which can be transmitted by a Manila hemp rope, 1 in. 
diameter, when running at different speeds on pulleys with 45° grooves, assum- 
ing u? = 0.34£p, Ti = 200(P and/ = 0.13 (Art. 193). 

Problem 27. 

A horizontal force of 100 lbs. is required to draw a weight of 4 tons, resting 
on rollers 6 ins. diameter, along a horizontal plane. Find the coefficient of roll- 
ing friction, assuming it to be the same at the under surface of the weight and 
at the surface of the plane. 

Problem 28. 

If the shaft in a roller bearing is 4 ins. diameter and the rollers i in. diam- 
eter and the weight on the bearing is 5 tons, find the loss in work per revo- 
lution due to friction in the bearing; (a) assuming that the entire weight is 
carried on one roller; (b) assuming it to be uniformly distributed half way 
around the bearing. In each case assume the coefficient of rolling friction « 
0.02 (Art. 196). 
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§ 4. Kinetics of Rigid Bodiss Having Plane Motion Only. 

199. Motion of a Rigid Body. — When a motion of any kind 
is imparted to a body, the resultant of the system of forces acting 
upon it may be determined by finding the resultant of the system 
of forces necessary to impart the required motion to each of the 
particles (Art. 141) of which the body is composed. 

If the change in the relative positions of the particles of a body 
under the action of a system of external forces is so small as to be 
negligible, the body may be treated as if it were rigid (Art. 26). 
When the motion of such a body is known, the velocity and ac- 
celeration of each one of its particles can be determined, and the 
normal and tangential components of the resultant force acting 
upon each particle can be found (Art. 150). Then, as stated above, 
the resultant force, or system of forces, required to impart the 
motion to the entire body will be the resultant of the system com- 
prising the forces acting on the individual particles into which the 
body is conceived to be divided. 

200. Translation and Rotation. — When the linear velocities 
of all the particles of a rigid body are the same at each instant, the 
body is said to have a motion of trandaiion. The motion of trans- 
lation may be rectilinear, or curvilinear y and it may be uniform or 
variable. The paths of all the particles will be identical in form 
and a straight line joining any two particles will always have the 
same direction. 

When, at each instant, the linear velocities of all the particles 
of a rigid body are proportional to their perpendicular distances 
from a given line, the body is said to have a motion of rotation and 
the line is called the axis of rotation. The motion of rotation may 
be uniform, or variable, and the position of the axis of rotation may 
be fixed, or variable. When the position of the axis is variable, 
the line about which the body rotates at any instant is called the 
instantaneous axis. 

If at any instant the velocities of two points in a rigid body are 
known, the instantaneous axis will evidently be the line of inter- 
section of the two planes, passing through the points, which are 
perpendicular to their directions of motion. (See Art. 146.) 

In one sense any motion of a rigid body may be considered to 
be one of rotation, a motion of translation being considered as a 
motion of rotation about an axis at an infinite distance. 
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When all the particles of a body move m paths which are 
parallel to a given planeithe body is said to have plane motion. In 
the following articles we shall consider such cases only. 

201. Translation of a Rigid Body. — Let bed' (Fig. 208) be 
any rigid body which has imparted to it a motion of translation 
only, its center of gravity moving in the path AOB, parallel to 
the plane of the paper. Assiune the rectangular coordinate axes 
OX, OY and OZ, with OX tangent to AOB at 0, and OZ perpen- 
dicular to the plane of the path of the center of gravity. 




Fig. 208. 

The resultant of the external forces acting upon the body at 
the instant its center of gravity is in the position shown may then 
be found in the following manner: 

Let M = the mass of the body and W = its weight; and let 
dM ^ the mass of a particle at any point e, whose coordinates 
are (x, y, z),v = its velocity and a = its acceleration. The veloc- 
ity V will be parallel to OX and the acceleration a may be re- 
solved into a tangential component at, parallel to OX, and a 
normal component an, parallel to OF (Art. 143). 

If we resolve the resultant force dF, acting on dM, into com- 
ponents tangent and normal to its path, the tangential component 
will be parallel to OX and equal to 

dFt = at dM, 

and the normal component will be parallel to OY and equal to 

dFn = -dM (Art. 150), 
r 

where r = the radius of curvature of AOB at 0. 
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If we resolve in the same maimer the resultant forces acting on 
all the particles, we shall have a system of forces composed of 
the tangential forces, which are all parallel to OX, and the normal, 
or deviating forces, which are all parallel to OF. The algebraic 
sum of the components parallel to OX will be equal to 

2X = at CdM = Mat, (1) 

and of the components parallel to OF, 

2F = L7diW=^* (2) 

Hence, if we resolve the resultant of the system of external 
forces acting on the body into components Ft, parallel to OX, and 
Fny parallel tq OF, we shall have (Art. 199) 

F, =2Z = Mao (3) 

and Fn=2F = ^^^ (4) 

r 

The lines of action of Ft and Fn may be determined as follows: 
The moment of the component dFt about OY will be equal to 

z dFt = cttZ dM, 
and about OZ, 

y dFt = aty dM. 

The moment of the component dFn about OX will be equal to 



v^ 



and about OZ, 



zdFn ^—zdM, 

r 



zdFn = —xdM. 

T 



The sum of the moments about OF of the tangential components 
acting on all the particles will be equal to 

2My, = a« / 2 dM, 
and about OZ, 

2ilf ,, = at I y dM. 

The sum of the moments about OX of the deviating forces acting 
on all the particles will be equal to 

XM^ = jJzdM, 
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and about OZ, 

Since the origin is taken at the center of gravity, 

CxdM = 0, CydM = and CzdM = (Art. 92); 

and hence i:My] = 0, 2M„ = 0, 2Af «, = and 2Af,„ = 0. 

Hence the lines of action of both the components. Ft and Fn, 
pass through and the resultant of the system of forces acting on 
the body will be a single force whose magnitude is equal to 

and whose line of action passes through the center of gravity of 
the body. 

For convenience we will call the component Ft the tangential 
force and the component Fn the deviating force. 

When the motion is rectilinear, the deviating force Fn is equal 
to zero and the resultant force R is equal to the tai^ential force 
Ft'j and its line of action coincides with the path of the center 
of gravity. 

Therefore the line of action of the resultant of a system of forces, 
producing a motion of translation only in a rigid body, will pass 
through its center of gravity; and the magnitudes of the resultant force 
and its tangential and demaiing components wiU he the same as if 
the mass of the body were concentrated at its center of gravity. 

202. Momentum of Body having a Motion of Translation. — 
The momentum of any particle e, of mass dM (Fig. 208), will 
be equal to v dM and, since the velocities of all the particles are 
equal, the sum of their momenta will be equal to 

v jdM = Aft;, (1) 

that is, the total momentum of the body is the same as if its mass 
were concentrated at its center of gravity. 

Since Ft = Mat (Art. 201), 

Ftdt = Matdt = Mdv, (2) 



and hence 



rFtdt= I Mdv = M (pi-vo), .... (3) 

Jo t/fc 
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where vo = the initial velocity and vi = the velocity of the body 
at the end of the time L 
When F« = a constant, equation (3) becomes 

F,t^M{vi-vo) (4) 

Since the deviating force 

Fn = ^^ (Art. 201) 

T 

will produce no change in the speed of the body, its only effect on 
the momentum will be to change its direction. Hence the change 
in momentum produced by a system of forces acting on a body having 
a motion of translation is the same as if its m>ass were concentrated 
at its center of gravity, 

203. Kinetic Energy of a Body having a Motion of Trans- 
lation. — The kinetic energy of any particle c, of the mass M 
(Fig. 208), will be equal to 

and, since the velocities of all the particles are equal, the kinetic 
energy of the entire mass will be equal to 

This quantity may be called the energy of translation. 
Equation (2) (Art. 202) may be written 

Ftvdt^Mvdv; (2) 

but vdt = ds, the space passed over during the time dt, and hence 

fPt ds = M pt;(fo = ^ (vi^ - vo'), ... (3) 

Jo Jvq ^ 

where vo = the initial velocity and vi = the velocity of the body 
after moving through the distance s. 
If F| = a constant equation (3) becomes 

FtS = ^{v,^-Vo') (4) 

Since the deviating force F» (Art. 201) will have no effect on the 
speed, the change in kinetic energy produced by a system of forces 
acting on a body having a motion of translation is the same as if its 
mcLss were concentrated at its center of gravity. 
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204. Centripetal Force Acting on a Body having a Motion of 
Translation in a Circular Path. — When the center of gravity 
of a body having a motion of translation moves with a imiform 
speed in a circular path, all its particles move with equal speeds 
in circular paths of equal radii and the resultant deviating force 

Fn = ^^^ (Art. 201) 
r 

may be called the centripetal force. 

A further discussion of centripetal and centrifugal forces will be 
taken up in connection with rotation. 

206.* Rotation of Rigid Bodies About Fixed Axes. — Lei bed 
be any rigid body which has imparted to it a motion of rota- 
tion, in the direction indicated (Fig. 209), about a fixed axis 
through 0, perpendicular to the plane of the paper. 




Assume the rectangular co5rdinate axes OX, OY and OZ, with' 
OZ coinciding with the axis of rotation and OX passing through 
A, the center of gravity of the body. Let M = the mass of 
the body and W = its weight; and let « = the angular velocity 
and a — the angular acceleration at any instant. For conven- 
ience the Z plane will be designated as the plane of rotation. 

The resultant of the external forces acting on the body at the 
instant its center of gravity is in the position shown, and its 
components in the directions of the axes OX and OY, may then 
be found in the following manner: 

* See Appendix. 
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Let dM = the mass of a particle at any point e, whose coordi- 
nates are {x, y, z) and whose perpendicular distance from OZ is 
equal to r. Let t; = its linear velocity and a = its linear acceler- 
ation. 

The direction of v will be perpendicular to Oe\ and a may be 
resolved into a tangential component aty perpendicular to Oe and 
a normal component a^ along Oe (Art. 143). 

If we resolve the resultant force acting on the particle into a 
tangential component dFty and a normal componept, or deviat- 
ing force dFny we shall have 

dFt = at dM, (1) 

and 

dFn = -dM (Art. 150) (2) 

T 

If we resolve in the same manner the resultant forces acting on 
all the particles we shall have a system of forces parallel to the 
Z plane, which may be divided into two groups: the first group 
consisting of the t^angential forces, and the second group consist- 
ing of the deviating forces. At any instant the lines of action of 
the forces in the first group will coincide with the directions in 
which the particles are moving, while the forces in the second group 
will always be perpendicular to the axis of rotation. T6 avoid 
confusion we will determine the resultants of the two groups 
separately. 

Tangential Farces, — Substituting at = otr (Art. 145) in equation (1) 

^^J^ve dFt=ctrdM. 

Resolving this force into components parallel to OX and OF we 
obtain for the X component 



^dFt = aydM, 

T 



and for the Y component 



-dFt = oxdM. 
r 



Resolving in a similar manner the tangential forces acting on all 
the particles into components parallel to the coordinate axes and 
finding their algebraic sums, we obtain 

ULt = otjy dM = oyoM (Art. 92), .... (3) 
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XYt^a CxdM =^ aXoM, (4) 

2Z,= (6) 

Since the Y plane passes through the center of gravity, 2/0 = 0, 
and hence, if we let 

Ft = V{XXty + {XYty + (XZ,y (Art. 71), 

we shall have 

Ft = aXoM = Mao, (6) 

where ao = the tangential component of the linear acceleration 
of the center of gravity of the body. 

The moment of dFi about OZ will be equal to 

rdFt = ar^dM, 
about OX, 

X 

z-dFt = ozxdM. 
r 

and about OF, 

z-dFt = oaydM. 
r 

The sums of the moments about the axes OZ, OX and OF of 
the tangential components acting on all the particles will be respec- 
tively equal to 

Mo = 2M,. = a rr2dM = a/^ (Art. 129), ... (7) 

2ilf „ = a Tzx dikf = oK^^ (Art. 138) . . (8) 
and 

i:Mj,,= a I zydM = oKy^ (9) 

The resultant of the three couples (equations 7, 8 and 9) might 
be found (Art. 71), but it will be simpler to determine the eflfect 
of each one separately. This will be done after determining the 
resultant of the deviating forces acting on the particles. 
Deviating Forces. — Substituting v — (or (Art. 144) in equation (2) 

we have dFn = « V dJlf . 

Resolving this force into components parallel to OX and OF we 
shall have for the X component 

-dFn = (ah^dM, 
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and for the Y component 

y-dFn = o)^dM. 

T 

Resolving in a similar manner the deviating forces acting on all 
the particles into components parallel to the coordinate axes and 
finding their algebraic sumsi we obtain 

SXn = «M xd3f = w^aroM, (10) 

2rn=C02 ft/dilf = «^oM, (11) 

2Zn = (12) 

Since the Y plane passes through the center of gravity, j/o = 0, 
and hence, if we let 

m 

Fn = V(SJe«)» + (SF,)» + (SZn)« (Art. 71) , 

we shall have 

F, = «*a:oM = M-'-, (13) 

where vo = the linear velocity of the center of gravity of the body. 
The moment of dFn about OX will be equal to 



and about OY^ 



z^dFn^o^zydM, 



z-dFn^ (ohsxdM. 

r 



The sums of the moments about the axes OZ, OX and OY of 

the deviating forces acting on all the particles will be respectively 

equal to 

2J»f.. = 0, (14) 

lM:,^ = a>* CzydM =-<a^Kj^, (15) 

= «» r«x dM = ««^;^ (16) 

The resultant of these three couples (equations 14, 15 and 16) 
might be foimd (Art. 71) but it will be simpler to determine the 
effect of each one separately. 

It is evident from the preceding that in general the resultant 
of the tang^tial forces acting on the particles of a rotating body 



2Jlf, 
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will be a single force, whose magnitude (equation 6) is the same as 
if the mass of the body were concentrated at its center of gravity, 
and three component couples whose magnitudes (equations 7, 8 
and 9) will depend on the moment of inertia of the mass about 
OZ and the products of inertia of the mass with respect to the 
X and Z plaaes and the Y and Z planes, respectively. 

It is also evident that the resultant of the deviating forces 
acting on the particles of a rotating body will be a single force, 
whose magnitude (equation 13) is the same as if the mass of the 
body were concentrated at its center of gravity, and two com- 
ponent couples whose magnitudes (equations 15 and 16) depend 
upon the values of the products of inertia of the mass with respect 
to the Y and Z planes, and the X and Z planes, respectively. 
Special cases will arise when one, or both, of the component forces 
and part, or all, of the component couples are equal to zero. 
These will be considered under the following four cases: 

Case I. — When Kxz^ = and Ky,^ = 0. 

In this case the couples 2M x„ 2Af y„ SAfz, and SM,^ (equations 
8, 9, 15 and 16) will all be equal to zero. 

Hence the resultant of the tangential forces will be the force 

Ft = oXoM (equation 6), (17) 

and its line of action will be in the Z plane, parallel to the axis 
OF, and at a perpendicular distance from OZ which will be 
equal to 

Ft aXoM ZqM Xo' " * ' * 

where p = the radius of gyration of the mass about OZ. 
The resultant of the deviating forces will be the force 

Fn = oj^XoM (equation 13), .... (19) 

and its line of action will coincide with the axis OX and intersect 
the line of action of Ft at a point whose distance from is equal 
to {. 

Therefore the resultant of the system of external forces acting 
on the body will be a single force whose components are Ft and Fn 
(Art. 199), whose magnitude will be equal to 



R = y/{FtY + {Fn)\ (20) 
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and whose line of action will be in the ^ plane and make an angle 
with OX equal to 

R 



sin~ 



The moment of the resultant force about the axis of rotation 
will evidently be equal to 

Mo = Fd = aI„, (21) 



The point of intersection of Ft and F^ through which the line 
of action of the resultant of all the external forces acting on the 
body will pass, is called the center of percussion with respect to 
the axis of rotation OZ. 

A conmion example under this case, occurring in engineering 
problems, is that of a body which is symmetrical with respect 
to the plane of rotation of its center of gravity. The body ro- 
tating about the axis OZ, which is perpendicular to a plane of 
symmetry through its center of gravity A (Fig. 210), may be 
taken as an illustration. Referring the body to the rectangular 




axes OX, OY and OZ, with OX passing through A, the products 
of inertia Kgx^ and Kty^ will each be equal to zero (Art. 139); 
and the lines of action of the accelerating and deviating forces Ft 
and Fn will pass through the center of percussion B and lie in the 
Z plane. ' 

If the motion is uniform, Ft = 0, and the resultant force acting on 
the body will he the deviating force Fn- 

A straight rod of uniform, or varying, cross section symmetrical 
with respect to the plane of rotation, which rotates about an axis 
perpendicular to its length, and the ordinary forms of the com- 
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pound pendulum are examples of rotating bodies coming under 
this ease. 

If the body rotates about the axis CC, parallel to OZj through 
its center of gravity we shall have a special case, which may be 
designated as: 

Case la, — In this case Xo = 0, and we shall have, in addition 
to the conditions already enumerated imder Case I, jFi = and 
fn= (equations 6 and 13). Hence the resultant of the external 
forces acting on the body will be a couple, parallel to the Z plane, 
whose moment is equal to 

Mo = oJm (equation 7) (22) 

This may be called the accelerating couple. 

When the motion is uniform, a = 0; and hence Afo== and the 
system of forces acting on the body is in equilibrium. 

The ordinary fljrwheel and pulley are examples of bodies com- 
ing under this case. A homogeneous body rotating about an 
axis OZ through its center of gravity and symmetrical with respect 
to the X and Y planes will come under this case, even if it is 
unsymmetrical with respect to the Z plane, since for such a body 
K^ = and Ky^ = (Art. 139). 

Although it is possible that the conditions under Case I may 
be fulfilled in the case of non-symmetrical and non-homogeneous 
bodies, such cases do not ordinarily occur in problems where accu- 
rate computations are required. 

Case II. — When K:,^ >< and Ky,^ = 0. 

In this case 2Afy, = and SMx, = (equations 9 and 15). 

Hence the resultant of the tangential forces will be the force 

Ft = aXoM (equation 6), (23) 

and its line of action will be parallel to the axis OY, at a perpen- 
dicular distance from OZ which is equal to 

I = ^ (equation 18), (24) 

and at a perpendicular distance from OX which is equal to 

^'" Ft 'aXoM~XoM' • • • • ^^^ 

The resultant of the deviating forces will be the force 

Fn = cj^XqM (equation 13), (26) 
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and its line of action wiU be in the Y plane, parallel to the axis OX, 
and at a perpendicular distance from OY which is equal to 

2:3f„. u)*K„^ ^ K:^ (27) 



2n = 



Vn 



Hence Zn = Zt and the forces Ft and Fn will act through the same 
point, which is called the center of percussion with respect to the 
axis of rotation OZ. 

As in Case I the magnitude of the resultant of the external 
forces acting on the body will be equal to 



R = ViFd' + iFn)'; (28) 

its line of action will be parallel to the Z plane and make an 
angle with the Y plane which is equal to 

and the moment of the resultant force about the axis of rotation 

will be equal to 

Mo = F,Z = a/^ (29) 

The essential difference between Cases I and II is in the location 
of the line of action of the resultant force jB. While in the former 
it is located in the plane of rotation of the center of gravity of the 
body, in the latter case it is in a parallel plane, whose perpendicular 
distance from the Z plane is equal to 

XqM 

An example under this case is that of a body, which is sym- 
metrical with respect to a plane containing its center of gravity 
and the axis of rotation, but not with respect to the plane of 
rotation. The body rotating about the axis OZ and symmetrical 
with respect to the Y plane, containing its center of gravity A (Fig. 
211), may be taken as an illustration. The product of inertia 
Kyg^ = (Art. 139), and the lines of action of the accelerating 
and deviating forces Ft and Fn will pass through the center of 
percussion B and be parallel to the Z plane. 

// the motion is uniform, Fi = and the resuUant force acHng on 
the body vxiU be the deviating force Fn> 
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The rods and weights of the ordinary pendulum governor are 
examples of rotating bodies of this kind. 

If the body rotates about an axis through its center of gravity 
Af parallel to OZ, we shall have a special case which may be 
designated as: 

Case I la, — In this case x© = and we shall have, in addition 
to the conditions already enumerated under Case II, Ft ^ and 
Fn= (equations 6 and 13). Hence the resultant of the external 
forces acting on the body will be the system composed of three 
component couples, viz.: 

Mo = o/m (equation 7), (30) 

ZMx, = oA:,,. (equation 8) (31) 

2My, = w2ii:„^ (equation 16) (32) 



and 






(^ 



fcrr 



t+^ 






1 



j<;:>]L^-^^.:^ L„J( 




Fig. 211. 

The couple Mo (equation 30), acting parallel to the Z plane, 
may be called the accelerating couple. 

The couples 2Mx« and I^My^ (equations 31 and 32) will prevent 
the displacement of the axis of rotation in the X and Y planes 
respectively. They will be components of the system of forces 
acting on the axis, simply, and will have no effect on the speed 
of rotation. Hence they may be called balancing couples. 

When the motion is uniform, a = 0, and hence Af o = and 2Af ,, 
= 0; and the resultant of the system of forces acting on the body 
will be the couple 2My^ (equation 32) acting in the Y plane as a 
balancing couple to prevent the displacement of the axis of rota« 
tion. 
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A straight rod of uniform or non-uniform section, rotating about 
a fixed axis, in a plane of synunetry through its center of gravity, 
but which is not at right angles to the axis of the rod, is an 
example of a body coming imder this case. 

As in Case I, the conditions under Case II may be fulfilled by 
non-symmetrical bodies, but such do not ordinarily occur in prob- 
lems where accurate computations are to be made. 

Case III. — When if „^ = and Ky^^ >< 0. 

In this case XMxt = and 2Afy„ = (equations 8 and 16). 

Hence the resultant of the tangential farces will be the force 
Ft (equation 6) acting in the Z plane, parallel to OF and at a 
perpendicular distance from OZ equal to I (equation 18), together 
with a couple 2Af y, (equation 9) in the Y plane. 

The resultant of the deviating forces will be the force Fn (equa- 
tion 13) acting along OX, together with a couple Silfx^ (equation 
15) in the X plane. 

Hence the resultant of the forces Ft and Fn will act through 
the center of percussion, which will be located on the axis OX at 
a distance from OZ equal to Z, as in Case I; and the couples ^My^ 
and 2Mx^ will act as balancing couples to prevent the displacement 
of the axis of rotation in the Y and X planes respectively. 

// the motion is uniform^ a = 0, and hence F^ = and 2Afy, = 0; 
and the resultant of the external forces will he the deviating force F, 
and the couple 2Mx„, preventing the displacement of the axis of rota- 
Hon in the X plane. 

When the axis of rotation passes through the center of gravity 
we shall have a special case which may be designated as: 

Case Ilia, — In this case Xo = 0, and we shall have, in addition 
to the condition^ already enumerated under Case III, Ft = and 
Fn = (equations 6 and 13), and the resultant of the external 
forces acting on the body will be the system comprising the three 
component couples, viz. : the accelerating couple Mo (equation 7) 
and the balancing couples 2Afy, (equation 9) and 2Afx„ (equa- 
tion 15). 

When the motion is uniform, a = 0, and hence Af o = and 
2Afy, = 0; and the resultant of the external forces will be the 
balancing couple 2Afx„ (equation 15). 

It should be noted that Case III differs from Case I only in the 
condition that a balancing couple in a plane containing the axis 
of rotation is required to prevent the displacement of that axis. 
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the formulas for the accelerating and deviating forces being the 
same as in Case I. A straight rod whose center of gravity is on 
the axis of X and .which neither intersects nor is parallel to the 
axis of rotation, OZ, is an example under this case. 

Case IV. — When K^ >< and K^ >< 0. 

In this case the resultant of the tangential forces will be the 
force Ft (equation 6), whose line of action is parallel to OF, at a 
perpendicular distance from OZ which is equal to I (equation 18), 
and at a perpendicular distance from OX which is equal to Zt 
(equation 25), together with a couple, parallel to the Y plane, 
whose moment is equal to 2Afy^ (equation 9). 

The resultant of the deviating forces will be the force F„ (equar 
tion 13), whose line of action is in the Y plane, parallel to OX, and 
at a perpendicular distance from OY which is equal to z» (equa- 
tion 37), together with a couple, parallel to the X plane, whose 
moment is equal to SAf,, (equation 15). 

Hence the resultant of the forces Ft and Fn will act through the 
center of percussion, which will be located in the Y plane at a 
distance from OZ equal to { and at a distance from OX equal to 
Zt = 2n, as in Case II; and the couples 2My, and SM,, will act 
as balancing couples to prevent the displacement of the axis of 
rotation in the Y and X planes, respectively. 

When the fnotion is uniform, Ft = and 2My, = 0; and the result- 
ant of the external forces will be the force Fn and the balancing couple 
2Afx^, preventing the displacement of the axis of rotation in the X plane. 

When the axis of rotation passes through the center of gravity 
we shall have a special case which may be designated- as: 

Case IVa. — In this case Xo = 0, and we shall have, in addition to 
the conditions already enumerated under Case IV, Ft = and Fn = 0, 
and the resultant of the external forces acting on the body will be 
a system comprising the three component couples, viz. : the accel- 
erating couple Mq (equation 7) and the balancing couples Mg = 
2Afx, + SAf,^ (equations 8 and 15) and My = 2Afy^ + 2My^ (equa- 
tions 9 and 16). 

When the motion is uniform, a = 0, and hence Mq = 0, ^M^t = 
and 2A/y, = 0; and the resultant of the system of external forces 
acting on the body will be the resultant of the balancing couples 
IM^ and SMy^. 

It should be noted that Case IV differs from Case II only in 
the condition that a balancing couple in a plane containing the 
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axis of rotation is required to prevent the displacement of that 
axis, the formulas for the accelerating and deviating forces being 
the same as in Case II. 

Case IV may be regarded as the general case covering all cases of 
non-symmetrical bodies rotating about fixed axes. 

Summary. — If we refer a body, to which is imparted a motion 
of rotation about a fixed axis, to three rectangular coordinate axes, 
with the axis OZ coinciding with the axis of rotation and the 
axes OX and OY rotating with the body, in such a manner that 
the axis OX always passes through the center of gravity, the 
results obtained under the preceding four cases may be summa- 
rized as follows: 

(a) In every case the sum of the moments, about the axis of 
rotation, of the external forces acting on the body will be equal to 

Mo = a/^=— (33) 

If 

(b) In every case, if the axis of rotation passes through the 
center of gravity, Mo — a couple acting in the Z plane. 

(c) In every case in which the axis of rotation does not pass 
through the center of gravity 

Mo = W, (34) 

W 
where Ft = aXoM = Mao = — ao (35) 

is the resultant tangential force acting through the center of 
percussion, parallel to OF, and 

I = — T? = — TTT — — ^ — ffr + ^0 = [" Xo, . (36) 

XoM XoW Xo XoW Xo ' ^ ^ 

where Jo = the moment of inertia and po= the radius of gyration 
about an axis through the center of gravity parallel to OZ. 

(d) In every case in which the axis of rotation does not pass 
through the center of gravity the resultant of the system of ex- 
ternal forces acting on the body will always include, in addition to 
the force F|, a resultant deviating force 

Fn = «'a;oM = — TF«o, (37) 

g 

acting through the center of percussion and perpendicular to OZ. 
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(e) When the axis of rotation does not pass through the center 
of gravity; if the product of inertia K„ — 0, the center of percus- 
sion is located on the axis OX] and if K^m >< 0, the center of 
percussion is located in the Y plane at a perpendicular distance 
from OX which is equal to 

^' = ^»=& = ^- • • • . • (38) 

(/) In every case where the product of inertia Ky, = and the 
axis of rotation OZ does not pass through the center of gravity, 
the resultant of the external forces will be a single force 

fi = VwTO^, (39) 

acting through the center of percussion. 

ig) In every case where Ky^ >< 0, one or more balancing 
couples are required to prevent the displacement of the axis of 
rotation. These couples will act in planes perpendicular to the 
plane of rotation and will have no effect on the speed of the 
body. 

Qi) In every case where the axis of the rotation OZ passes 
through the center of gravity and Ky, >< 0, or K„ >< 0, one 
or more balancing couples are required to prevent the displace- 
ment of the axis of rotation. These couples will have no effect 
on the speed of the body. 

(i) When the axis of rotation OZ passes through the center of 
gravity and the products of inertia Kx» = and Ky, = 0, no 
balancing couples are required to prevent a displacement of the 
axis. In this case OZ is a principal axis (Art. 140) of the rotating 
body, and, if it is the axis about which the moment of inertia is 
a maximum, its position may be said to be stable: that is, the body 
will tend to continue to rotate in the same plane if any slight dis- 
placement of the axis occurs; whereas, if it is one of the other 
principal axes, force T^dll be required to prevent a change in the 
plane of rotation, if any slight displacement of the axis occurs. 

206. Angular Momentum. — Following the notation in Art. 

205, the momentum at any instant of the particle at e (Fig. 209) 

will be equal to 

V dM = wr dAf , 

and the moment of its momentum (Art. 149) about the axis OZ 
will be equal to 
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«/, 



The sum of the moments for all the particles m the body will be 
equal to 

r«dM = a)/„ = a)- (1) 

The quantity w- = w/m is called the angvlar momentum, or the 

mqment of the m^omerUum of the body. 

If we substitute in equation (33) (Art. 205) the value for the 
angular acceleration 

we shall have 

^o=/«| (2) 

Integrating this expression we shall obtain 

/ MocU-=In, r'da> = J« (wi - Wo), . . . . (3) 

«/0 «/c«o 

which is the expression for the change in angular momentum pn> 
duced by a system of forces whose moment about the axis of rota- 
tion at any instant is equal to Af o, cuo being the initial angular 
velocity and a)i the angular velocity at the end of the time U 
If Af is a constant, equation (3) becomes 

M(f = / (wi — o>o) = - («! — Wo) (4) 

g 

207. Kinetic Energy of a Rotating Body. — Following the 
notation in Art. 205, the kinetic energy at any instant of the 
particle at e (Fig. 209) will be equal to 

'^dM = '^dM. 

The sum of the energies of all the particles in the body will be 
equal to 

Er^^Jr*dM==^I„ = j-^. .... (1) 

This quantity may be called the energy of rotation. Since / =: p*W 
(Art. 131), 

_ o>*pW v,W 
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where Vp is the linear velocity of a point at the distance p from 
the axis. Hence the kinetic energy of a rotating body is the same 
as if its mass were concentrated at a point whose distance from the 
axis of rotation is equal to its radius of gyration. Equation (2) 
(Art. 206) may be written 

M(fio dt = Imfa dcj. 

But <adt — dB, the angular displacement of the body during the 
time dl. Hence by integration 

rM^dB = /m / (adu) ^-^ (wi* — wo*), ... (3) 

where a>o and (ai are the initial and final angular velocities and B = 
the total angle through which the body turns during the change 
in velocity. 
If Mo is a constant, equation (3) becomes 

Mo(? = ^(coi*-coo») = ^W-«o^). ... (4) 

It is evident that 

MoB=Mo2irN, (5) 

where N = the number of revolutions through which the body 
turns during the change in velocity. 

208. Centripetal and Centrifugal Forces. — When a body rotates 
about a fixed axis with a uniform angular velocity, the formula 

Fn = (a^XoM (equation 37, Art. 205) 

will give the magnitude of the resultant centripetal force acting on 

the body. 

The centrifrigal force wUl he the reaction, equal and opposite to the 
centripetal force, exerted on the axis of rotation. The line of action 
of this force will always pass through the center of percussion and 
be perpendicular to the axis of rotation. 

In almost all engineering problems involving rotation about a 
fixed axis, it is customary to refer to the effect of the centrifugal 
force rather than to the centripetal force, which is the force actu- 
ally exerted on the rotating body; and sometimes the term is used 
rather loosely. For example, we use such expressions as: the pull 
on the axis due to the centrifugal force of a revolving weight; the 
tension in a rotating ring due to centrifugal force; the effect of 
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centrifugal force when a car goes around a curve, the centrifugal 
action of the parts of a rotating body, and similar expressions; 
where the centrifugal force is the reaction at the axis of rotation 
due to the centripetal force, acting on the body, to produce the 
change in the direction of its motion. 

209. Interchangeability of the Center of Percussion and the 
Center of Rotation. — The center of percussion has been defined 
(Art. 205) as the point of application of the resultant force, of a 
system of forces producing a motion of rotation in 
a body about an axis. ^i^ I" 



I 
f I 

! T 



Another definition is the following: The center 
of percussion of a body is the point at which a 
force may be applied suddenly without producing a 
shock on the axis of rotation. , . . 

Proposition, — If the point (Fig. 212) is the A(}>-i- | 

projection of the axis of rotation of a body, A the I A 

projection of its center of gravity and B the pro- 
jection of its center of percussion on the plane of 
rotation; then, if the body is made to rotate about a parallel 
axis through B, will be the projection of the new center of per- 
cussion. 

Proof. — Let OA = rro, and OB = I. 
When the axis of rotation is through 0, 

Z = f* (Art. 205), (1) 

and since , p* = po^ + Xo^ (Art. 133), 

l = ^^ + Xo (2) 

Xq 

If the body is made to rotate about an axis through £, parallel 
to the axis through 0, we shall have 

Zi = ^\ (3) 

Xo, 

where pi = the radius of gjrration about the axis through B, 
and xb, = i4B, the distance of the center of gravity and h = the 
distance of the new center of percussion from that axis. 

But Xo, = i — ^0, 

and 

pi* = Po' + Xo,^^ Po* + (i - Xo)\ 
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and hence 

h-'/+x^-^+l-x, (4) 

xa, l — Xo 

• Prom equation (2) we obtain 

and substituting this value in equation (4) we have 

ii = io + i-xo-Z (5)Q.E.D. 

210. Center of Oscillation. — The center of oscillation of a 
compound pendulum is the point at which, if the whole mass were 
concentrated, the time of oscillation would remain unchanged. 
Its distance from the axis of oscillation is the length of the 
equivalent simple pendulum. 

Proposition — The center of osciUaium of a compound pendulum 
coincides vnth Us center of percussion. 




w, Fio. 213a. 



Proof. — Let be the axis of oscillation, A the center of gravity, 
B the center of percussion and W the weight of a compound 
pendulum (Fig. 213); and let a:o = OA and i = OB. Let L = the 
length OC, of the equivalent simple pendulum (Fig. 213a), and 
W\ = its weight. 

Since the pendulums will oscillate in the same time, the ai^ular 
accelerations of the two, when their center lines make a given 
ai^le 6 with the verticals through the axes of oscillation, will be 
the same. 

The forces acting on the comp>ound pendulum will be the force 
of gravity, acting vertically downward through A, and the force 
exerted by the asds through 0, whose direction at any instant will 
depend on the angular velocity at that time. If the pendulum 
is not eymmetrical with respect to the plane of lotatioD through A, 
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there may be a couple exerted on the axis in addition to the above 
mentioned force. This couple would be in a plane perpendicular 
to the plane of rotation and would have no effect on the speed of 
the pendulum. 

The forces acting on the simple pendulum will be the force of 
gravity acting through C and the pull on the weightless cord OC 
at 0. Let a = the angular acceleration of each pendulum for 
the position shown. 

For the compound pendulum the sum of the moments of the 
forces about the axis of rotation will be equal to 

Mo — Wxosin = — » 

g 

and 

„ = ?E5l?HL? = O^^Art. 205). . . . (1) 

For the simple pendulum 

Mo = WiLsmd =— = —, 

9 Q 

and 

a=^ (2) 

Equating the values of a in equations (1) and (2) we obtain 

gsin 6 _ gr sin ^ 

and hence 

Z = L (3) Q.E.D. 

211. Rotation and Translation Combined — Instantaneous 
Axes. In the preceding articles we have determined the resultant 
of the system of forces required to impart to a rigid body a plane 
motion of translation (Art. 201) ; and also the resultant of a system 
of forces required to impart a motion of rotation about a fixed axis 
(Art. 205). 

The third case mentioned in Art. 200 will now be considered; 
namely, that in which a rigid body has imparted to it a plane 
motion which may be defined as a motion of rotation about an 
axis which is constantly changing in such a manner that its sue- ' 
cessive positions are always parallel, the position of the axis of 
rotation at any instant being called the instantaneous axis. 

In such a case the motion of the body may be resolved in the 
following manner: Let A be any point in the body, situated in the 
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plane of motion of its center of gravity, and B any other point in 
that plane. The motion of B relative to A, will be one of rotation 
about A (Art. 146) ; and the resultant velocity t;, of B relative to 
any fixed point in the plane of motion, will be equal to the 
vector sum: of the component Vb, due to the motion of rotation 
relative to A, and the component Va, due to the motion of A 
relative to the fixed point (Fig. 157b). 

Since A and B are any two points in the plane of motion of a 
rigid body, it follows that the motion of the body at any instant 
may be resolved into a motion of rotation, relative to any axis 
perpendicular to the plane of motion at any point Ay and a motion 
of translation with a velocity equal to that of the point A. The 
instantaneous axis will pass through the point of intersection 0, 
of the perpendiculars OA and OB to the vectors Va and v, repre- 
senting the resultant velocities of the points A and 5, respec- 
tively. (Fig. 214.) 




Fig. 214. 

Moreover, if « = the angular velocity of the body about the 
instantaneous axis 0, we shall obtain from the similar triangles 
OAB and dcB 

"^ OA OB" AB ^^' 

Therefore, the angular velocity of B at any instant, and hence 
of the entire body, relative to the axis through A, is equal to the 
the angular velocity of the body about the instantaneous axis 0. 
It is evident that the foregoing will apply when the point is 
fixed, that is, for a body rotating about a fixed axis, as well as 
when the axis of rotation is changing. Hence we may state the 
following: When a body has imparted to it a plane motion of rotation 
about a modng or a fixed axis, (he motion may be resolved into a 
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moHan of rotation relative to an axis perpendicular to the plane of 
motion through any point A, with an angular velocity <a equal to that 
of the body about the axis of rotation, and a motion of translation 
with a linear velocity Va equal to thai of the point A. 

When the motion of a rigid body is resolved into rotation and 
translation in the above manner, for the sake of brevity we shall 
call w the velocity of rotation and Va the velocity of translation. 

The acceleration of a body having the motion described above 
may be treated in the following manner: If a* = the acceleration 
of B, relative to A, and o^ = the acceleration of A, relative to 
any fixed point, the resultant acceleration a, of the point B with 
respect to this fixed point, will be equal to the vector sum of the 
accelerations Oa and o^ (Art. 147). 

The component acceleration a^ will be composed of a tangential 
component 06, and a normal component 06, (Fig. 158b) and, since 
the path of the point B relative to A is circular, we may write 

06, = a^, (2) 

and 

a».= «V, (3) 

where a — the angular acceleration and co = the angular velocity 
of rotation about the axis through A and r = AB. 

If the motion of the point A is rectilinear, the component 
acceleration CLa will be in the direction of the motion. If the motion 
of A is curvilinear, Oa will be composed of a tangential and a normal 
component, the magnitudes of which will depend on the form of 
the path and the velocity Va of the point A (Art. 143). 

Following the method of designating velocities, when the motion 
of the body is resolved in the foregoing manner we shall call a the 
acceleration of rotation and Oa the acceleration of translation. 

The resultant of the system of forces, required to impart to a 
rigid body the motion described above, may be determined by find- 
ing the resultant of the sjrstem of forces required to impart the 
motion of rotation (Art. 205) relative to the axis A, and the re- 
sultant of the system of forces required to impart the motion of 
translation (Art. 201), and combining the two resultants. 

While the point A may be any point within the rotating body, 
in most problems dealing with motion of this kind the simplest 
solution can be made by taking A at the center of gravity. We 
will, therefore, take up this case first. 
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Case I. — Where A is the center of grcmty of the body. 

Let o&c be a rigid body, having at a given instant a plane motion 
of rotation with an angular velocity co about the instantaneous 
axis through 0, perpendicular to the plane XOY (Fig. 215). Let 
A be the center of gravity of the body, TF =• its weight, /© = its 
moment of inertia about an axis through A, parallel to the instan- 
taneous axis, and x^ ^ OA, the perpendicular distance between 
the axes. 




Fig. 215. 

The motion may be resolved into a motion of rotation about 
the axis through A, with an angular velocity w, and a motion of 
translation with a linear velocity 

Va = <axo, (4) 

equal to that of the point A, 
The acceleration of rotation will be equal to 

do) 



a = 



dt' 



(5) 



and, since A is the center of gravity, the resultant of the forces 
required to impart the rotation about the axis through A will be 
equal to the couple 



Mo = aim = 



""^^ (Art. 205). 



9 



(6) 



As in the case of rotation about a fixed axis, the product of inertia 
of the body with respect to the plane of motion and one at right 
angles must be equal to zero, otherwise balancing couples would 
be required to prevent a change in direction of the axis of rotation. 

In discussing the motion of translation two cases will arise. 
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(a) When the motion of A is rectilinear. — In this case the 
acceleration of translation will be equal to 

^^W' (7^ 

and the resultant of the forces required to impart the translation 
will be a force 

R =— a«(Art. 201), (8) 

acting through A in the direction of the motion. 

The resultant of the entire system of* forces acting on the body 
will, therefore, be the resultant of the force R and the couple Mo, 
which will be a single force equal and parallel to R, acting In a 
plane whose perpendicular distance from A is equal to 

Xr-f. (9) 

// Xo, the distance between the instantaneoics axis and the center of 
gravity , is constant we obtain from equations (7) (4) and (5) 

dva dw ,.^. 

'^^'di^'^Tt^'^ ^^^^ 

and equation (8) may be written • 

R= = — oxb (11) 

g g 

Substituting in equation (9) we have 

x. = ^° = ^X-^=l^ = ^' = i-a:b(Art.209). . (12)^ 
jS g aWxo Wxq Xo 

Therefore, when Xo = a, constant, B, the center of percussion of 
the body with respect to the instantaneous axis 0, is the same 
point as if were a fixed axis. 

A wheel rolling without slipping along a straight track is a simple 
illustration under this case. The instantaneous axis is always at 
the point of contact of the wheel and the track, and the motion 
may be resolved into a motion of rotation about the axis of the 
wheel and a rectilinear motion of translation which is the same 
as that of the center. 

(6) When the motion of A is curvilinear. — In this case the 
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acceleration of translation may be resolved into the tangential 
component 

«-. = ^" (13) 



and the normal component 



Va* 



«^ = 7- (14) 

'a 



where fa is the radius of curvature of the path of A at the given 
instant. Hence the resultant of the forces required to impart the 
translation (Art. 201) will consist of a tangential component, 

W 
Fi=jaa, (15) 

and a normal component, 

W Wv 2 

g QTa 

The resultant R of the entire system of forces acting on the body 
will, therefore, be the resultant of the couple Mq and the forces 
Ft and F„. which will be the same as the resultant of a force equal 
and parallel to F<, acting in a plane whose perpendicular distance 
from il, is equal to 

Xr=f ^, ........ . (17) 

and the force Fn, acting through A towards the center of curvature 

of its path. 

Hence R = Vf,^ + Fn^ , . . . . . (18) 

As in the preceding case, if Xq = a constant, 

Oo, = OXo (19) 

and the center of percussion B will be the same point as if were 
a fixed axis. 

If we assume that A (Fig. 215) moves in a path whose center 
of curvature is on OX, the force Fn may be represented by a vector 
along OA and the force Ft by a vector perpendicular to OA at the 
point A. The resultant R would then be represented by the 
diagonal of a rectangle constructed at B with the vectors Ft and F^ 
as sides. 

A wheel rolling without slipping along a curved surface is an 
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illustration of the motion described above. The instantaneous 
axis is always at the point of contact of the wheel and surface, and 
the motion may be resolved into a motion of rotation about the 
axis of the wheel and a motion of translation along the curve 
followed by the center of the wheel. 

Case II. — Where A is not the center of gravity of the body. 
We shall consider only the case when the motion of A is rectilin- 
ear and the product of inertia with respect to the plane of motion 
and any plane at right angles is equal to zero. 

Let ADhesL rigid body which has imparted to it a plane motion 
coAsisting of a rotation, relative to an axis through A, combined 




Fia. 216. 



with a translation of A in a straight line XX (Fig. 216). Let C 
be the center of gravity of the body, W = its weight, /o= its 
moment of inertia about the axis of rotation through A, xq = AC 
and I = AB, the distance to the center of percussion of the body 
with respect to the axis A. 

Let Va = the velocity and Oa = the acceleration of translation 
of the point A, and let <a = the angular velocity and a = the 
angular acceleration relative to A, at the instant the body is in the 
position indicated. 

If we let L = the distance from A to any point D, the linear 
velocity of the point D relative to A will be equal to 



Vd = «L 



(1) 



and its resultant velocity v will be the vector simi of Vd and ««. 
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The instantaneous axis will be at 0, the point of intersection of the 
perpendiculars to the vectors Va at A and v at D, and we may write 

""^oA^m (2) 

Therefore, if any one of the velocities in equation (2) is expressed 
in terms of tj the others may be derived in terms of t and the dis- 
tances to the instantaneous axis. 
The acceleration of translation will then be equal to 

—^ <') 

and the acceleration of rotation to 

«=s w 

The resultant of the forces required to impart the motion of 
rotation, relative to A, will consist of a tangential component 

W nrl 

Fi=-aXo=^''(Art. 205), (5) 

acting through B, and a normal component 

W 

Fn = y 0,^X6, (6) 

acting along BA. 

The resultant of the forces required to impart the motion of 
translation will be the force 

F = — OaCArt. 201), (7) 

acting at C, parallel to XX. 

When the forces Ft, Fn and F are known, the resultant of the 
entire system of forces acting on the body at the given instant 
may be found by the method of composition of forces (Art. 51). 

The connecting rod of the ordinary reciprocating engine is an 
illustration of a motion which may be resolved, in the. above 
manner, into a rotation about an axis through the center of the 
crosshead pin and a translation with a velocity equal to that of the 
pin. 
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If the point A were to move in a curve, the force at C producing 
the translation would consist of a normal and tangential component 
which could be determined if the form of the curve and the velocity 
of A were known. The resultant of the entire system could then 
be found in the manner indicated. Where all the points in the 
body move in curves, however, the analysis under Case I is the 
more suitable one to use. 

In every case of rotation about an instantaneous axis, there is 
at each instant a point at which the acceleration is zero. This 
point is called the center of acceleration and it does not in general 
coincide with the instantaneous axis. It has not the importance 
of the instantaneous axis and it is unnecessary to determine its 
position in the solution of problems. 

212. Momentum Due to Combined Translation and Rota- 
tion. — When the motion of a body at any instant is resolved into 
a motion of rotation about the center of gravity A and a motion 
of translation with a velocity equal to that of the point A (Case I, 
Art. 211) the angular momentum due to the rotation will be equal 
to 

7- • • • • »' 

and the linear momentum due to the translation will be equal to 

W 

r- — "■ ■■ ^'^ 

Following the notation previously adopted, the change in the 
angular momentum produced by the component couple Afo during 
the time dt will be represented by the expression 

Mo(ft =^dco (Art. 206), (3) 

17 

and the change in the linear momentum produced by the compo- 
nent force Ft during the time dt will be represented by the expres- 
sion 

F,(ft = — dt;a(Art. 202) (4) 

«/ 

Integrating, and letting coo and coi equal the angular velocities 
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at the beginning and at the end of the time i and Va^ and Va^, the 
corresponding values of the linear velocity of A, we obtain 



X 



Af (ft = — (coi — Wo) (5) 

g 



and 



X 



V,(ft=^(t;a.-t;a.) (6) 

9 



When ilf and Ft are constants the above equations reduce to 



and 



Mrf=~(oi-oo) (7) 



F*<=y(t'a,-i;ao) (8) 



When the motion at any instant is resolved into a motion of 
rotation about a point A which is not the center of gravity and a 
motion of translation with a velocity equal to that of A (Case II, 
Art. 211) the expression for the change in the angular momentum 
due to the rotation about A during the time t will be 



X 



' / 



F|i (ft = - (coi - coo), (9) 

g 

and that for the change in the linear momentum due to the trans- 
lation will be 



X 



< w - 

Fdt=—{Va,-Va,) (10) 

g 



213. Kinetic Energy Due to Translation and Rotation Com- 
bined. — When the motion of a body at any instant is resolved 
into a rotation about the center of gravity A and a translation 
(Case I, Art. 211) the energy of rotation about the axis through A 
will be equal to 

E. = ^t(;»(Art.207), (1) 

and the energy due to the motion of translation will be equal to 

£, =^VaMArt.203) (2) 

^g 
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The total kinetic energy of the body will therefore be equal to 

E^Er + E^^h^+^^vJ (3) 

Substituting Va = wa:o, equation (3) reduces to 

^'^g'^+W<^-rg^' .... (4) 

where I = the moment of inertia of the body about the instanta- 
neous axis. 

When the motion at any instant is resolved into a motion of 
rotation about a point A which is not the center of gravity (Case 
II, Art. 211) the energy of rotation about the axis through A will 
be represented by the expression 

^'. = ^"^ (5) 

and the energy of translation by the expression 

W 
E..=f^v„K ...:... (6) 

Hence the total kinetic energy will be equal to 

E = Er, + E.=l^^^ + f^v.' (7) 

In either of the foregoing cases the total change in kinetic energy 
during any displacement of the body wiU evidently be equal to the 
total work done by the external forces acting upon it. 

214. Problems — Emetics of Rigid Bodies. — The problems 
involving the applications of the principles of Kinetics to rigid 
bodies may be divided into three general classes. 

Firdf where all the forces acting on a freely moving body are 
known; and the problem is to determine the form of the path and 
the motion of the body in its path. 

Second, where the body is constrained to move in a given 
manner and part of the system of forces causing its motion is 
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known; and the problem is to determine the remaining forces 
acting on the body and the effect of the system on the motion. 

Thirds where the body is constrained to move in a definite man- 
ner mider the action of a system of forces whose points of applica- 
tion are known, and the problem is to determine the forces in the 
sjrstem. 

Practically all engineering problems in Kinetics are included in 
the second or the third classes. In the solution of such problems 
the rule previously given in connection with problems in Statics 
(Art. 41) should be applied, that is: 

In dealing with any -problem involving the action of forces the 
first question which arises is: What are the forces to he dealt with 
and what are the elements to he determined? 

In determining the answer to this question we shall find that in 
every case the lines of action of the components of the unknown 
forces in a system acting on a moving body at any instant can 
be determined from the nature of the problem, and that their 
magnitudes and directions will depend on the motion which is to 
be imparted to the body. 

It is suggested that as an aid to the correct solution of prob- 
lems a sketch be made in each case, showing the positions of the 
lines of action and directions of all the external forces, acting on 
the moving body, and also the resultant of the system. 

In the solution of the following problems resistances due to 
friction will be neglected except where definite values for such 
resistances are given. Unless otherwise stated the effect of the 
force of gravity is to be allowed for in the solution of every prob- 
lem. 
Problem L 

A weight of 3 tons, starting from rest, is raised 100 ft. in 4 sees, by a con- 
stant pull on the hoisting rope. Find the tension in the rope. If, at the end 
of 4 sees, the tension in the rope is ^reduced to 1 ton, how much higher will 
the weight rise? 

Problem 2. 

A weight of 2000 lbs. is being raised vertically upwards by a system of 
forces at a constant velocity of 5 ft. per sec. If an additional force of 200 lbs. 
acting vertically upwards is applied, find the distance through which the 
weight will be raised during the first 5 sees, after the force begins to act. If 
the additional force of 200 lbs. ceases to act at the end of 5 sees, find the 
velocity of the weight at the end of the next 10 sees. Find the total work 
done in raising the weight during the last 10 sees. 
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If a force of 300 Ibs^ acting vertically downward, is applied to the weight 5 
seconds after the 200 lbs. force ceases to act, find the time which will elapse 
before the weight comes to rest. 

Problem 8« 

The piston, rod and head of a steam hanmier weigh together 4000 lbs. If 
the hammer falls 3 ft. under a constant steam pressure on the piston of 2000 
lbs. before striking a blow, find the energy of the blow. 

Problem 4. 

A steam hammer with piston weighs 4 tons. If the area of the piston is 
80 sq. ins. and the average steam pressure is 80 lbs. per sq. in. and the stroke 
is 4 ft., what is the maximum available energy of the blow? 

Problem 6. 

A weight of 50 lbs., starting from rest, falls through a distance of 10 ft. be- 
fore striking a helical spring. If the resistance of the spring to compression 
is proportional to the amount the spring is compressed, and is equal to 800 lbs. 
per inch, find the maximum amount the spring will compress, and the maxi- 
mum pressure between the weight and the spring. 

Solution. — Neglecting air resistance the weight will have a motion of 
translation only; and we may also assume that the entire kinetic energy 
acquired by the weight in falling is used up in compressing the spring; the 
amount of work lost in producing a permanent distortion of the weight and 
spring and that due to the '^internal friction'' of the particles in the spring 
being so small as to be negligible. Following these assumptions the force of 
gravity is the only force, other than the reaction of the spring, acting on the 
falling weight and the work done by gravity on the weight will be equal to the 
work done by the reaction of the spring in bringing the weight to rest. 

Let X = the maximum amount, in inches, which the spring is compressed. 
Then 800 x — the maximum pressure on the spring in pounds, and the work 
done by the spring on the weight will be equal to the product of the average 
pressure and the distance the spring is compressed, 



/ 



Fds^^^x^4.00x^ (1) ^ 



The work done by gravity on the falling weight will be equal to 

50 (120 + x) « 6000 + ^0 x (2) 

Equating (1) and (2) and solving for x we have 

X » 3.94 ins., 

and hence the maximum pressure between the weight and the spring will be 

equal to 

800 X 3.94 - 3152 lbs. 

The potential energy due to strain (Art. 175) acquired by the spring at the 
instant of greatest compression, would in turn be expended in forcing the 
weight upward, causing it to rebound from the spring. If there were no loss 
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due to internal friction and other causes, the weight would rise again to the 
height from which it originally fell. 

Problem 6. 

A weight of 10 lbs. falls from a height of 2 ft. and strikes a spring, deflecting 
it 3 ins. Find the maximum pressure between the weight and the spring, 
assuming that the deflection of the spring varies directly as the force exerted 
upon it. 

Pfoblem 7« 

A weight of 40 lbs., moving horizontally with a velocity of 10 ft. per sec., 
strikes a helical spring whose resistance to compression is proportional to the 
force applied, and is equal to 200 lbs. per inch. Find the maximum distance 
the spring is compressed. 

Problem 8. 

A train is hauled up a grade of 30 ft. per mile along a straight track by an 
engine which is assumed to exert a constant tractive effort of 16,000 lbs. If 
the weight of the engine and train is 600 tons and the grade is one mile long 
and the velocity of the train at the bottom of the grade is 10 miles per hour, 
determine the following, assuming that the frictional resistance is constant 
and equal to 10 lbs. per ton: 

(a) The velocity of the train at the top of the -grade. 

(b) The time taken in going up the grade. 

(c) The total work done by the engine in going up the grade. 

(d) The horse-power the engine exerts at the bottom of the grade; also at 
the top. 

(e) The horse-power necessary to keep the train moving up grade at a uni- 
form speed of 20 miles per hour. 

Solution. — In this case the engine and train may be treated as a rigid body 
having a motion of translation in a straight line along an inclined plane, the 
resultant of aU the forces acting being a force whose line of action coincides 
with the direction of the motion of the body and passes through its center of 
gravity. 

Resolve the weight of the train into components, normal and parallel to the 
incline. Since the angle of slope of the incline is small the latter component 
will be equal to 

on 

P = -^ X 1,200,000 = 6820 lbs. (very nearly). 

The former component will be balanced by the reaction of the track on the 

wheels. 

The ''train resistance'^ will be assumed to be the same as on a level track, 

that is, 

/f*, = 10 X 600 = 6000 lbs. 

Hence the resultant of all the forces acting on the train will be equal to 

R = 16,000 -F -Fi^ 3180 lbs. 

(a) Since 12 » a constant, 

Rs « ^W - vo*) (Art. 203), 
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. 10 X 5280 44 ,_.^ 

where vt ■■ — ogog — ~ "o" " ^^•' ^^- P^ ^'^^ 

and t^i "> 33.4 ft. per sec. = 22.8 miles per hr. 

(b) Since A » a constant, the motion of the train will be uniformly accel- 
erated and the distance will be equal to the product of the average velocity 
and the time, that is. 



Therefore 



* * 2 ^*^ "*" "^^ ^' 



2 X 528 ^^ o ' An 

^ = oo .i ■ t .1 >T = 220 sees. = 3 mm. 40 sees. 
33.4 + 14.7 



(c) Since the tractive force is constant, the work done by the engine will be 
equal to 

Fa - 16,000 X 5280 » 84,480,000 ft.-lbe. 

- 42,240 ft.-tons. 

(d) The horse-power exerted by the engine may be found by the formula 

Fv 
h.p. » g^ (Art. 171). 

Hence at the bottom of the grade 



. 16,000 X 14.7 ,^ 

^-^- 650 ^ 

and at the top of the grade 

16,000 X 33.4 _ 
^'^' 550 ^^^• 

(e) If the train is to move at a uniform speed of 20 miles per hour, the forces 
acting upon it must be in equilibrium and hence the tractive force of the en- 
gine must be equal to 6000 + 6820 » 12,820 lbs., and the power required 

will be 

, 12,820 X 20 X 5280 _ ^ . 

'^•P' * 60 X 33,000 " ^*' 
Problem 9. 

(a) Find the work done in starting a train weighing 400 tons from rest and 
increasing the speed to 40 miles per hour, in 2 minutes along a straight and 
level track, assuming that the tractive force of the engine is constant. Assume 
a constant ''train resistance'' of 12 lbs. per ton. 

(b) Find the horse-power that the engine exerts when the speed is 20 miles 
per hour. 

(c) Find the horse-power necessary to keep the train moving at a uniform 
speed of 40 miles per hour. 

(d) If the power fi shut off at this speed, how far will the train run before 
coming to rest? 




^A. 



\ 



N 
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Problem 10. 

Solve Problem 8, assuming that the tractive effort exerted by the engine 
decreases uniformly as the distance increases fr.m 25,000 lbs. at the bottom 
of the grade to 15,000 lbs. at the top. 

Problem 11. 

Solve Problem 8, assuming that the train starts from rest. 

Problem 12. 

Assimiing that, when the speed of the train in Problem 9 reaches 15 miles 
per hour, the horse-power exerted by the engine falls to 800 and remains con- 
stant during the next 2 minutes, find the speed of the train at the end of 
that time; also find the distance traveled during the two minutes. Solve by 
use of diagrams. (See Art. 172.) 

Problem 13. 

A weight of 3000 lbs. is raised 500 feet at a uniform speed by winding the 
hoisting rope on a drum. If weight of the rope is 2 lbs. per foot, find the work 
done. 

Problem 14. 

A weight of 2000 lbs., starting from rest, is raised 100 ft. by a force whose 
magnitude decreases imiformly in proportion to the distance the weight is 
raised. If the initial magnitude of the force is 3000 lbs. and its final magni- 
tude 2000 lbs., find the final velocity of the weight. Plot the power diagram 
and find the maximum power exerted on the hoisting rope. 

Problem 15. 

If the initial magnitude of the force applied to the weight in Problem 14 is 
3000 lbs. and the force decreases uniformly as the distance the weight is raised, 
find the final magnitude of the force in order that the weight shall come to 
rest at the height of 100 ft. Plot the power diagram and find the maximum 
power exerted on the hoisting rope. 

Problem 16. 

If a weight of 2000 lbs., starting from rest, is raised by a constant force of 
3000 lbs. applied to the hoisting rope, find the point at which the power must 
be shut off in order that the weight shall come to rest at the height of 100 ft. 
Find the maximum power exerted. 

Problem 17. 

A perfectly flexible cord, 20 ft. long, hangs over a smooth peg. If the cord 
is held so that the length on one side of the peg is 11 ft. and on the other 9 ft. 
and is suddenly released, find the velocity of the cord at the instant the end 
slides off the peg, neglecting the effect of the rigidity of the cord and the 
friction between the cord and the peg and taking no account of the size of 
the peg. 

Prove that the tension at the middle of the cord is always equal to the 
weight of the shorter of the lengths on the two sides of the peg. 
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Problem IB. 

TheweightTT - 1000 lbs. (Fig. 217) is drawn from B to C by winding a rope 
around a drum aVA. If the weight starts from rest at B and the pull on the 
rope is constant and equal to 100 lbs., find the velocity at C, neglecting friction^ 

Find the power exerted at the drum when the weight reaches C 




B 



V^^7m777\ 



v//^////j^//r//////////^/////^r///////////^//////////////^ f///////////////^ 



FiQ. 217. 

Problem 19. 

Solve Problem 18, assuming a constant pull of 600 lbs. on the rope and a 
constant coefficient of friction between the weight and the plane which is 
equal to 0.25. 

Find the power exerted at the drum when the weight reaches C. 

Problem 20. 

Plot a diagram of the work required to move the weight in Problem 18 
from B to C at a uniform speed and find the work done, assuming a constant 
coefficient of friction equal to 0.3, between the weight and the plane. 

Problem 21. 

Find the work necessary to produce a speed of 300 revolutions per minute, 
starting from rest, in the parallel rod AB (Fig. 218) weighing 300 lbs., neglect- 





FiG. 218. 

ing friction on the bearings. If the motion is uniformly accelerated and the 
above speed is produced in 2 minutes, find the components of the tangential 
accelerating force exerted at the pins A and B. 

Find the pull on the centers and 0\ due to centrifugal force when the speed 
is 300 revolutions per minute. 

Problem 22. 

Deduce the formula e » -^ f or the difference in level of the rails, called the 

qR 

super-elevation of the outer rail, which is necessary to maintain a normal 
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pressure between the wheels and the track as a train goes around a curve; 
where G » the gage of the track, R » the radius of the curve, g ^ the accel- 
eration due to gravity and v => the speed of the train. 

Solution. — The motion of the train may be considered, with a slight ap- 
proximation, to be one of translation only and, if A (Fig. 219) represents the 
center of gravity of a car, the resultant deviating force acting on the car wiU 
be a force Fn, acting through A perpendicular to a vertical axis through the 
center of curvature of the track. 





Fig. 219. 



Fig. 220. 



The forces acting on the car will be TF, the force of gravity, N, the normal 
reaction of the track, and the accelerating and retarding forces acting in the 
direction of the motion. 

The deviating force Fn will be the resultant of W and N and, since its mag- 
nitude must be equal to 



we shall have 



Fn = M- (Art. 201), 



Wtane ^ 



gR' 



where B » the angle of slope of a plane across the track. For a moderate 
angle of slope 



e 



tan 9 — sin 9 «^ (very nearly). 



G 



Hence 



and 



^ G gR' 



e = 



Gv* 
gR' 



Problem 28. 

A car weighing 2000 lbs. is hauled up an incline of 2 ft. in 100 ft. by a force 
whose magnitude at any point is represented by the ordinate of the force space 
diagram (Fig. 220). If the resistance due to friction is constant and equal to 
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20 Obs.y find the velocity at the point D, assuming the velocity at A equal to 
zero. Find the horse-power exerted when the weight passes B, 
Problem 24. 

Plot a diagram showing the power exerted in moving the weight in Problem 
23 at each point in the path. 
Problem 25. 

Solve Problem 23, asHuming that the weight moves down the incline instead 
of up. 

Problem 26. 

A sphere, 10 in. diameter and weighing 100 lbs., is attached by a cord to an 
axis about which it rotates at a speed of 300 revolutions per minute. The dis- 
tance from the center of the sphere to the axis is 20 ins. Neglecting the effect 
of the force of gravity and the Weight of the cord; (a) find the tension in the 
cord; (b) find the kinetic energy of the weight. 

Problem 27. 

Make an approximate solution of Problem 26, aBfluming the motion of the 
sphere to be one of translation instead of rotation. 

Problem 28. 

A straight rod, 6 ft. long, of uniform section and weighing 60 lbs., revolves 
in a horizontal plane about a vertical axis through its middle point 0, at a 
speed of 500 revolutions per minute, (a) Find the tension due to centrifugal 
force at the middle section of the rod. (b) Find the tension at a section 2 ft. 
from 0. (c) Find the kinetic energy of the rod. (d) Find the resultant of 
the system of forces required to impart the speed of 500 revolutions per minute 
in 20 sees. 

SoliUion. — Since the axis passes through the center of gravity, the force 
of gravity will tend to produce bending in the rod only and will have no effect 
on its motion. 

(a) The tension at the middle section must be equal to the resultant devi- 
ating force acting on the part of the rod on one side of the axis and its magni- 
tude will be equal to 

Fn = -Trxo(Art. 206). 

Since <a = — ^ — = —5- = 52.4 rad. per sec., 

and the moment of the half of the rod about the axis of rotation is equal to 

Wxo^ZOX^ =45ft.-lbs., 
the tension will be equal to 

Ti - ^111^' X 45 -3840 lbs. 

(b) The tension at a section 2 ft. from must be equal to the resultant 
deviating force acting on the part of the rod between the section and the end; 
and, since the moment of that portion about the axis of rotation is equal to 

Wxq « 10 X I = 25 ft.-lbe., 
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the tension will be equal to 

Tt = ^-^^ X 25 = 2130 Iba. 

(c) The kinetic energy of the rod will be equal to 

Er^^ (Art. 207). 

AflHuming that / is the same as if the mass of the rod were concentrated along 
its center line we obtain by use of the formula 

/ = -!^ (Art. 136), 

I - ?^A3? « igo lbs. (ft.)t. 

Hence Er = ^^^'^l\ ^ ^^^ = 7670 ft.-lbs. 

64.4 

(d) Since the axis of rotation passes through the center of gravity and the 
rod is considered to be S3rmmetrical with respect to the plane of rotation, the 
resultant of the system of external forces required to impart an acceleration 
a will be a couple whose moment is equal to 

JJf = — (Art. 206, Case la). 

g 

Assuming that the motion is uniformly accelerated, 



a 


= 


(If 
20 ' 


Oir 
6 


M 


- 


5t 
6 


180 
^ 32.2 



and M = ^ X ^^ = 14.6 ft.-lbs. 

Problem 29. 

Deduce the expression for the tension at any cross section of the rod in Prob- 
lem 28 in terms of x, the distance of the section from the axis of rotation. 

Problem 30. 

Solve Problem 28, assuming that the rod is constrained so as to rotate in a 
horizontal plane about vertical axis through one end. 

Problem 3L 

Assuming that the rod in Problem 28 is made to rotate at a uniform speed 
of 600 revolutions per minute about an axis through its middle point 0, making 
ah angle of 60® with the center Une of the rod, find its kinetic energy. Com- 
pute the magnitude of the constraining couple necessary to hold the rod at an 
angle of 60*^ with the axis. 

Sdution. — Assuming, as in Problem 28, that the mass of the rod is con; 
oentrated along its center line we obtain from the formula 

/ = ^sin«^ (Art. 136), 
/-2X?^|^x| = 1361bs. (ft)«. ' 
Hence Er - ^^^^^\' f ^^^ = 6760 ft.-lbs. 
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The moment of the couple which holds the rod at au angle of 60° with ita 
axis of rotation will be equal to 

My = Zilfy, = ctf»Xa^ (Art. 206, Case I la). 

Since the weight of the rod is assumed to be concentrated along its center 
line, the product of inertia 



Kxtm,^ 



^X» 



s 



xzdw 



(Art. 138) 



9 9 

may be expressed in terms of the length of the rod, as follows: 

Let dw — the weight of an elementary length ds &t & distance from equal 
to 8. Then dw» 10 ds, x » 8 sin 60° and z=^ scoa 60°. 
Hence 

K„ = 10 sin 60° cos 60° J^ «« d* = 45 Vs lbs. (ft.)*, 

45 V3 



and 



Mu = 



32.2 



(62.4)« = 6650 ft.-lbs. 



It should be noted that the preceding solution is equivalent to finding the 
sum of the moments about of the deviating forces acting on the particles of 
the rod. 

Problem 32. 

Find the resultant of the system of forces required to impart to the rod in 
Problem 31 the speed of 500 revolutions per minute in 20 sees. 

Problem 33. 

A straight rod OA, of uniform section and material, 
rotates about a vertical axis OB through one end 
(Fig. 221) at a speed of 60 revolutions per minute. 
The diameter of the rod = 1 in., its length = 16 in. 
and its weight — 20 lbs. Assuming that the weight 
of the rod is concentrated along its center line, find 
the angle which the rod, if free to turn in the verti- 
cal plane will finally make with the axis OB. Find 
the H and V components of the pull exerted on the 
axis of rotation at 0. Find the kinetic energy of the 

^^- Fig. 221. 

Problem 34. 

Find the tension at the middle section of the rod in Problem 33. 

Problem 35. 

If the rod in Problem 33 were constrained to rotate at a fixed angle of 30° 
with OBy find the resultant of the system of forces required to impart a speed 
of 100 revolutions per minute in 10 sees. Find the kinetic energy of the rod 
and the magnitude of the couple exerted in the plane of AOB when the speed 
is 100 revolutions per minute. 
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Problem 86. 

A straight rod of uniform section and material, 6 ft. long and weighing 40 
lbs. (Fig. 222) is suspended from a horizontal axis through 0, perpendicular 

to its length. If a force F » 10 lbs. is applied in a 

horizontal direction at the lower end of the rod for? 

5 

sec. in the plane of rotation: 

(a) Find the pressure on the axis at the instant the 
force is appUed. 

(b) Find the angle di through which the rod will 
swing from the vertical position before stopping. 

Solution. — (a) Let Ho « the horizontal component 
and Vo = the vertical component of the pressure ex- 
erted on the rod at the axis. We will assume that the 
mass of the rod is concentrated along its center line, 
in which case the distance of the center of percussion 
B from will be equal to 

/ /o 



T 



J. 



r: 



A A 



" jL 



B 



Dl 



■3-F 



Fig. 222. 



Z» 



Wxo Wxo 



+ xo (Art. 205). 



/o = 



TTL* 40 X 36 



and 



Hence 



12 
Xo= 2 ft. 



12 



= 120 lbs. (ft.)* (Art. 135), 



l^ 



120 
2X40 



+ 2 = 3.5 ft. 



Since the resultant of all the forces acting on the rod wiU pass through ita 
center of percussion (Art. 205), the force exerted by the axis must be of 
such magnitude and direction that the algebraic sum of the moments of the 
forces about B will be equal to zero, and hence 



and 



3.5 //o= 10X1.5, 
Ho= 4^ lbs.. 



acting in the direction indicated (Fig. 222). At the instant the force F is 
applied the algebraic sum of the vertical components will be equal to zero 
and hence 

Vo = 40 lbs., acting upward. 

The resultant pressure of the axis on the rod will be equal to 

i2o= V(Ho)« + (Ko)*= 40.2 lbs., 

whose line of action can readily be determined. 

(b) Since the force F acts foresee, only, we wiU assume that the motion 

o 

of the rod during that time is so small that the line of action of F remains un- 

cbanged and the retarding effect of the force of gravity can be neglected. 
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Then M- 6F- — (Art. 206), 

where I = /o+ Wxo* - 120+ 40X 4 - 280 lbs. (ft.)« 

6X lOX 32.2 e ^c J « 

and a = ^^r = 6.75 rad. per sec. 

Neglecting the effect of gravity, the angular velocity at the end of ^ sec. 

will be equal to 

(asm at^"^ — 1.16 rad. per sec. 
o 

and the kinetic energy will be equal to 

2 g 64.4 

Since the force of gravity is the only force retarding the motion of the rod, 
the work done by gravity as the rod swings through the angle Bi will be equal 
to E. When the rod is displaced at any angle $ from its mid-position the 
moment of its weight about will be equal to 

jlf » 40 X 28in^ » 80sin9. 

Hence ^=6.75= C^' MdS'' SO C\m$dB 

•/o •^o 

-80(1- cos ^). 
Therefore • cos ^i - 0.928 

and $1 - 2V 62'. 

Problem 87. 

Find the angle through which the rod in Problem 36 will swing from the 
vertical position if the force F acts through an angle of 4°. 

Problem 88. 

If the rod in Problem 36 is held at an angle of 60^ with the vertical and is 
suddenly released and allowed to swing down under the action of gravity only, 
find its angular velocity when it reaches the vertical position. Find the force 
exerted on the rod at the axis, when it reaches the vertical position. 

Problem 89. 

Solve Problem 38 assuming a constant resistance due to friction at the axis, 
the moment of which is equal to 20 in.-lbs. 

Problem 40. 

The cylinder A, weighing 10 lbs., is connected to the sphere C, weighing 20 
lbs., by a slender rod, weighing 5 lbs., which is suspended from a horizontal 
axis through (Fig. 223). Find the time of a single oscillation, assuming no 
friction on the axis. Find the angle through which the rod may be allowed 
to swing without causing an error of more than 1 part in 1000 in the value of 

the time as calculated by the formula t > r y - (Art. 166). 
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Problem 41. 

Indicate an experimental method for determining the moment of inertia of 
the weight (Fig. 223): (a) about the axis of the cylinder A\ (b) about a 

parallel axis through the center of gravity. 

Problem 42. 

A wheel, 4 ft. diameter and weighing 150 lbs., is mounted 
on a shaft and has imparted to it a speed of 300 revolutions 
per minute in 1 minute by a constant horizontal force F, ap- 
plied tangent to the rim. The axis of the wheel is horizontal 
fand the moment of inertia about the axis is 500 lbs. (ft.)*. 
Aiwuming no friction at the shaft: 

(a) Find the magnitude of the force F, 

(b) Find the pressure of the bearings on the shaft. 

(c) Find the kinetic energy at the end of 1 minute, assum- 
ing that the wheel starts from rest. 

(d) Assuming that, when the speed is 300 revolutions per 
minute, the force F ceases to act and a brake is applied to 
the shaft which exerts a force of friction whose moment is 

equal to 200 in.-lbs., find the number of revolutions the wheel will make before 
stopping. 

Solviion. — (a) The sum of the moments of the external forces acting on 
the wheel, about the axis of rotation, will be equal to 

al 



QI 



Fig. 223. 



where 

and 

Hence 



M « — (Art. 205, Case /a), 

2x300 IT , 1 

— ^ rad. per sec. 



«^7 



60 X 60 6 



Af = 2F. 



500 



2 X 6 X 32.2 



= 4.07 lbs. 



(b) Since the axis of rotation passes through the center of gravity and the 
wheel is sjrmmetrical with respect to the plane of rotation, the resultant of all 
the external forces acting on the wheel will be the couple M — 2 F. 

Hence the horizontal component of the pressure exerted on the shaft will 

be equal to 

Ho - 4.07 lbs., 

acting in a direction opposite to F, and the vertical component will be an 

upward force 

Vo « 150 lbs., 
equal to the weight. 

(c) The angular velocity of the wheel at the end of 60 sees, will be equal to 



w « ^ X 60 « lOir rad. per sec. 



and the kinetic energy (Art. 207) will be equal to 



2g 64.4 
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(d) The work done by the retarding couple must be equal to the kinetic 
energy. 
Hence E = Me--M2rN, 

where N « the number of revolutions the wheel makes before stopping. 

Solving for N we obtain 

7660 X 12 



N ^ 



= 73. 



2ir200 
Problem 48. 

Find the kinetic energy of the flywheel (Problem 3, Art. 137) when rotating 
at a speed of 120 revolutions per minute. Find the change in kinetic energy 
due to a loss in speed equal to 2 per cent. 

Problem 44. 

A solid cylinder, 4 ft. diameter, weighing 600 lbs., rotates on its axis at a 
speed of 100 revolutions per minute. Assuming that the moment of the fric- 
tion on the bearings is 20 in .-lbs., find the force which, if applied tangent to 
the rim, will increase the speed to 300 revolutions per minute in 30 sees. 
Find the increase in kinetic energy. If the force tangent to the rim ceases 
to act when the speed is 300 revolutions per minute, find the time which will 
elapse before the wheel comes to rest. 

Problem 45. 

A wheel, weighing 4000 lbs., rotates in a horizontal plane about a vertical 
axis through its center at a spe^ of 500 revolutions per minute. If its center 

of gravity is 7 in. from the axis, find the pressure on the axis due to centrifugal 
force. 

Problem 46. 

Two puUeys mounted on a length of shaft are subjected to the constant 
belt pulls shown (Fig. 224). If the weight of the pulleys and shaft combined 




Fig. 224. 

is equal to 600 lbs. and the moment of inertia » 2000 Ibe. (ft.)', find the speed 
which, if the shaft starts from rest, will be imparted in 1 minute, assuming 
no friction on the bearings. Find the resultant pressure on the bearings. 
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Problem 47. 

If the shaft shown (Fig. 224) rotates at a uniform speed of 400 revohitions 
per minute under the action of the forces shown, find the friction loss in horse- 
power. 

Problem 48. 

Two spheres A and B, weighing 10 lbs. and 50 lbs., respectively, connected 
by a rod weighing 10 lbs., rotate in a horizontal plane about a vertical axis 
through at a uniform speed of 400 revolutions per minute (Fig. 225). Neg- 
lecting the effect of gravity, find the magnitude and direction of the force 
exerted on the axis. 



H-102-J 




Fig. 225. 

Problem 49. 

Find the resultant of the system of forces required to reduce the speed of 
the weight in Problem 48 to 200 revolutions per minute in 20 seconds, 
neglecting the effect of gravity. 

Problem 60. 

Assuming that the weight in Problem 48 is free to turn about in the ver- 
tical plane as well as the horisontal, find the angle which its center line will 
finally assume with the axis of rotation when the speed is 100 revolutions per 
minute, if the effect of gravity is taken into account. 

Problem 5L 

A thin ring 6 ft. diameter rotates about an axis through its center perpen- 
dicular to its phme at a speed of 500 revolutions per minute. If the weight 
of the ring is equal to 100 lbs. find the tension due to centrifugal force. (Refer 
to Art. 191, dealing with the effect of centrifugal force on the tension in a 
belt.) 

Problem 02. 

Find the kinetic energy of the ring in Problem 51 and determine the result- 
ant of the system of forces necessary to impart the speed in 50 seconds. 

Problem 63. 

Prove that the intensity of the tensile stress on the cross section of a thin 
ring, or cylinder, due to centrifugal force is independent of the area of the 
section. 
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Problem 64. 

Three cylinders, A, B and C, each 8 in. diameter and weighing 100 lbs., are 
connected by slender rods along the Unes joining their centers of gravity, 
which are located in the same plane, perpendicular to the axes of the cylinders 
(Fig. 226). If the system rotates about an axis through its center of gravity 
0, perpendicular to the above-mentioned plane, at a speed of 300 revolutions 
per minute, find the tension in the rods, neglecting the effect of gravity and 
the weight of the rods. Find the kinetic energy of the system of weights. 





Fig. 227. 



Find the kinetic energy of the weights in Problem 54, assuming that the 
motion of each one is translation only. 




Fig. 228. 

Problem 56. 

A "band brake, " consisting of a pulley 3 ft. diameter, rotating under a sta- 
tionary band (Fig. 227) is used for absoibing and measuring power. If the 
pulley turns at a imifonn speed of 600 revolutions per minute and the force 
F B 20 lbs., find the horse-power measured by the brake,~neglecting the friction 
at the bearings of the shaft. 
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Problem 57. 

Find the coefficient of friction between the belt and the pulley in Problem 
56 according to the theory of belting (Art. 191). 

Problem 58. 

A Prony brake for absorbing and measuring power (Fig. 228) is constructed 
in such a manner that the tension in the band and hence the moment of the fric- 
tion between the band and the pulley can be regulated by means of an adjusting 
screw, so that it will always balance the moment of a weight about the axis 
of the pulley. 

If the pulley rotates at a imiform speed of 400 revolutions per minute and 
the weight on the brake is 25 lbs., find the horse-power measured. 

Problem 59. 

A wheel, 8 ft. diameter, starting from rest, is rolled up the inclined plane 
(Fig. 229) by a constant force F applied to the rim in a direction parallel to 




Nkr 



Fig. 229. 



the plane. The weight of the wheel is IF » 200 lbs.; the moment of inertia 
about its axis A is /o - 800 lbs. (ft.)'. If F » 80 lbs. and the sliding friction 
at 0, the element of contact with the plane, is sufficient to prevent slipping, 
determine: 

(a) The force exerted by friction at 0; (b) the distance the wheel will 
move in 5 sees.; (c) the linear velocity of its center of gravity at the end of 
5 sees.; (d) the kinetic energy of the wheel at the end of 5 sees.; (e) the work 
done by the force F during 5 sees. Assiune that the effect of rolling friction 
is so small that it may be neglected. 

Solution, — In this case the body has a plane motion of rotation about an 
instantaneous axis which is always the element of contact between the wheel 
and the plane. The problem may be solved by resolving the motion of the 
wheel into a motion of rotation about an axis through its center of gravity A, 
parallel to the instantaneous axis 0, and a motion of translation. 

Since A moves in a straight line, the resultant of all the external forces 
acting on the wheel may be resolved into a single force, acting through A, 
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parallel to BD, producing the motion of translationi and a couple producing 
the rotation. (Art. 211, Case la,) 

The forces acting on the wheel will be the force F » 80 lbs., the force 
W ^ 200 lbs.| the normal component N, of the reaction of the plane at 0, 
and the force Fi, due to the friction between the wheel and the plane at 0. 

If we resolve these forces into components parallel and perpendicular to 
BDf the components perpendicular to BD will balance, since the motion of 
the center of gravity is rectilinear. 

Hence the resultant of all the external forces will be a force parallel to BD 

and equal to 

B-F+fi-TTsinSO^ 

and its line of action will pass through C, the center of peroussion with respect 
to the axis 0. 
Since the distance Xo is constant, the distance OC will be equal to 

J •* , oOO , - - - . 

Since the sum of the moments of all the forces acting on the wheel wiH be 
equal to the moment of their resultant about the axis at 0, 

/2X 6 =• 8 X 80- 4 X 200 sin 30** 
and A»481b8. 

(a) Substituting in the first equation the values of Rf F and W we have 

48-80+/^!- 200 sin 30** 
and Fi = 68 lbs. 

(b) Resolving R into a couple M and an equal and parallel force at the center 
of gravity, we have 

J, .r, W 200 

and fla =* 7.73 ft. per sec.* 

Hence the distance traveled in 5 sec^., will be equal to 

« =, ^ aai^ = \XT.1Z X 25 = 96.6 ft. 

(c) The linear velocity of the center of the wheel at the end of 5 sees, will be 

equal to 

Va = Qat -1 7.73 X 6 - 38.6 ft. per sec. 

(d) The kinetic energy of the wheel will be equal to 

The angular velocity about the center at any instant will be the same as 
the fiiigii|<tr velocity about the instantaneous axis and, at the end of 5 sees., 

c a H? a —L. a 9.66 rad. per sec. 
r 4 
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« 

Hence, 

p^ (9.66)«X800 (38.6)«X200 
64.4 "*" 64.4 

= 1160 + 4640 - 5800_ft..Ib8. 
Or, the kinetic energy may be found from the equation 

E^Me+Ri, 

where the total angle through which the wheel turns in traveling the distance 
8 will be equal to 

_ 9 96.6 t^M ^w J 
^« - = — r- = 24.15 rad. 
r 4 

and ilf = «X 1 - 48 ft.-lbs. 

Hence, J& - 48 X 24.15 + 48 X 96.6 = 5800 ft.-lbs. 

(e) Since the velocity of the point of application of the force F is always 
equal to 2 times the velocity of the center of the wheel, the distance through 
which the force F moves, while the center of the wheel travels a distance a, 
will be equal to 2 8. Hence the work done by the force F wiU be equal to 

FX2« = 80X2X 96.6 = 15,460 ft.-lbs. 

Or, the work may be determined by adding to the kinetic energy the work 
done in raising the wheel against the force of gravity through a distance equal 
to 96.6 sin 30^ ^ 48.3 ft., that is, the total work done by the force F will be 
equal to 

5800 -h 200 X 48.3 = 15,460 ft.-lbs. 

Problem 60. 

A solid cylinder, 5 ft. diameter, weighing 2000 lbs., is rolled along a hori- 
zontal plane by a constant horizontal force, F » 200 lbs. applied at its axis. 
Assuming no slipping and neglecting rolling friction, if the cylinder starts 
from rest, how far will it roll in 10 sees.? Find its kinetic energy at the end 
of 10 sees. 

Problem 61. 

Solve Problem 60 assimiing the weight to be a solid sphere of the same 
diameter and total weight. 

Pioblem 62. 

Solve Problem 60 assuming the cylinder has an initial velocity of 20 ft. 
per sec. 

Problem 63. 

A wheel, 4 ft. diameter, weighing 400 lbs., is rolled along a horizontal plane 
by a constant horizontal force, F » 20 lbs., applied to a cord wound around 
the circumference of a drum on the wheel which is 2 ft. in diameter (Fig. 230). 
The moment of inertia of the wheel about its axis is equal to /o » 1200 lbs. 
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(ft.)*' Assuming no slipping and neglecting rolling friction, find the time taken 
in rolling the wheel 100 ft., starting from rest. Find the kinetic energy of the 
wheel after rolling 100 ft. 




Fig. 230. 

Problem M. 

Solve Problem 63: (a) Assmning that an additional force, equal and par- 
allel to F and acting in the same direction, is applied in a similar manner to 
the drum at A ; (b) Assihning that an additional force, equal and parallel to F 
and acting in the opposite direction, is applied at A. 

Problem 66. 

Solve Problem 63: (a) Assuming that an additional horizontal force of 10 
lbs. is applied at C in the same direction as F to a cord wound around the rim 
of the wheel ; (b) Assuming a horizontal force of 10 lbs. is applied at C in the 
opposite direction to F. 

Problem 66. 

Solve Problem 60, <m«iiTning that there is no friction between the wheel and 
the plane. 

Problem 67. 

Solve Problem 63, aflwiming that there is no friction between the wheel and 
the plane. 

Note. In this case the resultant of the system of forces acting on the 
wheel will be the horizontal force F whose magnitude, direction and line of 
action are known. By resolving the resultant into a couple and a single force 
acting at 0, the two components of the resultant motion, viz.: rotation about 
and translation, can be determined. 

Problem 68. 

A flat circular disc, 2 ft. diameter, weighing 80 lbs., rests on its face on a 
horizontal plane. If a constant force of 5 lbs. is applied to a flexible string, 
wrapped around the circmnference and free to unwind as the disc moves, 
determine the direction and acceleration of the motion of the center of the 
disc, assuming that it starts from rest and that there is no friction between it 
and the plane. Find the kinetic energy of the disc at the end of 5 sees. 

Problem 69. 

Solve Problem 68, assmning that the disc is replaced by a thin ring, 2 ft. 
diameter, weighing 20 lbs. 
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Problem 70. 

A solid cylinder of radius r and weight PF, starting from rest at the top, 
rolls without slipping down an inclined plane 10 ft. long, making an angle of 
30** with the horizontal. When the cylinder reaches the foot of the incline 
determine: (a) the linear velocity of its center; (b) its kinetic energy; (c) 
the time taken in rolling down the plane; (d) the required coefficient of 
friction between the cylinder and the plane. 

Problem 71. 

Solve Problem 70, substituting a thin hollow cylinder, of radius r and 
weight TF, for the solid cylinder. 

Problem 72. 

Solve Problem 70, substituting for the solid cylinder: (a) a solid sphere of 
radius r and weight W) (b) a thin hollow sphere of radius r and weight TT. 

Problem 73. 

A wheel A (Fig. 231), 2 ft. diameter, is mounted on an arm AC and rolls 
without slipping around the fixed wheel C, 6 ft. diameter, imder the action of 
a constant force ^ — 20 lbs. acting at the center A, perpendicular tofAC. 
The weight of A — 100 lbs. and its moment of inertia about the axis through 
its center of gravity =» 60 lbs. (ft.)*. 

If the wheel starts from rest, find the speed of its center at the end of 30 
seconds. Find its kinetic energy and the pull in the arm AC at the end of that 
time. Find the force of friction exerted at the point of contact 0. Neglect 
the weight of the arm. 




Fig. 231. 

Problem 74. 

A solid sphere, 1 ft. diameter, weighing 100 lbs., roUs down the inside of a 
cylindrical surface of 6 ft. radius. If the sphere starts from rest at a point 
on the arc which is 60° from the vertical through the center, find its velocity 
of translation when it reaches the vertical. Find its kinetic energy and the 
pressure on the surface at that point. 
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Problem 78. 

If the crank DE (Fig. 232) turns at oniform speed of 300 revolutions per 
minute, find the magnitude of the force P, which must be exerted at the 
crosshead pin A, to produce the required acceleration in the connecting rod 
AE when the angle 8 =» 60**. The weight of the rod iaW » 500 lbs., its mo- 
ment of inertia about the crosshead pin ^ is / » 6000 lbs. (ft.)'; and AE 
= 5 ft., DE = 1 ft., and AC, the distance of the center of gravity of the rod 
from Ay is equal to 3 ft. 



f. 



B ^E 




Fig. 232. 



Solviion. Neglecting friction, the external forces acting on the rod when 
in the position indicated will be the horizontal accelerating force P, exerted 
at the crosshead pin A, a vertical force Fa at ^, the force of gravity at C, and 
a force Fe at Ej acting along the crank DE, 

In this case the resultant motion of the rod will be one of rotation about an 
instantaneous axis through 0. 

The motion may be resolved into a motion of rotation about A and trans- 
lation in a horizontal direction and the resultant of the forces required to 
produce each component of the motion determined separately (Art. 211). 

Let AE = L, DE = r, AC = Xo, »a = the linear velocity of A and « « the 
angular velocity of AE about the instantaneous axis. 

Let ci»i s the angular velocity of DE and t » the time taken in turning 
through the angle 9 from the dead point. 

300 
<i>it and Ml ■■ -57r2x «s lOxrad. per sec. 



Then 







60 



We will first determine the resultant of the forces required to produce the 
motion of translation, which will be a horizontal force, acting through the 
center of gravity C, whose magnitude will be equal to 






(1) 
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The acoeleratioii of the motion of translation may be found as follows: Let 
s => the distance through which the crosshead moves while the crank turns 
through the angle B ^ toii from the dead point: then 

«« r— rooswii+L— y/lA^ r*sin*wi<, 

ds . , a>i r* sin <a\t cos ia\i 

»a— -j5 =■ «irsm«iiH y » 

« VL*-r»8in««it 

. dv ^ . . on V^ sin' wif cos* ont 

at (L" — r» sm* «it)l 

fan V* (cos* (oit — sin* coiQ 
"^ (L*-r«8in*fa)iO* 

Substituting 9 » fan^ and reducing, we have 

, r - , r»sin*2^ , r cos 20 "I ._. 

ao«fa>i*r cos^H zH r .. . . (2) 

L 4 (L* - r* sin* B) • (L* - r* sin* 0)*J 

When 9 « 60^ we obtain from equation (2) 

a« - on* [0.5+ ^^ -. — -1 = 395 ft. per sec.*, 

L 4(25-0.75)* (25 -0.75)* J 

and substituting this value in equation (1), 

F=^X 395= 6130 lbs. 

The resultant of the forces required to produce the motion of rotation about 
A will be a force acting through Bj the center of percussion of the rod with 
respect to A^ which may be resolved into a tangential component Ft, and a 
deviating force Fn- 

The tangential component will be equal to 

f«-^ (Art. 211), (3) 

where l^ AB^ rrr=—t 

Wxq 

and the deviating force will be equal to 

W 
Fn^^ioh^ (4) 

The angular velocity of AE about the instantaneous axis will be equal to 

<a\r __ fa>ircosg . . 

"=0£- VL'-r« 8m'# ^^^ 

Since this is also the angular velocity of AE about A, the angular accelera- 
tion a, of the motion of rotation about A, may be obtained by substituting 
coit » 9 and differentiating as follows: 

_ dfai fa)i*r* cos* <a\t sin ta\t 
"*" dt'' {L*-r* sin* 9)* 

(L*-r* sin* 9)*' 
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Substituting 9 ^ toit and reducing we have 

BJng r r*-L^ " I ,ftN 

"-"^'^ VL«-r«Bin»^ L L'-r«8in«J ^^> 

When 9 « 60^ we obtain from equation (5) 

«a» "' ' — = 3.19 rad. per see., 
V26- 0.76 



and from equation (6) 

a866 
V26 

Substituting this value in equation (3) and also the value 



, ^.866 r 1-25 1 ,^o ^ 1 

g=a>i*-7= og ft7g - - 172 rad. per sec.*. 

_0.75L25-0.75J 



we obtain, 



7 ^ 6000 _ . 

Wx9 600X3 *"•' 



_ al 172X6000 aniniK. 



a force acting through B, perpendicular to A^ and in the downward direction, 
since a is a negative quantity. 

Substituting the value of w in equation (4) we obtain 

J. W . 500X(3.19)«X3 _,^, ,^, 

acting along BA towards A. 

The resultant of all the external forces acting on the rod will be the resultant 
of the forces F, Ft and Fn, and moment of the resultant about A wiU be equal to 

2Afa= F«X4H-Fx|r8in« 

o 

= 8010 X 4 + 6130 X I X 0.866= 35,230 ft.-lbs. 

o 

Since 'LMa will be equal to the sum of the moments about A of the external 
forces acting on the rod, we shall have 

35,230- F*(AD)8in5+ Pr| (AD- rcos<?) 

, 3 , 

=F.(rcos^+VL«-r»8in*^)sindH-Tr5>/L*-r*sin«^ 

= F. X 5.424 X 0.866 + 500 X 0.6 X 4.924, 

- „ 35,230-1480 --omu 
and Ft = — ■ — j^^ = 7180 lbs., 

acting along DE towards D. 

Resolving the forces acting on the rod into horizontal and vertical com- 
ponents, the sum of the horizontal components will be equal to 

2H= P + Fe»= F+ Fu- F,*. 
Hence P+ 7180X 0.5= 6130+ 8010 ^^ - 474X^ = 7060 

and P- 3460 lbs. 



342 APPLIED MECHANICS 

The sum of the vertical components will be equal to 

S7. _ Va- W- F^- - Ft,- Fn.. 

Hence - Fa- 600- 7180X0.866 = - 8010 X ^4=?- 474 X^^ -- 7970 

o 

and Fa- 1250 lbs, 

acting downward 

Problem 76. 

Determine the magnitude of the force R which must be exerted at the 
crank pin E, in a direction perpendicular to DE^ to produce the acceleration 
in the connecting rod AE (Problem 75). 

SdyJtUm. — In this case the external forces acting on the rod, neglecting 
friction, will be the accelerating force 22, a vertical force Va at A, the force of 
gravity at C and a force F« at E, acting along DE (Fig. 232). 

Since the resultant of these forces will be the same as the resultant of the 
forces acting in Problem 75, by taking moments about E we shall obtain 

- Va VL2 - r^^m^e - w\y/L^ - r^sin^d = - F| X 1 -F^rsin^ 

o o 

and - Fa X 4.924-500 X 0.4 X 4.924- - 8010- 6130 X 0.4 X 0.866 » - 10,130, 
and solving for Fa, 

Va ** I860 lbs. (acting downward). 

Resolving the forces into horizontal and vertical components, and noting 
that ^H and SV will be the same as in Problem 75, we have 

ZH = 7050 = Fecos^ -f /Zsin^, 

and 27 = - 7970 = - Fesind + /2cosd -W -Va^ 

Substituting B *■ 60° and solving these equations simultaneously, we obtain 

R » 3300 lbs. (acting toward the right) 
and Fe = 8380 lbs. (acting toward Z>). 

It should be noted that, since the moment about of the resultant of the 
forces acting on the rod must be the same in both Problems 75 and 76, 

PXAO ^RXEO 

and, if the distances AO and EO are computed for any crank angle, the rel- 
ative magnitudes of P and R may be obtained. 

Problem 77. 

Solve Problems 75 and 76 for values of B differing by 30° for a complete 
revolution of the crank. 

Problem 78. 

The weights A and B are attached to flexible cords, wound around the two 
steps of the pulley shown (Fig. 233) . The weight A » 20 lbs. and B » 50 lbs., and 
the moment of inertia of the pulley, about its axis is equal to / » 1200 lbs. (in.)*. 

Assuming a constant friction on the shaft, the moment of which is equal to 
10 in.-lbs., and neglecting the weight of the cords, find: (a) the acceleration 
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of each of the weights A and B\ (b) the velocities of the weights A and B at 
the end of 5 sees., assuming that the weights start from rest; (c) the kinetic 
energy of the system at the end of 5 sees., as- 
suming that the weights start from rest. 

SoLutUm. — In this case we have a system of 
weights, two of which, A and B, have a motion 
of translation, while the wheel rotates about a 
fixed axis through its center of gravity. Con- 
sidering each weight separately, the forces act- 
ing on the weight A will be the downward force 
of 20 lbs., due to gravity, and the upward force 
T« due' to the pull exerted by the cord AC) 
the force acting on the weight B will be the 
downward force of 50 lbs., due to gravity, and 
the upward pull Th exerted by the cord BD\ 
the forces acting on the wheel, in addition to 
the force of gravity, will be the downward forces 

Ta and 7b, due to the pulls exerted by the cords at C and Z), respectively, and 
the resultant force exerted by the bearings on the shaft, which may be resolved 
into a vertical component and the force of friction acting tangent to its sur- 
face (Art. 186). If we compute the moments about the center of the wheel of 
the forces acting on the weights, it is evident that the wheel will turn in the 
right-handed direction. 

If we consider the velocities and accelerations of both of the weights and 
the wheel to be positive quantities and let Va « the linear velocity of A, 
Vh — the linear velocity of B, w » the angular velocity of the wheel, Oa — the 
linear acceleration of A, ob » the linear acceleration of B and a » the angular 
acceleration of the wheel, at any instant, we shall have 




Fig. 233. 



and 



<a 



a — 



12 Va 12t;b 



10 

12 do 
10 



5 

12 Ob 



(1) 



(2) 



The resultant of the forces acting on the weight A will be a vertical force 
acting through its center of gravity, which is equal to 



20 
!ra-20«— OaCArt. 201), 



(3) 



and the resultant of the forces acting on the weight B will be a vertical force 
acting through its center of gravity, which is equal to 



50 -Tb-- Ob 
9 



(4) 



The resultant of the forces acting on the wheel will be a couple, whose 
moment is equal to 

/r w 5 m w 10 10 1200 ,._^ -^-. 
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Substituting 

10 , 5 

Oa « j2 * *"" *^ " 12 ^ 

in equations 3, 4 and 5 and solving simultaneously, we obtain 

48 1; 



a — 



445 



3.47 rad. per sec.*, 



and Ta - 20 + y^a = 21.8 lbs., 

and n - 60 - y|^ a = 47.8 lbs. 

(a) From equation (2) we obtain 

Oa ^ -r^ a =s ^ = 2.89 ft. per sec.* 

5 4^ 

and ^~ 12** * 89 "* ^'^^ ^^' ^^ ^^'** 

(6) Since the weights start from rest, at the end of 5 sees. 

40(7 
»a = Oo* — -^ = 14.47 ft. per sec. 

, 1 20^ ^o^r* 

and Vb '^ ^Va — -^ = 7.24 ft. per sec. 

(c) The total kinetic energy E of the system will be equal to the sum of 

the energies of the weights A and B and the wheel. 

Hence 

20 fiOgy 50 [20gy 1200 (ASg^ 

^ ' 2g\ 89 J '^ 2g\S9 ) '^ 2Xl^g\S9 J 
- ^ = 145 ft.-lbs. 

Or, the energy might be determined by computing the algebraic sum of 
the works done by the external forces acting on the weights, as follows: Let 
8a — the distance through which A moves, Sb — the distance through which 
B moves, and » the total angle through which the wheel turns in 5 sees. 

Then ff = 50 X «6 - 20«o - ^e (6) 

«a=^fa<=^= 36.2 ft. 

«6=^f6i = ^ = 18.1ft. 

(?«la,i=:l|^=: 43.4 rad. 

Substituting these values in equation (6) we obtain 

E = ^55i « 145 ft..ibs. 
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Problem 79. 

The weights of 1000 lbs. and 500 Ibe. are attached to the ends of a flexible 
band running over a solid disc, 4 ft. diameter and weighing 1200 lbs., mounted 
on a shaft A (Fig. 234). Neglecting 
friction and the weight of the cord 
and shaft, determine: 

(a) The acceleration of each weight 
and the angular acceleration of the 
wheel. 

(b)- The tension in the band be- 
tween each weight and the wheel. 

(c) The kinetic energy of the sys- 
tem after 5 sees., assuming the initial 
speed of the disc to be 30 revolutions 
per minute in the direction of the 
arrow. 

(d) The kinetic energy of the sys- 
tem after 5 sees., assuming the initial 
speed of the disc to be 30 revolutions 
per minute in a direction opposite to that of the arrow. 

Problem 80. 

The weight Ay of 200 lbs., resting on the inclined plane DE is attached by a 
flexible cord running over the drum C to the weight B, of 400 lbs., and moves 




1000 



Fig. 234. 




Fig. 235. 

under the action of a constant force F pai-allel to the plane DE (Fig. 235). 
Assuming that the coefficient of friction between the weight and the plane is 
constant and equal to 0.25, that the moment of inertia of the drum C is equal 
to 400 lbs. (ft.)*, and that the system of weights starts from rest, determine: 

(a) The magnitude of the force F necessary to move the weight A down 
the plane 20 ft. in 5 sees. 

(b) The magnitude of the force F necessary in order that the weight shall 
move wp the plane 20 ft. in 5 sees. 

(c) Determine the coefficient of friction between the cord and the drum C, 
necessary to prevent slipping in each case. (See Art. 191.) 
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Problem 8L 

A solid cylinder A^ weighing 200 lbs., is connected by a flexible cord running 
over the pulley C with a weight B, of 120 lbs. (Fig. 236). 




FiQ. 236. 

Assuming that the weight starts from rest and that the cylinder A rolls 
without slipping, find the distance through which it will roll in 10 sees. Neg- 
lect the weight of the cord and pulley C and rolling friction. Determine the 
tension in the cord and the energy of the system at the end of 10 sees. 

Problem 82. 

If the weight B (Problem 81) is 80 lbs., the diameter of the wheel C is 20 ins. 
and its moment of inertia about its axis 4000 lbs. (in.)*, determine the distance 
through which A will roll in 10 sees. Neglect the weight of the cord and 
rolling friction and assmne a constant force of friction at the axis of C, the 
moment of which is equal to 20 in.-lbs. 
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Fig. 237. 
Problem 88. 

Two circular discs, 6 ins. wide and 4 ft. diameter, are connected by a solid 
cylinder A, 1 ft. long and 2 ft. diam., as shown. (Fig. 237.) The material 
in the disc and cylinder weighs 450 lbs. per cu. ft. A weight D of 500 lbs. is 
attached to a flexible cord which runs over the pulley C and is woimd aroimd 
the cylinder ii. If the system starts from rest and the discs roll without slip- 
ping how far will the center travel in 6 sees.? Neglect rolling friction and 
the weight of the pulley C and the cord. Find the kinetic energy of the 
system of weights at the end of 6 sees. 
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§5. Impact. 

216. Impact, or Collision. — When two bodies collide, a cer- 
tain amount of deformation takes place, beginning at the instant 
the bodies come in contact and increasing to a maximmn. The 
deformation may be permanent or, after the collision, the bodies 
may recover their original forms. Between these two extremes 
there are numberless cases where there is only a partial recovery 
of form after the impact. In any case the force exerted between 
the bodies acts for a very short duration of time and it is prac- 
tically impossible to determine its magnitude at any instant 
during that time. The effect of the impact on the momenta 
and kinetic energies of the bodies may be determined in some cases 
on the basis of the hypothesis stated in the following article. 

While in our work in kinetics thus far we have treated all 
bodies as rigid, in dealing with impact we shall take into account 
the elasticity of the colliding bodies in so far as it affects their 
maximum and final deformation. No attempt will be made, 
however, to deal with cases where the deformation is great 
enough to alter the configuration of the mass of either body suffi- 
ciently to change its type of motion. On account of the short 
diu*ation of the contact between the colliding bodies, the force 
exerted during the contact is frequently called an impulsive 
force, and its effect on the momentum is referred to as an impulse 
(see Art. 148). 

216. Types of Impact. — When two bodies collide, unless 
the contours of the surfaces in contact are identical, they touch 
at first at a single point only and then, as the deformation takes 
place, they come in contact over a definite area. According to 
the h3rpothesis generally adopted, as soon as the contact begins 
the bodies begin to be compressed and the compression increases 
during a certain interval of time, called the "period of compres- 
sion" until it reaches a maximimi, at which time the bodies 
move with the same velocity. After the maximum compression is 
reached, the bodies in most cases begin to recover their original 
forms, the recovery continuing until, or even after the contact 
ceases. The interval of time during which the recovery occurs 
is called the "period of restUutUm" 

A line perpendicular to a plane tangent to the surfaces in con- 
tact, at the point through which the resultant pressure between 
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them acts, is called the line of impact. If the contact begins 
at a single point the line evidently passes through that point. 

If the line of impact passes through the centers of gravity 
of the colliding bodies, the impact is called cerUral; if not, it is 
said to be eccentric. 

If the line of impact coincides with the direction of the motion, 
the impact is said to be direct; if not, it is called oblique. If the 
recovery of form of the colliding bodies is complete at the end 
of the contact, the impact is called elastic; if the recovery of 
form is partial, the impact is imperfectly' elastic; and, if there 
is no recovery whatever, the impact is ineUistic. 

217. Direct Central Impact. — Let Mi and Mt be the masses 
of two bodies which collide so as to produce direct central impact 
(Art. 216). Two homogeneous spheres, moving along the line 
between their centers, furnish a simple illustration under this case. 
Let their velocities at the beginning of contact be equal to ui 
and 1^2, respectively; and let vi and t^ equal their respective veloci- 
ties at the end of the contact. 

In the deduction of the equations in this and the following articles, 
the velocities Vi. v^, V\ and 1^2 will all be assumed in the same direc- 
tion and positive: then if any one of them is in the opposite direction, 
it will have a negative value. 

Let F equal the magnitude of the force exerted between the 
bodies at any instant during the impact. This force will increase 
from zero, at the instant the contact begins, to a maximum and 
then decrease to zero again at the end of the impact. 

From the law of action and reaction, it is evident that the 

change in momentum j F dt, produced in each of the two bodies 

by the force F, must be the same in magnitude and opposite in 
direction. It is practically impossible in this case to integrate 

the quantity j F dt but, since each of the bodies has a motion of 

translation before and after the impact, the value of the integral 
(Art. 202) may be written 

Ml (vi — wi) = - Mi {Vi- U2), (1) 

where the change in momentum in the mass Mi is considered 
positive. 
By transposing equation (1) we obtain 

MiVi + ^2^2 = MiUi + M2U2 (2) 
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In the same manner, equation (2) would be obtained if v\ and v% 
were taken to represent the velocities at any instant during the 
impact. Hence it follows, thai the sum of the momenta of the two 
colliding bodies remains unchanged during, and after, the impact. 

Equation (2) might have been written as an expression of 
the second law of motion, since the only forces affecting the 
motion of the bodies are the mutual action and reaction between 
them during the impact, which must produce equal and opposite 
changes in momenta and hence have no effect upon the total 
momentum of the system. 

218. Coefficient of Restitution. — Following the hypothesis 
already stated (Art. 216), if we let v = the common velocity of 
the two bodies at the instant of greatest compression and assmne 
it to be positive, the change m velocity of the mass Mi during 
the period of compression (Art. 217) will be equal to 

V — Ui 

the change being assumed to be positive. Likewise, the change in 
velocity during the period of restitution will be equal to 

t'l - V, . 

The ratio of the second to the first of these two quantities is 
called the coeficient of restitiUion and will be denoted by the 
letter e. Hence 

Vi — V 



e = 



(1) 



V — Ui 

Similarly, for the mass M2 

e^^^^ (2) 

t; — tia 

Transposing, we obtain from equation (1) 

V + ev = vi + eui, 

and from equation (2) 

V + ev — Vi + eUi, 

and hence, 

vi + eui = t;2 + eUi (3) 

Equation (3), and equation (2) (Art. 217), give the necessary 
conditions for determining the velocities of the colliding bodies 
after impact, when the coefficient of restitution is known. 

If the bodies are absolutely elastic, e = 1; if absolutely in- 
elastic, e = 0; and if imperfectly elastic, e < 1 and > 0. 
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By transposing equation (3) we obtain 

vi - vj = - e (i4i - tij) (4) 



and 



e=-£LIlil (5) 



which gives the value, of € in terms of the differences of the velo- 
cities of the bodies before and after the impact. 

Hence we may also define the quantity e a& the ratio of the 
relative vehcUies of the colliding bodies before and after the impact; 
and its value may be determined for bodies of different materials 
as well as those of the same material. 

Newton found, by an elaborate series of experiments with 
spheres in direct central impact, that their relative velocities 
before and after impact depended only on the material and fol- 
lowed the law represented by equation (4). The results of his 
experiments furnished the basis of the hyi)othesis on which the 
previous definition of e was based. 

219. Kinetic Energy of the Colliding Bodies. — The total 
kinetic energy of the two bodies in the system before impact will 
be equal to 

^l = ^MlWi2 + ^M2ii2*, (1) 

and after the impact the energy will be equal to 

E2=IMiVi^ + ^M2V,' (2) 

Hence the change in the kinetic energy of the system, due to the 
impact, will be equal to 

i?i - £2 = ^ (Miwi« + M2W2*) - ^ (Mivi^ + M,V2^). . (3) 

The velocities Vi and V2 may be eliminated from equation (3) 
as follows: By squaring equation (2) (Art. 217) we obtain 

(Mivi + MiVi^ = (Miwi + MiUiY; .... (4) 

and by squaring equation (4) (Art. 218), and multiplying by 

M1M2, 

M1M2 (vi - Vi^ = AfiMze* (U2 - UiY, 

which may be written in the form 

MiMi {vi - vtY + (1 - c*) M1M2 {Ui - uiY = MiMi {ut - Wi)^ (5) 
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Finally, by adding equations (4) and (5) and reducing, we obtain 

(Afi + Mt){MiVi^ + M%vt^) + (1 - e^) AfiAfa (w, - UiY 
= (Afi + M2)(AfiWi2 + MtUi^) 

and, by transposing and dividing by 2, 

When e = 1, that is, for perfectly elastic impact, 

Ei-Et = (7) 

and there is no loss in kinetic energy. In all other cases a certain 
amount of energy is spent in producing the permanent deforma- 
tion in the colliding bodies, the amount of "lost" energy de- 
pending on the value of e. The loss becomes 

in the case of perfectly inelastic impact. 

220. Experimental Determination of the Coefficient of Res- 
titution. — If a small sphere of any substance is allowed to fall 
vertically upon the horizontal surface of a large mass of the 
same material, we have a special case of direct central impact 
which will furnish the data necessary to determine the value 
of e, the coefficient of restitution for the material. If the mass 
on which the ball strikes is rigidly supported, its velocity at all 
times may be assumed to be equal to zero and hence the velocity 
of both masses at the instant of greatest compression will be 
equal to zero. 

If we let Ui = the velocity of ball at the b^inning and vi = 
its velocity at the end of the impact, and substitute y = in 
equation (1) (Art. 218), we shall have 

e = -i!J (1) 

Ui ^ ^ 

In making the experiment to determine e, the height H, from 
which the ball falls, and the height h, to which it rises on the re- 
bound, are measured. Then 

wi= V2gH 
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and Vi = — y/2gh. 

Hence ^ =V^ ^^^ 

221. Oblique Central Impact. — (a) When there is no friction. 
In this case the resultant force actii^ between the two bodies 
during the impact will act along the line of impact, and, if the 
velocities before and after the impact are resolved into compo- 
nents along the line of impact and perpendicular to it, the latter 
components will remain unchanged by the collision. The com- 
ponents of the velocity parallel to the line of impact will be af- 
fected in the same manner as in the case of direct central impact, 
and may be determined by means of the formulas deduced for 
the case of direct central impact (Arts. 217 and 218). It follows 
that the components of the momenta of the two bodies in the 
direction perpendicular to the line of impact will remain unchanged 
by the impact and, that the sum of the components of their 
momenta in the direction parallel to the line of impact will remain 
unchanged during and after the impact. 

From these conditions, together with that given by equation 
(3) (Art. 218), the components of the velocities of the two bodies, 
and hence their resultant velocities after impact, may be de- 
termined. 

Since the components of the velocities perpendicular to the 
line of impact remain imchanged, the loss in kinetic energy caused 
by the impact will depend only on the components of the velocities 
along the line of impact. Hence it will be expressed by the same 
formulas, and the amount of the loss will be governed by the 
same conditions as in the case of direct central impact (Art. 219) 
(see also Art. 174). 

(6) When there is friction. — The eflfect of friction, at the sur- 
faces in contact when oblique impact occurs, will be to change 
the components of the velocities of the colliding bodies in the 
direction perpendicular to the line of impact. If / = the coefficient 
of friction and F = the normal pressure between the bodies at 
any instant during the impact, the force of friction at that instant 
will be equal to fF. This force will act tangent to the surface of 
contact and it may be resolved into a couple and an equal and 
parallel force acting through the center of gravity of either body. 
The eflfect of the latter component on the momentum of the 
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mass Ml (Art. 217) during the impact may be represented by the 
expression 



pFdt^Mi{vi,-uul 



and similarly, the effect of the component at the center of gravity 
of the mass Jlf 2 may be represented by the expression 



/ 



fFdt^-M2(v2,-tHX 

where Vi^, Vi^ ui^ and 1^2, are the tangential components of the 
velocities before and after the impact. Hence 

MiVi^ + M2V2, = MiUi^ + MiV^ 

and it follows, therefore, that the sum of the linear momenta of 
the two bodies in the direction perpendicular to, as well as in the 
direction parallel to, the line of impact remain unchanged during 
and after the impact. 

The component couples, due to the friction, will produce rota- 
tion, depending on the moments of inertia of the two bodies 
about the axes through their centers of gravity. If any slipping 
occurs during the impact, a certain amount of kinetic energy will 
be lost in overcoming the friction. Owing to the uncertainty 
as to the. magnitude of the friction, a more exact analysis of this 
case is of little value. 

222. Direct Eccentric Impact. — Bodies^ suspended from fixed 
axes. Let Wi and W2 equal the weights of two bodies, which 
collide when rotating about the fixed axes Oi and O2, and let the 
positions of Oi and O2 be such that the perpendicular distance 
of the line of impact from Oi is equal to Li and from O2 is equal 

to 1/2* 

Let 7i = the moment of inertia of the weight Wi about the 
axis Oi and h = the moment of inertia of the weight W% about 
the axis O2. 

Let Ml aiid M2 equal the respective angular velocities of TTi 
and W2 at the b^inning of the impact and <ai and C02 equal the 
respective angular velocities at the end of the impact. 

As in the case of central impact, the forces of action and reac- 
tion between the two bodies will be equal at each instant during 
the impact and will always act along the line of impact. Hence 
for the weight Wi 

J Ml dt = LiJf * = ^ («i - Ml) (Art. 206), . . (1) 
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where Afi = FL\ is the moment at any instant of the force F, 
due to the impact, about the axis Oi. Similarly, for the weight Wt 

-Jilf,(ft = -L,jF(tt = -^(co,-M,), . . . (2) 

where JIf j == FL^ is the moment of the force F about the axis 
O2. In equations (1) and (2) the angular velocities are all as- 
sumed to be positive and, when the rotation of either body is 
in the opposite direction to that assumed, its angular velocity 
is to be treated as a negative quantity. It follows from the law 
of equality of action and reaction that 

^(c-i-w)=-2;^(«.-M.) 
and by transposing we obtain 

L^ L^g LiQ L2g 

If we denote the linear velocities, before and after the impact, of 
the points of contact of the two bodies as follows: 

ui = niLi, U2 — nzLij 
vi = wiLi, V2 = ci3iL%', 

equation (3) may be written 

L^g'^ Wg^ L.^g'^ Wg ^^^ 

On the basis of the hypothesis, assumed in the case of central 
impact, we have also the relation deduced in Art. 218, 

Vi -\' eui = V2 '\- euz (5) 

The solution of equations (4) and (5) will give the velocities of 
the two points of impact after the collision when the remaining 
quantities are known. 

223. Loss of Energy. — The total kinetic energy of the two 
bodies at the beginning of the impact will be equal to 

'"'- 2g'^ 2g 2lL^'g^ I^'g] • • • • U; 

and the total kinetic energy of the two bodies at the end of the 
impact will be equal to 
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The loss of enei^ due to the impact will be equal to 

By the same transformation as that in Art. 219, we may obtain 
the expression for the loss of energy, 

/i ^ /. 



= V^-'^ \ (/. J+ /^.') ^"^ " "'^'' • • • ^^^ 

which shows that, when the impact is perfectly elastic, no loss 
in kinetic energy results, and that in all other ^ases the loss de- 
pends on the value of e. 

224. Oblique Eccentric Impact. — As in the case of oblique 
central impact, if the friction between the colliding bodies is 
neglected, and the velocities of the points of contact are resolved 
into components perpendicular and parallel to the line of impact, 
the former components will remain unchanged by the impact 
while the latter can be computed by means of the formulas in 
Art. 222. 

226. Central and Eccentric Impact. — In certain cases, the 
impact of one of th^ colliding bodies may be central and of the 
other, eccentric. The formulas for such cases may be deduced 
by the same method of reasoning as in the preceding articles. 
Thus, in the case where a body, moving in a straight line, strikes 
another, suspended from a fixed axis, in such a manner that the 
impact on the first body is direct central and on the second 
direct eccentric, the formulas, in the notation adopted in the 
preceding articles, will be the following: 

M,t;x+^»M,Ux+^^ (1) 

Wg Wg 

vi + eui = V2 + €v^ (2) 

£,-a.i[j/....+^]-l[Af.... + g]. . . (3) 

An illustration under this case is the ballistic pendulum (Art. 
229). 
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226. Examples of Direct Central Impact. — Except in the 
case of a few laboratory experiments, it will be found that in 
nearly all practical examples of impact the determination of the 
velocities of the colliding bodies after impact would be of little 
value, even if the uncertainty regarding the value of c, which 
usually exists in such cases, did not make the determination 
impossible. 

In such cases, however, the kinetic energy of each of the im- 
pin^ng bodies at the b^inning of the impact can be determined 
with a fair degree of accuracy and, from a general knowledge 
of the material and the masses of the two bodies, the manner 
in which the energy will be expended can be predicted. 

Thus: in the case of the steam hammer, the piston, piston rod 
and head comprise the mass Mi, of one of the colliding bodies, 
while the mass Afj may be considered to be composed of the 
forging, the anvil and its foundations. The impact may be 
assumed to be direct and central and, on account of the plas- 
ticity of the hot metal, the value of e will be nearly zero. 

Following the notation in the preceding articles: the value of 
Ui may be computed when the steam pressure and the height 
of the drop are known; the value of wj = 0, practically (actually, 
the Earth and the hammer approach each other with equal mo- 
menta) ; and, on the assumption that e = 0, Vi = V2 = 0. 

The ''energy of the blow^^ is the kinetic energy of the mass 
Ml at the beginning of the impact and, on account of the 
small value of e, this is largely expended in compressing the 
forging. 

The ''force of the blow^* is the force F, exerted between the 
hammer and the forging during the impact. It is a varying 
quantity and cannot be accurately determined. If e = and 
8 = the distance the forging is compressed, the average value 
of F may be roughly determined from the equation 

Fs^Ei (1) 

The expression "force of the blow'' is sometimes used errone- 
ously when the " energy of the blow '' is meant. 

Another example of direct central impact is that of the pile 
driver. As in the case of the steam hammer, an accurate deter- 
mination of the momentum of the hammer and the pile after 
impact cannot be made. 
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The "enei^ of the blow" Ei can be easily figured from the 
drop of the hammer. A large part of this energy will be ex- 
pended in useful work in driving the pile, but some of it will be 
lost in compressing the top of the pile and a small amount is 
usually lost in the reboimd of the hammer. 

As in the preceding case the avers^e "force of the blow" may 
be roughly determined by equation (1) if we assiune 6 = and s = 
the distance the pile settles under the blow. 

227. Recoil of a Gun. — The explosion of powder in a gun 
produces impulsive forces, acting on both the shot and the gun 
which, if the mass of the powder and gases are neglected, are 
always equal and opposite. The case is similar, therefore, to that 
of the direct central impact of two colliding bodies. If we let 
Ml = the mass of the shot and Mt = the mass of the gun, we 
obtain from equation (2) (Art. 217) 

MiVi + Mat;, = (1) 

and hence ^i — ^Tr^if (2) 

Ml 

or, *^'^"m"^* ^^^ 

The total kinetic energy due to the explosion of the powder will 
be equal to 

2 MiVi^ + 2 Af 2V2^ = — j^ X 2 ^2»2* = —]^ — - X g^it'i^- • (4) 

Mi 
Therefore, the kinetic energy of the shot will be equal to tt — . ,^ 

Ml + M2 

of the total energy of the explosion and the energy of the recoil, 

to ^, — r-irr of the total energy. 
Mi + Mi ^ 

228. Impact of a Stream of Particles on a Flat Plate. — If 

a continuous stream of very small particles moving in parallel 
paths with equal velocities is allowed to strike against a flat 
plate, the resultant pressure required to prevent a movement 
of the plate under the series of impacts may be determined in 
the following manner: 

Let mi, m,, nh, etc. equal the masses of the particles and u, 
their common velocity before impact and assume that the impact 
of each particle is melastic, that is, 6 = 0. Two cases will be 
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considered: (a) when the impact is direct; (6) when the impact 
is oblique. 

(a) Direct impact. In this case the velocities of all the par- 
ticles after impact will be equal to zero and, if n particles strike 
the plate in the time t, the sum of the impulses during that time 
will be equal to 

miu + mtu + • • • + ninU = (mi + mj + • • • + mn) u = vSlm 
^jFidt+jF^+'-'+JPncU, . . . . (1) 

where Fi, Ft, etc., are the forces of impact of the separate par- 
ticles. If we let R equal the average reaction exerted by the 
plate, equation (1) may be written 

u^m=J: jFdt^Rt (2) 

and, if f B 1 second, 

R = wSm, (3) 

where Sm = the total mass of the particles striking the plate in 
one second. 

(6) Oblique impact. If we let 6 « the angle between the 
paths of the particles and the normals at their points of impact, 
the normal components of their velocities will be equal to u cos d 
and hence, by substituting in equations (2) and (3), we obtain 

Rt ^ u cos S^m (4) 

and, iff=»l, /2 = wcosd2m, (5) 

where R = the normal reaction of the plate. If there is no fric- 
tion, the tangential components of the velocities of the particles 
will remain unchanged and there will be no tangential reaction 
along the surface of the plate. If there is friction, this component 
will depend on the obliquity of the impact and the coefficient of 
friction (Art. 221). 

229. Ballistic Pendulum. — The ballistic pendulum is a device 
which has been used for determining the velocity of a projectile. 
It consists of a large mass M2 which is suspended from a horizon- 
tal axis (Fig. 238). In order to render the impact as inelastic 
as possible, a cavity on the side on which the projectile strikes 
is filled with wood or other soft material, in order that the projec- 
tile may remain embedded in the mass and oscillate with it after 
the impact. The device furnishes an illustration of a combined 
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direct central and eccentric impact (Art. 225) which is inelastic. 
Thus: let Mi = the mass of the projectile and ui = its velocity at 

the beginning of the impact; let /2 = the 

moment of inertia of the mass M^j in terms | \ 
of its weighty about the axis 0, let L^ = the 
perpendicular distance of the Ime of impact 
from and let v = Vi^Vi the linear velocity 



of the point of impact. During the impact i 



the motion of Mt will be so slight that J 
the velocity v may be considered to be j 
horizontal, without introducing any appre- ..il|rj [ 
ciable error. After the impact, the pen- 
dulum will oscillate about and its center 



\ 

\ 

\ 
\ 

\ 



A 






of oscillation (Art. 210) will rise through a ^^' ^^• 

height h which can be easily computed from the measurement of 
the angle through which the pendulum swings from the vertical. 

To insure accuracy, the line of impact should pass through 
the center of oscillation. Then, when h is known, v may be 
determined from the equation for the velocity of the equivalent 

simple pendulum, 

V = V2gh (Art. 155). 

By substituting in equation (1) (Art. 223) we have 

Miv + j^^MiUu (1) 

from which we obtain 

If the line of impact does not pass through the center of oscil- 
lation and the connection between the mass Mt and the axis 
is rigid enough to prevent any other displacement, than the one 
indicated (Fig. 238), the angular velocity of Afs at the end of 

the impact will be equal to 

Ve V2gh . 

« = T = -T"' (3) 

where Vc = the velocity of the center of oscillation of the pen- 
dulum after the impact and I = its distance from 0. Then 
by substituting the value of v, obtained from the equation 

V V2gh 



Ui 



360 



APPLIED MECHANICS 



equation (1) takes the form 
and equation (2) the form 



MiUi 



. . (4) 



(5) 



230. Problems. — Impact. 

Problem 1. 

Two weights of 20 lbs. and 40 lbs., moving along the same line in opposite 
directions with velocities of 10 ft. per second, strike in central impact. If 
the coefficient of restitution is 0.6, find the velocities after impact; find the 
loss of kinetic energy during impact. 

Problem 2. 

Two perfectly inelastic bodies weighing 40 lbs. and 60 lbs., moving in 
the same direction with velocities of 16 ft. per second and 26 ft. per second, 
respectively, impinge on each other in central impact; find the loss of kinetic 
energy due to the impact. 

Problem 8. 

A freight car, weighing 20 tons, and travelling at a speed of 20 miles per 
hour overtakes and runs into another car, weighing 15 tons, travelling on 
the same track in the same direction at a speed of 15 miles per hour. Find 
the velocity of each car after the impact, assuming e « 0.2. 

Problem 4. 

10 blows of a ram of 2000 lbs., falling from a height of 4 ft., sink a pile, 
weighing 400 lbs., 4 ins. If the permanent load is taken as one-fifth of the 
average resistance, what permanent load can the pile bear? 

- Problem 6. 

A steam hammer of 2 tons is used in forging. It has & 
fall of 4 ft. If the piston is 12 ins. diameter and the mean 
effective steam pressure during the stroke is 80 lbs. per sq. 
in., find the energy of the blow delivered by the hammer, 
neglecting piston friction. 

Problem 6. 

A straight rod of uniform section, weighing 200 lbs. and 
_j y suspended at (Fig. 239) is struck at A by a ball weighing 

8 lbs., moving in a horizontal direction with a velocity of 10 
Fig. 239. ^^ ^^ second. Find the angle through which the rod will 
swing. Assume e » 0.5. 
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Problem 7. 

A sphere weighing 10 lbs., suspended by a cord from B (Fig. 240), starts 
from rest and swings through 45^ to a vertical position, when it strikes the 
sphere weighing 20 lbs., suspended at rest from A. Find the angle through 
which each weight will swing after impact. Assume e » 0.8. 
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Fig. 240. 

Problem 8. 

Two spheres, weighing 20 lbs. and 10 lbs., travel towards each other, in 
straight horizontal lines which intersect at an angle of 120°, with velocites 
of 15 ft. per second and 20 ft. per second, respectively. Find the magni- 
tudes and directions of their respective velocities after impact, assuming 
€ = 0.8 and neglecting friction. 

Find the loss of energy due .to the impact. 

Problem 9. 

A solid sphere weighing 20 lbs. has imparted to it an initial velocity of 
20 ft. per sec. in the horizontal direction and falls as a freely moving pro- 
jectile, striking a smooth horizontal surface 30 ft. below the level of its start- 
ing point. How far will it travel in the horizontal direction before striking? 
If e » 0.5, how far will it travel in the horizontal direction before striking 
the surface again after the rebound? Neglect all frictional resistances. 

Problem 10. 

A straight homogeneous rod of uniform section 4 ft. long, weighing 20 lbs., 
is mounted on a pivot at so as to swing in a horizontal plane (Fig. 241). 
K the rod is struck at the point A by a ball weighing 5 lbs., traveling with 
a velocity of 20 ft. per second in a horizontal path, making an angle of 60*^ 
with the rod, find the angular velocity of the rod after impact. Assume 
e » 0.6. If the moment of friction on the pivot la 5 in. lbs., how long will 
the rod spin before stopping? 

Problem 11. 

A ball weighing 10 lbs. falls from a height of 6 ft. and strikes on a hori- 
zontal surface. If e « 0.6, how high will the ball rise on the second rebound? 
Find the loss of energy at the end of the third impact. 
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Problem IS. 

A shot weighing 600 lbs. is fired with a velocity ot 1600 ft. per aee. from & 
guit weighing 40 tons. Find the veliwity of tbe recoil, neglecting the wei^t 
of the powder. If the recoil ia reaiated by a constant preraure of 20,000 Ibe. 
through what space will tbe gun move? 
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Fig. 241. 
Problem 13. 

If the projectile, in Problem 12, were fired under tbe same conditions 
from a gun weighing 30 tons, through what space would the gun move oa 
the recoil? 
Problem U. 

If 500 shots per minute are fired from a machine gun, in the horicontal 
direction, and strike against a vertical target with a velocity of 2000 ft. per 
Bcc., find the horizontal pressure required to support the target. Assume that 
the weight of each projectile ia 1 os. and that its velocity after impact is equal 

Problem U. 

A straight rod, of uniform section and material and weighing 24 lbs. is 
supported on a horlEontal aids through its center, about which it ia free to 
turn in a vertical plane. Another similar rod 2 ft. long, weighing 10 Iba., is 
suspended from a parallel axis through one end: and tbe position of tbe axis 
is such that, if the rod is allowed to swing through 90 degrees from a bori- 
Bontal position, its lower end will strike the top of tbe first rod a blow in the 
horiiontal direction. If e — 0.5 find the angular momentum of each rod 
after impact. 
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205a. Rotation of Rigid Bodies About Fixed Axes. — In 

Art. 205 is given the general discussion of this proposition and 
from the equations there deduced, the formulas for the resultant 
of any system of forces, acting on any rigid body and producing 
rotation about a fixed axis, may be found. 

These expressions are very much simplified in the case of the 
slender straight rod and the thin fiat plate and, as these two cases 
may be considered as fundamental in character, independent solu- 
tions will now be given. 

(a) Slender Straight Rod. — Let CD be a slender straight rod 
which has imparted to it a motion of rotation about a fixed axis 
perpendicular to its length through (Fig. 208a). 

Assume the rectangular coordinate axes OX, OY and OZ with 
OX in the direction of the length of the rod and OZ coinciding 
with the axis of rotation. Let A be the center of gravity of the 
rod, Af = its mass and TT = its weight. Let co = the angular 
velocity and a = the angular acceleration at any instant. 
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Fig. 208a. 

The resultant of the external forces acting on the rod at any 
instant can be found as follows: 

Let dM = the mass of a particle of length dz at any distance 
X from the axis of rotation through 0. Let v = the linear velocity 
of the particle and a = its linear acceleration. 

The direction of v will be perpendicular to OX and a may be 
resolved into a tangential component a«, perpendicular to OX, 
and a normal component On, along OX, 

If we resolve the resultant force acting on the particle into a 

tangential component dFt and a normal component dFn (Art. 150), 

we shall have 

dFt^atdM = axdM (1) 

and 

dFn = -dM =^ (^xdM (2) 

X 
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By integrating equation (1), we obtain the expression for the 
resultant of the tangential forces acting on all the particles of 
the rod 

HY = CdFt^a CxdM; (3) 

and by integrating equation (2), the expression for the resultant of 
the normal components acting on all the particles of the rod 

2X = CdFn = «» r xdM (4) 

If we let I dFt = Ft, equation (3) reduces to 

F« = a CxdM = oZfM (Art. 92), .... (5) 
and if we let I dFn = f n, equation (4) reduces to 

Fn= (^ fxdM= ox'xoM (6) 

But axo = Oo, the tangential component of the acceleration of 
the center of gravity of the rod and (aXo = Vo, the linear velocity 
of the center of gravity; hence 

Ft = Maxo = Moo (7) 

and Fn ^ Mo^^xo = M^-^ (8) 

Xo 

Therefore the resultant of the force system required to impart the 
motion will be equal to 

R = V{Fty + {F.y (9) 

and will evidently be of the same magnitude as if the entire mass of 
the rod were concentrated at its center of gravity. 

It is also evident that the line of action of the component force 
Fn will be along the center line of the rod in a direction perpendic- 
ular to the axis of rotation. 

Finally, we must determine the line of action of the component 
Ft. The moment of the force dFty acting on a particle dM, about 
the axis OZ will be equal to 

X dFt = atX dM = ax^ dM 

and the sum of the moments of the forces acting on all the particles 
in the rod will be equal to 

^M,= CxdFt^a Cx^dM :==alfn. . . . (10) 
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If we let S Af, = ilf o and substitute for /« its value - in terms of 

9 

the moment of inertia in units of weight we obtain 

Mo = ^, Til) 

where Mo is the resultant moment about the axis of rotation of the 
system of forces ^producing the motion and I is the moment of inertia 
about thai axis. 

If we let I = the distance from to the point B through which 
the resultant force passes, we shall obtain 

The point B is called the center of percussion of the rod with respect 
to the axis of rotation through 0. 

When the axis of rotation passes through the center of gravity, 
Xo = and the resultant of the tangential components 

Ft = ikfoxo = (13) 

and of the normal components 

Fn = Mw2xo = (14) 

and hence the resultant of the system of forces will be a couple 
whose moment (equation 11) will be equal to 

M. = ^, (15) 

where 7o = the moment of inertia of the rod about an axis through 
its center of gravity. 

When the rotation is uniform and the axis passes through the 
center of gravity, the force system must be balanced and ikfo = 0. 

When the motion is uniform and and A do not coincide, the 
resultant of the system will be equal to the component Fn 
(equation 8). 

For the expressions for the angular momentum, kinetic energy 
and centripetal force of the rod see Arts. 206, 207 and 208. 

(6) Thin Flat Plate. — Let abcy Fig. 208b, be a thin flat plate of 
any shape and dimensions which has imparted to it a motion of 
rotation about a fixed axis through perpendicular to the plane 
of the plate. 
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Assume the rectangular coordinate axes OX, OY and OZ with 
OZ coinciding with the axis of rotation and OX passing through 4, 
the center of gravity of the plate. Let W = the weight of the 
plate, M = the mass, /» the moment of inertia in mass units of 
the plate about the axis OZ and I = the moment of inertia about 
OZ in units of weight. Let w = the angular velocity and a = 
the angular acceleration at any instant and let oco = OA the per- 
pendicular distance from the axis of rotation to the center of 
gravity. In the case of a very thin plate we may consider all the 
particles of which it is composed to be located in a single plane 
and since the motion is in the plane of the plate, the resultant 
force acting on each particle will act in that plane. 
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Fig. 208b. 

The resultant of the system of external forces acting on the 
plate at any instant may be found as follows: 

Let dM = the mass of any particle e, whose coordinates are 
(Xy y) and whose perpendicular distance from OZ = r. The re- 
sultant of the force system acting on e may be resolved into a 
tangential component dFt and a normal component dFn, where 

dFt = otrdM (16) 

and 

dFn = wVd3f (Art.150). . . . (17) 

To obtain the resultant of the force system acting on the entire 
plate we must resolve the components dFt and dFn acting on each 
particle into components parallel to OX and OY and determine 
the vector sum of each set of components. 

Resolving dFt in this manner, we obtain for the component 

parallel to OX y y 

^ ^dFt^y^otrdM^otydM, 

r r 
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and for the component parallel to OF 

X X 

- dFt = -otr dM = ax dM. 

r r 

Resolving the tangential component acting on every particle in the 
same manner and adding together, we obtain for the vector sum 
of the components parallel to OX 

2X, = C^dFt = aCydM-^ ctyoM (Art. 92), . (18) 

and for the vector sum of the components parallel to OF 

^Yt= C^dFt^afxdM = axoM. . . . (19) 

Since OX passes through the center of gravity, y© = and hence 

HXt = 0. 

If we let Ft = the resultant of the tangential components acting 
on all the particles of the plate, we shall have 

F, = 2F« = aXoM=:Mao, (20) 

where Oq = the tangential component of the acceleration of the 
center of gravity. 

Resolving in a like manner the normal component dF^ (equa- 
tion 17) acting on every particle and adding together, we obtain 
for the vector sum of the components parallel to OX 

2Z„ = f^dFn = o^JxdM = co^xoM, . . (21) 

and for the vector sum of the components parallel to OF 

j:Yn=f^^dFn=c^fydM^o^oM. . . (22) 

Since2/o = SFn = 0. 

If we let Fn = the resultant of the normal components acting on 
all the particles we shall have 

Fn = 2Xn = (^XoM (23) 

It is evident from the preceding that the resultant of the entire 
force system acting on the plate will be a force in the Z plane 
whose magnitude is equal to 

R = V(F,)«+ (Fn)* ^XoMVcc^ + cc". . . (24) 
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To determine the line of action of the resultant we may proceed 
as follows: 

Since the components of the force acting on any particle e are 
in the Z plane, the moments of each of these components about 
OX and OY will be zero. 

Since the normal component dFn acting on any particle passes 
through the axis OZ its moment about OZ will equal zero. The 
moment of the tangential component dFt about OZ will be equal to 

rdFi = ctr^dM. 

Hence the line of action of the resultant Fn of the normal com- 
ponents acting on all the particles in the plate will coincide with 
the axis OX through the center of gravity of the plate. 

The moment of the resultant Ft of the tangential components 
acting on all the particles about the axis OZ will be equal to 

J:M,= CrdFt^-aCr'dM =-oJ^ = —. . . (25) 

If we let Mo = 2ilf„ 1= the perpendicular distance from OZ to 
the line of action of Ft, we have 

Mo = Fd = —y (26) 

•7 

the expression for the resultant moment about the axis of rotation 
of the entire system of forces acting on the plate. 

Substituting the value of Ft in equation (25) and solving for I 
we obtain 

aXoM XoM XoW 

It follows that the resultant Ft is a force parallel to OF intersect- 
ing the axis OX at a point S at a distance I from the axis of rota- 
tion. The point B is called the center of percussion of the plate 
with respect to the axis of rotation OZ, 

Therefore the resultant of the entire force system acting on the plate 
is made up of a tangential and a normal component acting through 
its center of percussion each of which has the same magnitude as if 
the entire mass were concentrated at the center of gravity of the plate. 

An exception occurs when the axis of rotation passes through 
the center of gravity. In this case Xo == and hence 

Ft = oXoAf = 0, 

and Fn = (J^xqM = 
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and the resultant of the force system acting on the plate becomes 
a couple of magnitude 

Mo = ^\ (28) 

where Iq == the moment of inertia in units of weight about the 
axis through the center of gravity. 

It is evident that when the rotation is uniform and the axis 
passes through the center of gravity the forces acting on the plate 
form a balanced system and, when the axis does not pass through 
the center of gravity and the motion is uniform, the resultant of 
the system is the normal force Fn, where 

Fn = ccl^XoM. 

As in the case of the straight rod, the expression for angular 
momentum, kinetic energy and centripetal, force will be found in 
Arts. 206, 207 and 208. 

Since no restrictions in regard to the shape of the flat plate were 
imposed in the preceding analysis it is evident that it will apply 
in the case of a thin disc or thin ring of any shape rotating about 
an axis perpendicular to its plane. 

(c) Any body symmetrical with respect to its plane of rotation, — 
Since any body which is symmetrical with respect to a plane of 
rotation through its center of gravity may be considered to be 
made up of a series of thin flat discs symmetrically placed with 
respect to the plane of rotation, the resultant of the force system 
acting on the entire body will be the same as if its entire mass 
were concentrated in the plane of rotation. Many of the prob- 
lems of rotation of rigid bodies, with which the engineer has to 
deal, are included in this case and may be solved by using the 
preceding formulas. 
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Method of sections, 64 

problems 55 

Moment axis 69 

Moment of, an area 114 

a couple 29 

a couple, units of 30 

a force 20 

a force, units of measurement of 20 

a force, with respect to any line 67 

a line Ill 

a volume, with respect to a plane 109 

a weight, with respect to a plane 108 

deviation 148 

momentum 195, 303 

Moment of the resultant of a system of, couples 32, 69, 71 

forces 21, 22, 32, 34, 37, 39, 68, 69, 71, 74 

Moment of inertia 132 

Momenta, resolution and composition of 195 

Momental ellipse ' 159 

Momental ellipsoid 179 

Moments of inertia of an area, 132 

about axes of symmetry 157 

about inclined axes, relation of 155 

about parallel axes, relation of 134 
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Moments of inertia of an area, built-up sections 146 

deduction of formulas for 136 

polar 133, 134 

principal 156 

problems 142, 160 

structural shapes 144 

summary of formulas for 141 

system of plane areas 142 

units of 133 

Moments of inertia of a solid, 162 

about parallel axes 165 

by dividing into finite parts 173 

deduction of formulas for 167 

principal 178 

problems 174 

summary of formulas for 172 

thin flat plate 164 

units of 163 

with respect to a plane 163 

with respect to a point 163 

Momentum, 3 

angular 302 

graphical representation of, by a vector 195 

moment of 195, 303 

of a body having a motion of translation 288 

of a body having a motion of translation and rotation combined 315 

of a particle 194 

Motion, 2 

curvilinear 181, 184 

effect of a force in producing or modifying 180 

elliptic harmonic 215 

Newton's laws of 3 

non-uniformly varying 183 

of a rigid body 285 

of rotation 285 

of translation 285 

on inclined plane under the action of gravity 200 

on vertical curve under the action of gravity 201 

plane 181, 286 

rectilinear 181, 182 

simple harmonic (see simple harmonic motion)*. 

under the action of gravity 199 

uniform 181 

uniformly varying 182 

variable 181 

Motions, parallelogram of 8 
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Newton's laws of motion 3 

Non-conservative forces 241 

Non-conservative systems 241 

Normal component of acceleration 186 

Normal component of force 196, 288, 292 

Normal component of stress 88 

Oblique force, work done by an 223 

Oblique impact 348. 352, 355, 358 

Oscillation, center of 306 

Pappus' theorems 125 

Parallel forces, 13 

center of a system of 107 

composition of 33, 72 

conditions of equilibrium for 15, 34, 74 

problems 34, 77 

Parallelogram of forces 8 

Parallelogram of motions 8 

Particle, kinetic energy of a 234 

momentum of a 194 

motion of, under the action of gravity 199 

motion of, under the action of gravity, on a frictionless inclined 

plane 200 

motion of, under the action of gravity, on a vertical curve 201 

time of descent down curve 203 

Particles, impact of a stream of, on a flat plate 357 

kinetic energ>' of a system of 236 

Pendulum, ballistic 358 

simple circular, time of oscillation of 203 

simple cycloidal, time of oscillation of 205 

Percussion, center of 295, 297, 305, 30G 

Period of, compression 347 

restitution 347 

simple harmonic motion 209 

Phase, angle 209 

difference in 212, 215 

Pin friction 260 

Pivot friction 261 

Plane motion 181, 286 

Planes, of symmetry 177 

principal 178 

Polar moment of inertia of an area 133, 134 

Polygon, gauche 62 

Polygon of forces 17, 62 

Potential, the 242 

Potential energy 198, 237 
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Power, 232 

diagram 234 

maximum which can be transmitted by a belt, or rope 272 

problems 245 

units of 233 

Principal axes, of a plane area 156 

of asolid 178, 302 

Principal moments of inertia of, an area 156 

a solid 178 

Principal planes % 178 

Problems, attraction at a point 96 

centers of gravity of homogeneous solids 126 

centers of gravity of lines 112 

centers of gravity of plane surfaces 115 

distributed forces '. 91 

forces in the same plane, acting through the same point 24 

forces in the same plane, acting through different points 40, 55 

forces not in same plane, acting through the same point 62 

forces not in same plane, acting through different points 77 

friction 278 

impact 3G0 

kinetics of rigid bodies 318 

kinetics of the particle 216 

method of sections 55 

moments of inertia, deduction of formulas for homogeneous solids 167 

moments of inertia, deduction of formulas for plane areas 136 

parallel forces, in the same plane 34 

parallel forces, in different planes 77 

products of inertia of areas 150, 153 

work, energy and power 245 

Product of inertia of an area, 148 

deduction of formulas for 150 

of a system of plane areas 153 

problems 153 

imits of 149 

with respect to axes of symmetry 153 

with respect to inclined axes, relation of 155 

with respect to parallel axes, relation of 149 

Product of inertia of a solid, 175 

by dividing into finite parts ^ 176 

of a thin flat plate 176 

with respect to planes of symmetry 177 

Projectile, unresisted 205 

Radii of gyration, about parallel axes, of an area 136 

of a solid 166 

Radius of g3rration, of an area 134 

of a solid 134, 164 
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Reaction 3 

Recoil of a gun 367 

Rectilinear motion 181, 182 

Rectilinear transference of force 12 

Repose, angle of 252 

Resolution of, acceleration 191 

momentum 195 

simple harmonic motion 211 

velocity 189 

Resolution of a force, into three components at right angles 60 

into two components 1 0, 18 

into a couple and a single force 33 

Restitution, coefficient of 349, 351 

Resultant of, a distributed force 85 

a single force and a couple 32 

a system of couples acting in the same plane 32 

a system of couples acting in parallel planes 69 

a system of couples acting in non-parallel planes 71 

two parallel forces 13 

two non-parallel forces 12 

Resultant of a system of forces, 16 

acting in the same plane, through the same point 17, 19 

acting in the same plane, through different points 37 

acting in different planes, through the same point 62 

acting in different planes, through different points 75 

parallel, in the same plane 34 

parallel, in different planes 73 

Resultant stress 89 

Rigid bodies, 11 

centripetal and centrifugal forces of 304 

kinetics of, problems 318 

motion of 285 

rotation of, about fixed axes 290 

translation of 286 

translation and rotation of, combined 307 

Rigidity of belt or rope, effect of 273 

Roller bearing, friction of 276 

Rollers, weight on 275 

Rolling friction, 273 

coefficient of ... , 275 

Rope drives 270 

Rope, maximum power which can be transmitted by 272 

effect of rigidity of 273 

Rotating body, kinetic energy of 303 

Rotating couple, work done by a 229 

Rotating force, work done by a 225 

Rotation, about a fixed axis 290 



INDEX 385 

PAGB 

Rotation, acceleration of 309 

axis of 285 

center of 305 

energy of 303 

motion of 285 

plane of 290 

summary of formulas for 301 

Rotation and translation 285 

Rotation and translation combined, 307 

kinetic energy due to 316 

momentum due to 315 

Screw threads, friction of 264 

Sections, method of 54 

Shearing component of stress 88 

Simple circular pendulum, time of oscillation of 203 

Simple cycloidal pendulum, time of oscillation of 205 

Simple harmonic motion, 207 

amplitude of 209 

epoch angle of 209 

frequency of 209 

lag of 209 

lead of 209 

phase angle of 209 

Simple harmonic motions, composition and resolution of 211 

difference in phase of 212, 215 

Simple stress 89 

Slender rod, center of gravity of (see center of gravity), 
moment of inertia of {see moment of inertia). 

Sliding friction, 250 

coefficient of 250 

laws of 250 

Static friction 250 

Statically indeterminate cases 59 

Solid, center of gravity of {see center of gravity). 

moment of inertia of {see moment of inertia). 

planes of symmetry of 177 

principal axes of •. 178 

principal planes of 178 

products of inertia of {see products of inertia). 

radius of gyration of 134, 164, 166 

Space-time diagram 182 

Speed, linear 181 

angular 186 

SUtics 1 

Statical measure of force 6 

Statically indeterminate cases 59 
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Strain energy 239 

Strength of field 96 

Stress, 23, 88 

center of 89 

complex 89 

intensity of 89 

normal component of 88 

resultant of 89 

shearing component of 88 

simple 89 

uniform 90 

uniformly varying 90 

imits of intensity of 89 

varying 89 

Sunmiary of formulas, moments of inertia of areas 141 

moments of inertia of solids 172 

rotation of rigid bodies about fixed axes 301 

System, conservative 239 

non-conservative 241 

Tangential, components of acceleration 186 

components of force 196, 288, 292 

Tangential force 288, 291 

Thin flat plate, center of gravity of 113 

moment of inertia of 164 

Time effect of a force 194 

Time of oscillation, simple circular pendulum 203 

simple cycloidal pendulum '. 205 

Torque 231 

Translation, acceleration of 309 

energy of 289 

motion of 285 

of a rigid body 286 

Translation and rotation 285 

Translation and rotation combined, 307 

kinetic energy due to 316 

momentum due to 315 

Triangle of forces 11 

Turning moment 231 

Uniform motion 181 

Uniform stress 90 

Uniformly varying motion 182 

Uniformly varying stress 90 

Units, absolute system of 5 

angular acceleration 189 

angular velocity 187 
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Units, energy 237 

force 5, 6 

gravitation, system of 6 

linear acceleration 183 

linear velocity * 181 

mass 5 

moment of a couple 30 

moment of inertia of an area 133 

moment of inertia of a solid 163 

of force, variation in gravitation 6 

of intensity of a distributed force 85 

of intensity of stress 89 

power 233 

product of inertia of an area 149 

product of inertia of a solid 176 

work 231 

Unresisted projectile 205 

Variable motion 181 

Varignon's theorem 21 

Vector representation of, acceleration 184, 191 

a couple 69 

a force 8 

momentum 195 

velocity 181, 189 

Velocity, 3 

angular 186 

angular, units of 187 

linear • 181 

linear, units of 181 

of rotation 309 

of translation 309 

representation by a vector 181, 189 

time diagrams 183 

Velocities, resolution and composition of linear 189 

Volume, moment of with respect to a plane 109 

center of gravity of {see center of gravity). 

Wedge, friction of 255 

Weight, 6 

moment of, with respect to a plane 109 

on inclined plane, friction of 254 

on rollers, friction of 275 

Work, 198, 223 

diagram 231 

by a system of forces 227 

by a rotating couple .' 229 
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Work, by a rotating force 225 

by an oblique force 223 

by the components of a force 225 

problems 245 

units of : 231 
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